


Contents 

PREFACE xvii 

1 A Survey of Computer 2-2 

Graphics 2 

Computer-Aided Design 2-3 
Presentation Graphics 'I 2-4 
Computer Art  l 3  2-5 
Entertainment 18 

Education and Training 2 1 

Visualization 25 
Image Processing 3 2 

Graphical User Interfaces 3 4 

Overview of Graphics 2 systems 35 2-6 

2-1 VideoDisplayDevices 36 2-7 
Refresh Cathode-Ray Tubes 37 
Raster-Scan Displays 40 
Random-Scan Displays 41 
Color CRT Monitors 42 
Direct-View Storage Tubes 4.5 
Flat-Panel Displays 45 
Three-Dimensional Viewing Devices 49 

Stereoscopic and Virtual-Reality 
Systems 

Raster-Scan System!; 
Video Controller 
Raster-Scan Display Processor 

Random-Scan Systems 
Graphics Monitors and Workstations 
Input Devices 
Keyboards 
Mouse 
Trackball and Spaceball 
Joysticks 
Data Glove 
Digitizers 
Image Scanners 
Touch Panels 
Light Pens 
Voice Systems 

Hard-Copy Devices 

Graphics Software 
Coordinate Representations 
Graphics Functions 
Software Standards 
PHIGS Workstations 

Summary 
References 
Exercises 

vii 



Contents 

3 Outout Primitives 83 

Points and Lines 
Line-Drawing Algorithms 
DDA Algorithm 
Bresenham's Line Algorithm 
Parallel Line Algorithms 
Loading the Frame Buffer 
Line Function 
Circle-Generating Algorithms 
Properties of Circles 
Midpoint Circle Algorithm 

Ellipse-Generating Algorithms 
Properties of Ellipses 
Midpoint Ellipse Algorithm 

Other Curves 
Conic Sections 
Polynomials and Spline Curves 

Parallel Curve Algorithms 
Curve Functions 
Pixel Addressing 
and Object Geometry 
Screen Grid Coordinates 
Maintaining Geometric Properties 
of Displayed Objects 
Filled-Area Primitives 
Scan-Line Polygon Fill Algorithm 
Inside-Outside Tests 
Scan-Line Fill of Curved Boundary 
Areas 
Boundary-Fill Algorithm 
Flood-Fill Algorithm 
Fill-Area Functions 
Cell Array 
Character Generation 

Summary 
Applications 
References 
Exercises 

Attributes of Output 
Primitives 143 

Line Attributes 
Line Type 
Line Width 
Pen and Brush Options 
Line Color 

Curve Attributes 
Color and Grayscale Levels 
Color Tables 
Grayscale 
Area-Fill Attributes 
Fill Styles 
Pattern Fill 
Soft Fill 

Character Attributes 
Text Attributes 
Marker Attributes 

Bundled Attributes 
Bundled Line Attributes 
Bundled Area-Fi Attributes 
Bundled Text Attributes 
Bundled Marker Attributes 

Inquiry Functions 
Antialiasing 
Supersampling Straight Line 
Segments 
Pixel-Weighting Masks 



Contents 

Area Sampling Straight Line 5-6 Aff ine Transformations 208 
Segments 174 5-7 Transformation Functions 208 
Filtering Techniques 174 5-8 Raster Methods for Transformations 210 
Pixel Phasing 1 75 Summary 212 
Compensating for Line lntensity 
Differences 1 75 References 21 3 

Antialiasing Area Boundaries 1 76 Exercises 213 

Summary 
References 
Exercises 

Two-Dimensional 
180 180 6 Viewing 21 6 

6-1 The Viewing Pipeline 

5 Two-Dimensional Geometric 6-2 Viewing Coordinate Reference Frame 

183 
6-3 Window-teviewport Coordinate 

Transformations Transformation 

5-1 Basic Transformations 
Translation 
Rotation 
Scaling 

5-2 Matrix Representations 
and Homogeneous Coordinates 

5-3 Composite Transformations 
Translations 
Rotations 
Scalings 
General Pivot-Point Rotation 
General Fixed-Point Scaling 
General Scaling Directions 
Concatenation Properties 
General Composite Transformations 
and Computational Efficiency 

5-4 Other Transformations 
Reflection 
Shear 

Two-Dimensional Wewing Functions 
Clipping Operations 
Point Clipping 
Line Clipping 
Cohen-Sutherland Line Clipping 
Liang-Barsky Line Clipping 
Nicholl-Lee-Nicholl Line Clipping 
Line Clipping Using Nonrectangular 
Clip Windows 
Splitting Concave Polygons 

Polygon Clipping 
Sutherland-Hodgernan Polygon 
Clipping 
Weiler-Atherton Polygon Clipping 
Other Polygon-Clipping Algorithms 

Curve Clipping 
Text Clipping 
Exterior Clipping 

Summary 
5-5 Transformations Between Coordinate References 

Systems 205 Exercises 



7 Structures and Hierarchical 
Modeling 250 

7-1 Structure Concepts 250 
Basic Structure Functions 250 
Setting Structure Attributes 253 

7-2 Editing Structures 254 
Structure Lists and the Element 
Pointer 255 
Setting the Edit Mode 250 
Inserting Structure Elements 256 
Replacing Structure Elements 257 
Deleting Structure Elements 257 
Labeling Structure Elements 258 
Copying Elements from One Structure 
to Another 260 

7-3 Basic Modeling Concepts 2 60 
Mode1 Representations 261 
Symbol Hierarchies 262 
Modeling Packages. 263 

7-4 Hierarchical Modeling 
with Structures 265 
Local Coordinates and Modeling 
Transformations 265 
Modeling Transformations 266 
Structure Hierarchies 266 

Summary 268 
References 269 
Exercises 2 69 

Graphical User Interfaces 

8 and Interactive lnput 
Methods 271 

8-1 The User Dialogue 
Windows and Icons 

Accommodating Multiple 
Skill Levels 
Consistency 
Minimizing Memorization 
Backup and Error Handling 
Feed back 

8-2 lnput of Graphical Data 
Logical Classification of Input 
Devices 
Locator Devices 
Stroke Devices 
String Devices 
Valuator Devices 
Choice Devices 
Pick Devices 

8-3 lnput Functions 
Input Modes 
Request Mode 
Locator and Stroke Input 
in Request Mode 
String Input in Request Mode 
Valuator Input in Request Mode 
Choice lnput in Request Mode 
Pick Input in Request Mode 
Sample Mode 
Event Mode 
Concurrent Use of Input Modes 

8-4 Initial Values for Input-Device 
Parameters 

8-5 lnteractive Picture-Construction 
Techniques 
Basic Positioning Methods 
Constraints 
Grids 
Gravity Field 
Rubber-Band Methods 
Dragging 
Painting and Drawing 



8-6 Virtual-Reality Environments 292 10-4 

Summary 233 
References 294 
Exercises 294 10-5 

10-6 

9 Three-Dimensional 
Concepts 296 

9-1 Three-Dimensional Display Methods 
Parallel Projection 
Perspective Projection 
Depth Cueing 
Visible Line and Surface 
Identification 
Surface Rendering 
Exploded and Cutaway Views 
Three-Dimensional and Stereoscopic 
Views 

9-2 Three-Dimensional Graphics 
Packages 302 

Three-Dimensional 

10-1 Polygon Surfaces 
Polygon Tables 
Plane Equations 
Polygon Meshes 

10-2 Curved Lines and Surfaces 
10-3 Quadric Sutiaces 

Sphere 
Ellipsoid 
Torus 

Superquadrics 
Superellipse 
Superellipsoid 

Blobby Objects 

Spline Representations 
Interpolation and Approximation 
Splines 
Parametric Continuity 
Conditions 
Geometric Continuity 
Conditions 
Spline Specifications 

Cubic Spline Interpolation 
Methods 
Natural Cubic Splines 
Hermite Interpolation 
Cardinal Splines 
Kochanek-Bartels Splines 
Bezier Curves and Surfaces 
Bezier Curves 
Properties of Bezier Curves 
Design Techniques Using Bezier 
Curves 
Cubic Ezier  Curves 
Bezier Surfaces 

B-Spline Curves and Surfaces 
B-Spline Curves 
Uniform, Periodic B-Splines 
Cubic, Periodic €3-Splines 
Open, Uniform B-Splines 
Nonuniform 13-Splines 
B-Spline Surfaces 

Beta-Splines 
Beta-Spline Continuity 
Conditions 
Cubic, Periodic Beta-Spline 
Matrix Representation 

Rational Splines 



Contents 

Conversion Between Spline 
Representations 
Displaying Spline Curves 
and Surfaces 
Homer's Rule 
Forward-Difference Calculations 
Subdivision Methods 

Sweep Representations 
Constructive Solid-Geometry 
Methods 
Octrees 
BSP Trees 
Fractal-Geometry Methods 
Fractal-Generation Procedures 
Classification of Fractals 
Fractal Dimension 
Geometric Construction 
of Deterministic Self-Similar 
Fractals 
Geometric Construction 
of Statistically Self-Similar 
Fractals 
Affine Fractal-Construction 
Methods 
Random Midpoint-Displacement 
Methods 
Controlling Terrain Topography 
Self-squaring Fractals 
Self-inverse Fractals 

Shape Grammars and Other 
Procedural Methods 
Particle Systems 
Physically Based Modeling 
Visualization of Data Sets 
Visual Representations 
for Scalar Fields 
VisuaI Representations 
for Vector Fields 
Visual Representations 
for Tensor Fields 

Visual Representations 
for Multivariate Data Fields 402 

Summary 404 

References 404 

Exercises 404 

Three-Dimensional 

11 Geometric and Modeling 
Transformations 407 

Translation 408 

Rotation 409 
Coordinate-Axes Rotations 409 
General Three-Dimensional 
Rotations 41 3 
Rotations with Quaternions 419 

Scaling 420 

Other Transformat~ons 422 
Reflections 422 
Shears 423 

Conlposite Transformations 423 

Three-Dimens~onal Transformation 
Functions 425 

Modeling and Coordinate 
Transformations 426 
Summary 429 

References 429 

Exercises 430 

Three-Dimensional 12 Viewing 43  1 

12-1 Viewing Pipeline 432 

12-2 Viewing Coordinates 433 
Specifying the Virbw Plane 433 
Transformation from World 

- 40 1 to Viewing Coordinates 437 

xii 



Contents 

Projections 
Parallel Projections 
Perspective IJrojections 

View Volumes and General 
Projection Transformations 
General Parallel-Projection 
Transformations 
General Perspective-Projection 
Transformations 

Clipping 
Normalized View Volumes 
Viewport Clipping 
Clipping in Homogeneous 
Coordinates 

Hardware Implementations 
Three-Dimensional Viewing 
Functions 
Summary 
References 
Exercises 

1 3-1 2 Wireframe Methods 490 
13-1 3 Visibility-Detection Functions 490 

Summary 49 1 
Keferences 492 

Exercises 49 2 

lllumination Models 

14 and Surface-Rendering 
Methods 494 

Visi ble-Su dace Detection 
Met hods 469 

Classification of Visible-Surface 
D~tection Algorithms 
Back-Face Detection 
Depth-Buffer Method 

A-Buffer Method 
Scan-Line Method 
Depth-Sorting Method 
BSP-Tree Method 

Area-Subdivision Method 

Octree Methods 
Ray-Casting Met hod 

Curved Surfaces 
Curved-Surface Representations 
Surface Contour Plots 

Light Sources 
Basic lllumination Models 
Ambient Light 
Diffuse Reflection 
Specular Reflection 
and the Phong Model 
Combined Diffuse and Specular 
Reflections with Multiple Light 
Sources 
Warn Model 
Intensity Attenuation 
Color Considerations 
Transparency 
Shadows 

Displaying Light Intensities 
Assigning Intensity Levels 
Gamma Correction and Video 
Lookup Tables 
Displaying Continuous-Tone 
Images 

Halftone Patterns and Dithering 
Techniques 
Halftone Approximations 
Dithering Techniques 

Polygon-Rendering Methods 
Constant-Intensity Shading 
Gouraud Shading 
Phong Shading 



Contents 

Fast Phong Shading 

Ray-Tracing Methods 
Basic Ray-Tracing Algorithm 
Ray-Surface Intersection 
CaIculations 
Reducing Object-Intersection 
Calculations 
Space-Subdivision Methods 
AntiaIiased Ray Tracing 
Distributed Ray Tracing 

Radiosity Lighting Model 
Basic Radiosity Model 
Progressive Refinement 
Radiosity Method 

Environment Mapping 

Adding Surface Detail 
Modeling Surface Detail 
with Polygons 
Texture Mapping 
Procedural Texturing 
Methods 
Bump Mapping 
Frame Mapping 

Summary 
References 
Exercises 

15-6 CMY Color Model 
15-7 HSV Color Model 

15-8 Conversion Between HSV 
and RGB Models 

15-9 HLS Color Model 
1 5-1 0 Color Selection 

and Applications 

Summary 
Reierences 
Exercises 

16 Computer 
Animation 583 

14-1 Design of Animation Sequences 
16-2 General Computer-Animation 

Functions 
16-3 Raster Animations 
16-4 Computer-Animation Languages 
16-5 Key-Frame Systems 

Morphing 
Simulating Accelerations 

16-6 Motion Specifications 
Direct Motion Specification 
Goal-Directed Systems 
Kinematics and Dynamics 

Color Models and Color Summary 

Apd ications 564 References . , Exercises 597 

15-1 Properties of Light 565 

15-2 Standard Primaries and the 
Chromaticity Diagram 568 A Mathematics for Computer 
XYZ Color Model 569 Graphics 599 
CIE Chromaticity Diagram 

569 A-1 Coordinate-Reference Frames 600 
1 5-3 Intuitive Color Concepts 571 Two-Dimensional Cartesian 
15-4 RGB Color Model 

15-5 Y I Q  Color Model 
572 Reference Frames 600 

5 74 Polar Coordinates in the xy Plane 601 

xiv 



Contents 

Three-Dimensional Cartesian 
Reference Frames 
Three-Dimensional Curvilinear 
Coordinate Systems 
Solid Angle 

A-2 Points and Vectors 
Vector Addition and Scalar 
Multiplication 
Scalar Product of Two Vectors 
Vector Product of Two Vectors 

A-3 Basis Vectors and the Metric Tensor 
Orthonormal Basis 
Metric Tensor 

A-4 Matrices 

Matrix Transpose 
Determinant of a Matrix 
Matrix Inverse 

Complex Numbers 
Quaternions 
Nonparametric Representations 
Parametric Representations 
Numerical Methods 
Solving Sets of Linear Equations 
Finding Roots of Nonlinear 
Equations 
Evaluating Integrals 
Fitting C U N ~ S  to Data Sets 

Scalar Multiplication and Matrix BIBLIOGRAPHY 
Addition 612 
Matrix Multiplication 612 INDEX 



Graphics 
C Version 





C omputers have become a powerful tool for the rapid and economical pro- 
duction of pictures. There is virtually no area in which graphical displays 

cannot be used to some advantage, and so it is not surprising to find the use of 
computer graphics so widespread. Although early applications in engineering 
and science had to rely on expensive and cumbersome equipment, advances in 
computer technology have made interactive computer graphics a practical tool. 
Today, we find computer graphics used routinely in such diverse areas as science, 
engineering, medicine, business, industry, government, art, entertainment, ad- 
vertising, education, and training. Figure 1-1 summarizes the many applications 
of graphics in simulations, education, and graph presentations. Before we get 
into the details of how to do computer graphics, we first take a short tour 
through a gallery of graphics applications. 

- 
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Examples of computer graphics applications. (Courtesy of DICOMED 
Corpora! ion.) 



A major use of computer graphics is in design processes, particularly for engi- 
neering and architectural systems, but almost all products are now computer de- 
signed. Generally referred to as CAD, computer-aided design methods are now 
routinely used in the design of buildings, automobiles, aircraft, watercraft, space- 
craft, computers, textiles, and many, many other products. 

For some design applications; objeck are f&t displayed in a wireframe out- 
line form that shows the overall sham and internal features of obiects. Wireframe 
displays also allow designers to qui'ckly see the effects of interacthe adjustments 
to design shapes. Figures 1-2 and 1-3 give examples of wireframe displays in de- 
sign applications. 

Software packages for CAD applications typically provide the designer 
with a multi-window environment, as in Figs. 1-4 and 1-5. The various displayed 
windows can show enlarged sections or different views of objects. 

Circuits such as the one shown in Fig. 1-5 and networks for comrnunica- 
tions, water supply, or other utilities aR constructed with repeated placement of 
a few graphical shapes. The shapes used in a design represent the different net- 
work or circuit components. Standard shapes for electrical, electronic, and logic 
circuits are often supplied by the design package. For other applications, a de- 
signer can create personalized symbols that are to be used to constmct the net- 
work or circuit. The system is then designed by successively placing components 
into the layout, with the graphics package automatically providing the connec- 
tions between components. This allows the designer t~ quickly try out alternate 
circuit schematics for minimizing the number of components or the space re- - 
quired for the system. 

Figure 1-2 
Color-coded wireframe display for 
an automobile wheel assembly. 
(Courtesy of Emns b Sutherland.) 



Figure 1-3 
Color-coded wireframe displays of body designs for an aircraft and an automobile. 
(Courtesy of (a) Ewns 6 Suthcrhnd and (b )  Megatek Corporation.) 

Animations are often used in CAD applications. Real-time animations using 
wiseframe displays on a video monitor are useful for testing perfonuance of a ve- 
hicle or system, as demonstrated in Fig. ld. When we do not display o b j s  with 
rendered surfaces, the calculations for each segment of the animation can be per- 
formed quickly to produce a smooth real-time motion on the screen. Also, wire- 
frame displays allow the designer to see into the interior of the vehicle and to 
watch the behavior of inner components during motion. Animations in virtual- 
reality environments are used to determine how vehicle operators are affected by 

Figure 1-4 
Multiple-window, color-coded CAD workstation displays. (Courtesy of Intergraph 
Corporation.) 



Figure 1-5 
A drcuitdesign application, using 
multiple windows and colorcded 
logic components, displayed on a 
Sun workstation with attached 
speaker and microphone. (Courtesy 
of Sun Microsystems.) 

- .  - 
Figure 1-6 
Simulation of vehicle performance 
during lane changes. (Courtesy of 
Ewns 6 Sutherland and Mechanical 
Dynrrrnics, lnc.) 

certain motions. As the tractor operator in Fig. 1-7 manipulates the controls, the 
headset presents a stereoscopic view (Fig. 1-8) of the front-loader bucket or the 
backhoe, just as if the operator were in the tractor seat. This allows the designer 
to explore various positions of the bucket or backhoe that might obstruct the o p  
erator's view, which can then be taken into account in the overall hactor design. 
Figure 1-9 shows a composite, wide-angle view from the tractor seat, displayed 
on a standard video monitor instead of in a virtual threedimensional scene. And 
Fig. 1-10 shows a view of the tractor that can be displayed in a separate window 
or  on another monitor. 



- - - - - -  

Figure 1-7 
Operating a tractor In a virtual-dty envimnment. As the contFols are 
moved, the operator views the front loader, backhoe, and surroundings 
through the headset. (Courtesy of the National Center for Supercomputing 
Appl ica th ,  Univmity of Illinois at Urba~Chrrmpign ,  and Catopillnr, 
Inc.) 

Figure 1-8 
A headset view of the backhoe 
presented to the tractor operator. 
(Courtesy of the Notional Centerfor 
Supcomputing Applications, 
UniwrsifV of Illinois at Urbam- 
~ h r r m p i & n d  Caterpillnr, Inc.) 

Figure 1-9 
Operator's view of the tractor 
bucket, cornposited in several 
sections to form a wide-angle view 
on a standard monitor. (Courtesy oi 
the National Centerfor 
Supercomputing Applications, 
University of lllinois at Urhno- 
C h m p i g n ,  and Caterpillnr, Inc.) 
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Figure 1-10 
View of the tractor displayed on a 
standad monitor. (Courtesy of tk 
National Cmter for Superwmputing 
ApplicPths, Uniwrsity of Illinois at 
U r b P ~ U w m p i g n ,  and Gterpilhr, 
Inc.) 

When obpd designs are complete, or nearly complete, realistic lighting 
models and surface rendering are applied to produce displays that wiU show the 
appearance of the final product. Examples of this are given in Fig. 1-11. Realistic 
displays are also generated for advertising of automobiles and other vehicles 
using special lighting effects and background scenes (Fig. 1-12). 

The manufaduring process is also tied in to the computer description of d e  
signed objects to automate the construction of the product. A circuit board lay- 
out, for example, can be transformed into a description of the individud 
processes needed to construct the layout. Some mechanical parts are manufac- 
tured by describing how the surfaces are to be formed with machine tools. Figure 
1-13 shows the path to be taken by machine tools over the surfaces of an object 
during its construction. Numerically controlled machine tools are then set up to 
manufacture the part according to these construction layouts. 

~ealistic renderings of design products. (Courtesy of fa) Intergraph 
Corpomtion and fb) Emns b Sutherland.) 



Figure 1-12 
Studio lighting effects and realistic 
surfacerendering techniques are 
applied to produce advertising 
pieces for finished products. The 
data for this rendering of a Chrysler 
Laser was supplied by Chrysler 
Corporation. (Courtesy of Eric 
Haines, 3DIEYE Inc. ) 

Figure 1-13 
A CAD layout for describing the 
numerically controlled machining 
of a part. The part surface is 
displayed in one mlor and the tool 
path in another color. (Courtesy of 
Los Alamm National Labomtoty.) 

Figure 1-14 
Architectural CAD layout for a building design. (Courtesy of Precision 
Visuals, Inc., Boulder, Colorado.) 
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Architects use interactive graphics methods to lay out floor plans, such as 
Fig. 1-14, that show the positioning of rooms, doon, windows, stairs, shelves, 
counters, and other building features. Working from the display of a building 
layout on a video monitor, an electrical designer can try out arrangements for 
wiring, electrical outlets, and fire warning systems. Also, facility-layout packages 
can be applied to the layout to determine space utilization in an office or on a 
manufacturing floor. 

Realistic displays of architectural designs, as in Fig. 1-15, permit both archi- 
tects and their clients to study the appearance of a single building or a group of 
buildings, such as a campus or industrial complex. With virtual-reality systems, 
designers can even go for a simulated "walk" through the rooms or around the 
outsides of buildings to better appreciate the overall effect of a particular design. 
In addition to realistic exterior building displays, architectural CAD packages 
also provide facilities for experimenting with three-dimensional interior layouts 
and lighting (Fig. 1-16). 

Many other kinds of systems and products are designed using either gen- 
eral CAD packages or specially dweloped CAD software. Figure 1-17, for exam- 
ple, shows a rug pattern designed with a CAD system. 

- 
Figrrre 1-15 
Realistic, three-dimensional rmderings of building designs. (a) A street-level perspective 
for the World Trade Center project. (Courtesy of Skidmore, Owings & M m i l l . )  
(b) Architectural visualization of an atrium, created for a compdter animation by 
Marialine Prieur, Lyon, France. (Courtesy of Thomson Digital Imngc, Inc.) 



Figtin 1-16 
A hotel corridor providing a sense 
of movement by placing light 
fixtures along an undulating path 
and creating a sense of enhy by 
using light towers at each hotel 
room. (Courtesy of Skidmore, Owings 
B Menill .)  

Figure 1-17 
Oriental rug pattern created with 
computer graphics design methods. 
(Courtesy of Lexidnta Corporation.) 

. - 
PRESENTATION GRAPHICS 

Another major applicatidn ama is presentation graphics, used to produce illus- 
trations for reports or to generate 35-mm slides or transparencies for use with 
projectors. Presentation graphics is commonly used to summarize financial, sta- 
tistical, mathematical, scientific, and economic data for research reports, manage 
rial reports, consumer information bulletins, and other types of reports. Worksta- 
tion devices and service bureaus exist for converting screen displays into 35-mm 
slides or overhead transparencies for use in presentations. Typical examples of 
presentation graphics are bar charts, line graphs, surface graphs, pie charts, and 
other displays showing relationships between multiple parametem. 

Figure 1-18 gives examples of two-dimensional graphics combined with g e  
ographical information. This illustration shows three colorcoded bar charts com- 
bined onto one graph and a pie chart with three sections. Similar graphs and 
charts can be displayed in three dimensions to provide additional information. 
Three-dimensional graphs are sometime used simply for effect; they can provide 
a more dramatic or more attractive presentation of data relationships. The charts 
in Fig. 1-19 include a three-dimensional bar graph and an exploded pie chart. 

Additional examples of three-dimensional graphs are shown in Figs. 1-20 
and 1-21. Figure 1-20 shows one kind of surface plot, and Fig. 1-21 shows a two- 
dimensional contour plot with a height surface. 
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Figure 1-18 
Two-dimensional bar chart and me 
chart hked to a geographical c l h .  
(Court~sy of Computer Assocbtes, 
copyrighi 0 1992: All rights reserved.) 

Figure 1-19 
Three-dimensional bar chart. 
exploded pie chart, and line graph. 
(Courtesy of Cmnputer Associates, 
copyi'ghi 6 1992: All rights reserved.) 

Figure 1-20 
Showing relationships with a 
surface chart. (Courtesy of Computer 
Associates, copyright O 1992. All 
rights reserved.) 

Figure 1-21 
Plotting two-dimensional contours 
in the &und plane, with a height 
field plotted as a surface above the 
p u n d  plane. (Cmrtesy of Computer 
Associates, copyright 0 1992. All 
rights d . j  



kclion 1-3 

Computer Art 

Figure 1-22 
T i e  chart displaying relevant 
information about p p c t  tasks. 
(Courtesy of computer Associntes, 
copyright 0 1992. ,411 rights m d . )  

Figure 1-22 illustrates a time chart used in task planning. Tine charts and 
task network layouts are used in project management to schedule and monitor 
the progess of propcts. 

1-3 
COMPUTER ART 

Computer graphics methods are widely used in both fine art and commercial art 
applications. Artists use a variety of computer methods, including special-pur- 
p&e hardware, artist's paintbrush (such as Lumens), other paint pack- 
ages (such as Pixelpaint and Superpaint), specially developed software, symbolic 
mathematits packages (such as Mathematics), CAD paclpges, desktop publish- 
ing software, and animation packages that provide faciliHes for desigrung object 
shapes and specifiying object motions. 

Figure 1-23 illustrates the basic idea behind a paintbrush program that al- 
lows artists to "paint" pictures on the screen of a video monitor. Actually, the pic- 
ture is usually painted electronically on a graphics tablet (digitizer) using a sty- 
lus, which can simulate different brush strokes, brush widths, and colors. A 
paintbrush program was used to m t e  the characters in Fig. 1-24, who seem to 
be busy on a creation of their own. 

A paintbrush system, with a Wacom cordlek, pressure-sensitive stylus, was 
used to produce the electronic painting in Fig. 1-25 that simulates the brush 
strokes of Van Gogh. The stylus transIates changing hand presswe into variable 
line widths, brush sizes, and color gradations. Figure 1-26 shows a watercolor 
painting produced with this stylus and with software that allows the artist to cre- 
ate watercolor, pastel, or oil brush effects that simulate different drying out times, 
wetness, and footprint. Figure 1-27 gives an example of paintbrush methods 
combined with scanned images. 

Fine artists use a variety of other computer technologies to produce images. 
To create pictures such as the one shown in Fig. 1-28, the artist uses a combina- 
tion of three-dimensional modeling packages, texture mapping, drawing pro- 
grams, and CAD software. In Fig. 1-29, we have a painting produced on a pen 



Figure 1-23 
Cartoon drawing produced with a paintbrush program, 
symbolically illustrating an artist at work on a video monitor. 
(Courtesy of Gould Inc., Imaging 6 Graphics Division and Aurora 
Imaging.) 

plotter with specially designed software that can m a t e  "automatic art" without 
intervention from the artist. 

Figure 1-30 shows an example of "mathematical" art. This artist uses a corn- 
biat ion of mathematical fundions, fractal procedures, Mathematics software, 
ink-jet printers, and other systems to create a variety of three-dimensional and 
two-dimensional shapes and stereoscopic image pairs. Another example of elm- 

Figure 1-24 
Cartoon demonstrations of an "artist" mating a picture with a paintbrush system. The picture, drawn on a 
graphics tablet, is displayed on the video monitor as the elves look on. In (b), the cartoon is superimposed 
on the famous Thomas Nast drawing of Saint Nicholas, which was input to the system with a video 
camera, then scaled and positioned. (Courtesy Gould Inc., Imaging & Gmphics Division and Aurora Imaging.) 



Figure 1-25 
A Van Gogh look-alike created by 
graphcs artist E&abeth O'Rourke 
with a cordless, pressuresensitive 
stylus. (Courtesy of Wacom 
Technology Corpomtion.) 

Figure 1-26 
An elechPnic watercolor, painted 
by John Derry of Tune Arts, Inc. 
using a cordless, pressure-sensitive 
stylus and Lwnena gouache-brush 
&ware. (Courtesy of Wacom 
Technology Corporation.) 

Figure 1-27 
The artist of this picture, called Electrunic Awlnnche, makes a statement 
about our entanglement with technology using a personal computer 
with a graphics tablet and Lumena software to combine renderings of 
leaves, Bower petals, and electronics componenb with scanned images. 
(Courtesy of the Williams Gallery. w g h t  0 1991 by Imn Tnrckenbrod, Tke 
School of the Arf Instituie of Chicago.) 



Figwe 1-28 Figure 1-29 
From a series called Sphnrs  of Inpumce, this electronic painting Electronic art output to a pen 
(entitled, WhigmLaree) was awted with a combination of plotter from software specially 
methods using a graphics tablet, three-dimensional modeling, designed by the artist to emulate 
texture mapping, and a series of transformations. (Courtesy of the his style. The pen plotter includes 
Williams Gallery. Copyn'sht (b 1992 by w n e  RPgland,]r.) multiple pens and painting 

inshuments, including Chinese 
brushes. (Courtesy of the Williams 
Gallery. Copyright 8 by Roman 
Vmtko, Minneapolis College of Art 6 
Design.) 

Figure 1-30 
This creation is based on a visualization of Fermat's Last 
Theorem, I" + y" = z", with n = 5, by Andrew Hanson, 
Department of Computer Science, Indiana University. The image 
was rendered using Mathematics and Wavefront software. 
(Courtesy of the Williams Gallery. Copyright 8 1991 by Stcmrt 
Dirkson.) 

Figure 1-31 
Using mathematical hlnctiow, 
fractal procedures, and 
supermmpu ters, this artist- 
composer experiments with various 
designs to synthesii form and color 
with musical composition. (Courtesy 
of Brian Ewns, Vanderbilt University.) 



tronic art created with the aid of mathematical relationships is shown in Fig. 1-31. seaion 1-3 

The artwork of this composer is often designed in relation to frequency varia- Computer Art 

tions and other parameters in a musical composition to produce a video that inte- 
grates visual and aural patterns. 

Although we have spent some time discussing current techniques for gen- 
erating electronic images in the fine arts, these methods are also applied in com- 
mercial art for logos and other designs, page layouts combining text and graph- 
ics, TV advertising spots, and other areas. A workstation for producing page 
layouts that combine text and graphics is ihstrated in Fig. 1-32. 

For many applications of commercial art (and in motion pictures and other 
applications), photorealistic techniques are used to render images of a product. 
Figure 1-33 shows an example of logo design, and Fig. 1-34 gives three computer 
graphics images for product advertising. Animations are also usxi frequently in 
advertising, and television commercials are produced frame by frame, where 

l i p r t .  1-32 
Page-layout workstation. (Courtesy 
oj Visunl Technology.) 

Figure 1-33 
Three-dimens~onal rendering for a 
logo. (Courtesy of Vertigo Technology, 
Inc.) 

- . 
Fi<yuru 1 - 34 
Product advertising. (Courtesy oj la) Audrey Fleisherand lb) and lc) SOFTIMAGE, Inc.) 



Chapter 1 each frame of the motion is rendered and saved as an image file. In each succes- 
A Survey of Computer Graphics sive frame, the motion is simulated by moving o w  positions slightly from their 

positions in the previous frame. When all frames in the animation sequence have 
been mdered, the frames are t rans fed  to film or stored in a video buffer for 
playback. Film animations require 24 frames for each second in the animation se- 
quence. If the animation is to be played back on a video monitor, 30 frames per 
second are required. 

A common graphics method employed in many commercials is rnorphing, 
where one obiect is transformed (metamomhosed) into another. This method has 
been used in h commercials to an oii can into an automobile engine, an au- 
tomobile into a tiger, a puddle of water into a tk, and one person's face into an- 
other face. An example of rnorphing is given in Fig. 1-40. 

1-4 
ENTERTAINMENT 

Computer graphics methods am now commonly used in making motion pic- 
tures, music videos, and television shows. Sometimes the graphics scenes are dis- 
played by themselves, and sometimes graphics objects are combined with the ac- 
tors and live scenes. 

A graphics scene generated for the movie Star Trek-% Wrath of Khan is 
shown in Fig. 1-35. The planet and spaceship are drawn in wirefame form and 
will be shaded with rendering methods to produce solid surfaces. Figure 1-36 
shows scenes generated with advanced modeling and surfacerendering meth- 
ods for two awardwinning short h. 

Many TV series regularly employ computer graphics methods. Figure 1-37 
shows a scene p d u c e d  for the seriff Deep Space Nine. And Fig. 1-38 shows a 
wireframe person combined with actors in a live scene for the series Stay lhned. 

~ i a ~ h i a  developed for the 
Paramount Pictures movie Stnr 
Trek-The Wllrrh of Khan. (Courtesy of 
Ewns & Sutherland.) 



In Fig. 1-39, we have a highly realistic image taken from a reconstruction of thir- M i o n  1-4 

teenth-century Dadu (now Beijing) for a Japanese broadcast. Enterlainrnent 

Music videos use graphin in several ways. Graphics objects can be com- 
bined with the live action, as in Fig.1-38, or graphics and image processing tech- 
niques can be used to produce a transformation of one person or object into an- 
other (morphing). An example of morphing is shown in the sequence of scenes in 
Fig. 1-40, produced for the David Byme video She's Mad. 

F i p r c  1-36 
(a) A computer-generated scene from the film M s  D mm, copyright O Pixar 1987. (b) A 
computer-generated scene from the film K n i c M ,  copyright O Pixar 1989. (Courfesy of 
Pixar.) 

- - - . - - -. - - - 

I i p r c  1 -  17 
A graphics scene in the TV series Dwp Space Nine. (Courtesy of Rhythm b. 
Hues Studios.) 
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Figurp 1-38 
Graphics combined with a Live scene in the TV series Stay 7bned. 
(Courtesy of Rhythm 6 Hues Studios.) 

Figure 1-39 
An image from a &owhuction of 
thirteenth-centwy Dadu (Beijmg 
today), created by Taisei 
Corporation (Tokyo) and rendered 
with TDI software. (Courtesy of 
Thompson Digital Image, lnc.) 
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F i p w  I -413 
Examples of morphing from 
the David Byrne video Slw's 
Mnd. (Courtcsv of Dnvid Bvrne, 
I& video. o h  ~ a c i f i c  Dota 
Images.) 

1-5 
EDUCATION AND TRAINING 

Computer-generated models of physical, financial, and economic systems are 
often used as educational aids. Models of physical systems, physiological sys- 
tems, population trends, or equipment, such as the colorcoded diagram in Fig. 1- 
41, can help trainees to understand the operation of the system. 

For some training applications, special systems are designed. Examples of 
such specialized systems are the simulators for practice sessions or training of 
ship captains, aircraft pilots, heavy-equipment operators, and air trafficcontrol 
personnel. Some simulators have no video screens; for example, a flight simula- 
tor with only a control panel for instrument flying. But most simulators provide 
graphics screens for visual operation. Two examples of large simulators with in- 
ternal viewing systems are shown in Figs. 1-42 and 1-43. Another type of viewing 
system is shown in Fig. 1 4 4 .  Here a viewing screen with multiple panels is 
mounted in front of the simulator. and color projectors display the flight m e  on 
the screen panels. Similar viewing systems are used in simulators for training air- 
craft control-tower personnel. Figure 1-45 gives an example of the inshuctor's 
area in a flight simulator. The keyboard is used to input parameters affeding the 
airplane performance or the environment, and the pen plotter is used to chart the 
path of the aircraft during a training session. 

Scenes generated for various simulators are shown in Figs. 1-46 through 1- 
48. An output from an automobile-driving simulator is given in Fig. 1-49. This 
simulator is used to investigate the behavior of drivers in critical situations. The 
drivers' reactions are then used as a basis for optimizing vehicle design to maxi- 
mize traffic safety. 



Figure 1 -4 1 
Color-coded diagram used to 
explain the operation of a nuclear 
reactor. (Courtesy of Las Almnos 
National laboratory.) 

Figure 1-42 
A Me, enclosed tlight simulator 
with a full-color visual system and 
six degrees of freedom in its 
motion. (Courtesy of Fmxm 
Intematwml.) 

- -- 

Figure 1 4 3  
A military tank simulator with a visual imagery system. (Courtesy of 
Mediatech and GE Aerospace.) 
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Figure 1-44 
A fight simulator with an external full-zulor viewing system. (Courtay a f F m  
InternafiomI.) 

Figure 1-45 
An instructor's area in a flight sunulator. The equipment allows the 
instructor to monitor flight conditions and to set airphne and 
environment parameters. (Courtesy of Frasur Infermtionol.) 



F i p  1-46 
Flightsimulator imagery. ((Courtesy 4 Emns 6 Sutherfund.) 

- 

Figure 1-47 
Imagery generated for a naval 
simulator. (Courtesy of Ewns 6 
Sutherlrmd.) 

Figlire 1-48 
Space shuttle imagery. (Courtesy of 
Mediatech and GE Aerospce.) 



Figure 1-49 
Imagery from an automobile 
simulator used to test driver 
reaction. (Courtesy of Evans 6 
Sutherlrmd.) 

1-6 
VISUALIZATION 

Scientists, engineers, medical personnel, business analysts, and others often need 
to analyze large amounts of information or to study the behavior of certain 
processes. Numerical simulations carried out on supercomputers frequently pro- 
duce data files containing thousands and even millions of data values. Similarly, 
satellite cameras and other sources are amassing large data files faster than they 
can be interpreted. Scanning these large sets of n u m b a  to determine trends and 
relationships is a tedious and ineffective process. But if the data are converted to 
a visual form, the trends and patterns are often immediately apparent. Figure 1- 
50 shows an example of a large data set that has been converted to a color-coded 
display of relative heights above a ground plane. Once we have plotted the den- 
sity values in this way, we can see easily the overall pattern of the data. Produc- 
ing graphical representations for scientific, engineering, and medical data sets 
and processes is generally referred to as scientific visualization. And the tenn busi- 
ness visualization is used in connection with data sets related to commerce, indus- 
try, and other nonscientific areas. 

There are many different kinds of data sets, and effective visualization 
schemes depend on the characteristics of the data. A collection of data can con- 
tain scalar values, vectors, higher-order tensors, or any combiytion of these data 
types. And data sets can be two-dimensional or threedimensional. Color coding 
is just one way to visualize a data set. Additional techniques include contour 
plots, graphs and charts, surface renderings, and visualizations of volume interi- 
ors. In addition, image processing techniques are combined with computer 
graphics to produce many of the data visualizations. 

Mathematicians, physical scientists, and others use visual techniques to an- 
alyze mathematical functions and processes or simply to produce interesting 
graphical representations. A color plot of mathematical curve functions is shown 
in Fig. 1-51, and a surface plot of a function is shown in Fig. 1-52. Fractal proce- 

W i o n  16 
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Figure 1-50 
A color-coded plot with 16 million density points of relative brightness 
ob~t?~ed  for the Whirlpool Nebula reveals two distinct galaxies. 
(Courtesy of Lar AIam National Laboratory.) 

- - 

Figure 1-51 Figurn 1-52 
Mathematical curve functiow Lighting effects and surface- 
plotted in various color rendering techniqws were applied 
combinations. (Courtesy ofMeluin L. to produce this surface 
Prun'tt, Los Alamos National representation for a three- 
Laboratory.) dimensional funhon. (Courtesy of 

Wfmm h m h ,  Inc, The hfaker of 
Mathmurtica.) 



dures using quaternions generated the object shown in Fig. 1-53, and a topologi- 1-6 

cal shucture is displayed in Fig. 1-54. Scientists are also developing methods for wsualization 

visualizing general classes of data. Figure 1-55 shows a general technique for 
graphing and modeling data distributed over a spherical surface. 

A few of the many other visualization applications are shown in Figs. 1-56 
through 149. These f i g k  show airflow ove? ihe surface of a space shuttle, nu- 
merical modeling of thunderstorms, study of aack propagation in metals, a 
colorcoded plot of fluid density over an airfoil, a cross-sectional slicer for data 
sets, protein modeling, stereoscopic viewing of molecular structure, a model of 
the ocean floor, a Kuwaiti oil-fire simulation, an air-pollution study, a com-grow- 
ing study, rrconstruction of Arizona's Cham CanY& tuins, and a-graph ofauto- 
mobile accident statistics. 

-- 
Figure 1-53 
A four-dimensional object 
projected into three- 
dimensional space, then 
projected to a video monitor, 
and color coded. The obpct 
was generated using 
quaternions and fractal 
squaring procedm, with an 
Want subtracted to show the 
complex Julia set. (Crmrtrsy of 
Iohn C.  Ifart, School of 
Electrical Enginem'ng d 
Computer Science, Washingfon 
State Uniwrsity.) 

Figure 1 -54 
Four views from a real-time, 
interactive computer-animation 
study of minimal surface ("snails") 
in the 3- sphere projected to three- 
dimensional Euclidean space. 
(Courtesy of George Francis, 
Deprtmmt of M a t h t i c s  ad the 
Natwnal Colter for Sup~rromputing 
Applications, University of Illinois at 
UrhnaChampaign. Copyright O 
1993.) 

- 

F+pre 1-55 
A method for graphing and 
modeling data distributed over a 
spherical surface. (Courfesy of Greg 
Nielson. Computer Science 
Department, Arizona State 
University.) 
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Figure 1-56 
A visualization of &eam surfaces 
flowing past a space shuttle by Jeff 
Hdtquist and Eric Raible, NASA 
Ames. (Courtlsy of Sam W t o n ,  
NASA Amcs Raaadr Cnrtlr.) 

Figure 1-57 
Numerical model of airflow inside 
a thunderstorm. (Cmtrtsv of Bob 

Figure 2-58 
Numerical model of the surface of a 
thunderstorm. (Courtsy of Sob 
Wilklmsbn, Lkprhnmt of  
Atmospheric Sciences and t k  NatiaMl 
Center lor Supercomputing 
Applications, Unimmity ofnlinois at 
Urbana-Champrip.) 



-- -- 
Figure 1-59 
C o l o r d e d  visualization of stress 
energy density in a crack- 
propagation study for metal plates, 
modeled by Bob Haber. (Courfesy of 
tk Natioml Cinter for 
Supercaputmg Applicutions, 
U n m i t y  of n l i ~ i s  at Urbrmn- 
Chnmpa~gn.) 

Figure 1-60 
A fluid dynamic simulation, 
showing a color-coded plot of fluid 
density over a span of grid planes 
around an aircraft wing, developed 
by Lee-Hian Quek, John 
Eickerneyer, and Jeffery Tan. 
(Courtesy of the Infinnation 
Technology Institute, Republic of 
Singapore.) 

F@w 1-61 
Commercial slicer-dicer software, 
showing color-coded data values 
over awsedional  slices of a data 
set. (Courtesy of Spyglnss, Im.) 

F i p m  1-62 
Visualization of a protein structure 
by Jay Siege1 and Kim Baldridge, 
SDSC. (Courfesy of Stephnnie Sides, 
San Diego Supercomputer Cmter.) 



Figure 1 -63 
Stereoscopic viewing of a molecular strumup using a "boom" device. 
(Courtesy of the Nafiaal  Centerfir Supermputing Applhtions, Univmity  
of Illinois at UrbomChnmprign.) 

Figure 1-64 
One image from a s t e n d q n c  pair, 
showing a visualization of the 
ocean floor obtained from mteltik 
data, by David Sandwell and Chris 
Small, Scripps Institution of Ocean- 
ography, and Jim Mdeod, SDSC. 
(Courtesy of Stephanie Sids, Sun 
Diego Supramrputer Center.) 

Figvne 1 6 5  
A simulation of the e f f d s  of the 
Kuwaiti oil fire, by Gary 
Glatpneier, Chuck Hanson, and 
Paul Hinker. ((Courtesy of Mike 
Kmzh, Adrnnced Computing 
lnboratwy 41 Los Alrrmos Nafionul 
hbomtwy.)  
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Figure 1-66 
A visualization of pollution over 
the earth's surface by Tom Palmer, 
Cray Research Inc./NCSC; Chris 
Landreth, NCSC; and Dave W, 
NCSC. Pollutant SO, is plotted as a 
blue surface, acid-rain deposition is 
a color plane on the map surface, 
and rain concentration is shown as 
clear cylinders. (Courtesy of the 
North Cnmlim Supercomputing 
Center/MCNC.) 

- - .  - 
Figure 1-68 
A visualization of the 
reconstruction of the ruins at Cham 
Canyon, Arizona. (Courtesy of 
Melvin L. Pnceitt, Los Alamos 
Nationul lnboratory. Data supplied by 
Stephen If. Lekson.) 

Figure 1-67 
One frame of an animation 
sequence showing the development 
of a corn ear. (Couitcsy of tk 
National Center for Supmomputing 
Applimhs, U n i m i t y  ofnlinois at 
UrhnaChampaign.) 

Figure 1-69 
A prototype technique, called 
WinVi,  for visualizing tabular 
multidimensional data is used here 
to correlate statistical information 
on pedestrians involved in 
automobile accidents, developed by 
a visuahzation team at ITT. 
(Courtesy of Lee-Hian Quek, 
Infonnatwn Technology Institute. 
Republic of Singapore.) 



Although methods used in computer graphics and Image processing overlap, the 
amas am concerned with fundamentally different operations. In computer 

graphics, a computer is used to create a pichue. Image processing, on the other 
hand. applies techniques to modify or interpret existing pibures, such as p h e  
tographs and TV scans. Two principal applications of image pmcessing are (1) 
improving picture quality and (2) machine perception of visual information, as 
used in robotics. 

To apply imageprocessing methods, we first digitize a photograph or other 
picture into an image file. Then digital methods can be applied to rearrange pic- 
ture parts, to enhance color separations, or to improve the quality of shading. An 
example of the application of imageprocessing methods to enhance the quality 
of a picture is shown in Fig. 1-70. These techniques are used extensively in com- 
mercial art applications that involve the retouching and rearranging of sections 
of photographs and other artwork. Similar methods are used to analyze satellite 
photos of the earth and photos of galaxies. 

Medical applications also make extensive use of imageprocessing tech- 
niques for picture enhancements, in tomography and in simulations of opera- 
tions. Tomography is a technique of X-ray photography that allows cross-sec- 
tional views of physiological systems to be displayed. Both computed X-rav 
tomography (CT) and position emission tomography (PET) use propchon methods to 
reconstruct cross sections from digital data. These techniques are also used to 

.- -. 

figure 1-70 
A blurred photograph of a license plate becomes legible after 
the application of imageprocessing techniques. (Courtesy of 
Los Alamos National Laboratory.) 



monitor internal functions and show crcss sections during surgery. Other me& ~~ 1-7 

ical imaging techniques include ultrasonics and nudear medicine scanners. With Image Pm&ng 

ultrasonics, high-frequency sound waves, instead of X-rays, are used to generate 
digital data. Nuclear medicine scanners colled di@tal data from radiation emit- 
ted from ingested radionuclides and plot colorcoded images. 

lmage processing and computer graphics are typically combined in 
many applications. Medicine, for example, uses these techniques to model and 
study physical functions, to design artificial limbs, and to plan and practice 
surgery. The last application is generally referred to as computer-aided surgery. 
Two-dimensional cross sections of the body are obtained using imaging tech- 
niques. Then the slices are viewed and manipulated using graphics methods to 
simulate actual surgical procedures and to try out different surgical cuts. Exam- 
ples of these medical applications are shown in Figs. 1-71 and 1-72. 

Figure 1-71 
One frame from a computer 
animation visualizing cardiac 
activation levels within 
regions of a semitransparent 
volume rendered dog heart. 
Medical data provided by 
Wiiam Smith, Ed Simpson, 
and G. Allan Johnson, Duke 
University. Image-rendering 
software by Tom Palmer, 
Cray Research, Inc./NCSC. 
(Courtesy of Dave Bock, North 
Carolina Supercomputing 
CenterlMCNC.) Figure 1-72 

One image from a stereoscopic pair 
showing the bones of a human 
hand. The images were rendered by 
lnmo Yoon, D. E. Thompson, and 
W. N. Waggempack, Jr;, LSU, from 
a data set obtained with CT scans 
by Rehabilitation Research, 
GWLNHDC. These images show a 
possible tendon path for 
reconstructive surgery. (Courtesy of 
IMRLAB, Mechnniwl Engineering, 
Louisiow State Un iws i t y . )  
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ASuNe~ofComputerCraphics GRAPHICAL USER INTERFACES 

I t  is common now for software packages to provide a graphical interface. A 
major component of a graphical interface is a window manager that allows a user 

. to display multiple-window areas. Each window can contain a different process 
that can contain graphical or nongraphical displays. To make a particular win- 
dow active, we simply click in that window using an interactive pointing dcvicc. 

Interfaces also display menus and icons for fast selection of processing op- 
tions or parameter values. An icon is a graphical symbol that is designed to look 
like the processing option it represents. The advantages of icons are that they 
take up  less screen space than corresponding textual descriptions and they can be 
understood more quickly if well designed. Menbs contain lists of textual descrip- 
tions and icons. 

Figure 1-73 illustrates a typical graphical mterface, containing a window 
manager, menu displays, and icons. In this example, the menus allow selection of 
processing options, color values, and graphics parameters. The icons represent 
options for painting, drawing, zooming, typing text strings, and other operations 
connected with picture construction. 

-- 

Figure 1-73 
A graphical user interface, showing 
multiple window areas, menus, and 
icons. (Courtmy of Image-ln 
Grponrtion.) 





D ue to the widespread recognition of the power and utility of computer 
graphics in virtually all fields, a broad range of graphics hardware and 

software systems is now available. Graphics capabilities for both two-dimen- 
sional and three-dimensional applications a x  now common on general-purpose 
computers, including many hand-held calculators. With personal computers, we 
can use a wide variety of interactive input devices and graphics software pack- 
ages. For higherquality applications, we can choose from a number of sophisti- 
cated special-purpose graphics hardware systems and technologies. In this chap 
ter, we explore the basic features of graphics hardwa~e components and graphics 
software packages. 

2-1 
VIDEO DISPLAY DEVICES 

Typically, the primary output device in a graphics system is a video monitor (Fig. 
2-1). The operation of most video monitors is based on the standard cathode-ray 
tube (CRT) design, but several other technologies exist and solid-state monitors 
may eventually predominate. 

- -- - 
rig~rrr 2-1 
A computer graphics workstation. (Courtrsyof T h i r .  Inc.) 



Refresh Cathode-Ray Tubes 

F i p m  2-2 illustrates the basic operation of,a CRT. A beam of electrons (cathode 
rays), emitted by an electron gun, passes through focusing and deflection systems 
that direct the beam toward specified positions on the phosphomted screen. 
The phosphor then emits a small spot of light at each position contacted by the 
electron beam. Because the light emitted by the phosphor fades very rapidly, 
some method is needed for maintaining the screen picture. One way to keep the 
phosphor glowing is to redraw the picture repeatedly by quickly directing the 
electron beam back over the same points. This type of display is called a refresh 
CRT. 

The primary components of an electron gun in a CRT are the heated metal 
cathode and a control grid (Fig. 2-31. Heat is supplied to the cathode by direding 
a current through a coil of wire, called the filament, inside the cylindrical cathode 
structure. This causes electrons to be 'k i led  off" the hot cathode surface. In the 
vacuum inside the CRT envelope, the free, negatively charged electrons are then 
accelerated toward the phosphor coating by a high positive voltage. The acceler- 
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Figure 2-2 
Basic design of a magneticdeflection CRT. 
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Figure 2-3 
Operation of an electron gun with an accelerating anode. 



Chapter 2 ating voltage can be generated with a positively charged metal coating on the in- 
overview of Graphics Systems side of the CRT envelope near the phosphor screen, or an accelerating anode can 

be used, as in Fig. 2-3. Sometimes the electron gun is built to contain the acceler- 
ating anode and focusing system within the same unit. 

Intensity of the electron beam is controlled by setting voltage levels on the 
control grid, which is a metal cylinder that fits over the cathode. A high negative 
voltage applied to the control grid will shut off the beam by repelling eledrons 
and stopping them from passing through the small hole at the end of the control 
grid structure. A smaller negative voltage on the control grid simply decreases 
the number of electrons passing through. Since the amount of light emitted by 
the phosphor coating depends on the number of electrons striking the screen, we  
control the brightness of a display by varying the voltage on the control grid. We 
specify the intensity level for individual screen positions with graphics software 
commands, as discussed in Chapter 3. 

The focusing system in a CRT is needed to force the electron beam to con- 
verge into a small spot as it strikes the phosphor. Otherwise, the electrons would 
repel each other, and the beam would spread out as it approaches the screen. Fo- 
cusing is accomplished with either electric or magnetic fields. Electrostatic focus- 
ing is commonly used in television and computer graphics monitors. With elec- 
trostatic focusing, the elwtron beam passes through a positively charged metal 
cylinder that forms an electrostatic lens, as shown in Fig. 2-3. The action of the 
electrostatic lens fdcuses the electron beam at the center of the screen, in exactly 
the same way that an optical lens focuses a beam of hght at a particular focal dis- 
tance. Similar lens focusing effects can be accomplished with a magnetic field set 
up by a coil mounted around the outside of the CRT envelope. Magnetic lens fc- 
cusing produces the smallest spot size on the screen and is used in special- 
purpose devices. 

Additional focusing hardware is used in high-precision systems to keep the 
beam in focus at all m n  positions. The distance that thc electron beam must 
travel to different points on the screen varies because thc radius of curvature for 
most CRTs is greater than the distance from the focusing system to the screen 
center. Therefore, the electron beam will be focused properly only at the center o t  
the screen. As the beam moves to the outer edges of the screen, displayed images 
become blurred. To compensate for this, the system can adjust the focusing ac- 
cording to the screen position of the beam. 

As with focusing, deflection of the electron beam can be controlled either 
with electric fields or with magnetic fields. Cathode-ray tubes are now commonl!. 
constructed with magnetic deflection coils mounted on the outside of the CRT 
envelope, as illustrated in Fig. 2-2. Two pairs of coils are used, with the coils in 
each pair mounted on opposite sides of the neck of the CRT envelope. One pair is 
mounted on the top and bottom of the neck, and the other pair is mounted on 
opposite sides of the neck. The magnetic, field produced by each pair of coils re- 
sults in a transverse deflection force that is perpendicular both to the direction of 
the magnetic field and to the direction of travel of the electron beam. Horizontal 
deflection is accomplished with one pair of coils, and vertical deflection by the 
other pair. The proper deflection amounts are attained by adjusting the current 
through the coils. When electrostatic deflection is used, two pairs of parallel 
plates are mounted inside the CRT envelope. One pair oi plates is mounted hori- 
zontally to control the vertical deflection, and the other pair is mounted verticall!. 
to control horizontal deflection (Fig. 2-4). 

Spots of light are produced on the screen by the transfer of the CRT beam 
energy to the phosphor. When the electrons in the beam collide with the phos- 
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Figure 2-4 
Electmstatic deflection of the electron beam in a CRT. 
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phor coating, they are stopped and thek kinetic energy is absorbed by the phos- 
phor. Part of the beam energy is converted by friction into heat energy, and the 
remainder causes electrons in the phosphor atoms to move up to higher quan- 
tum-energy levels. After a short time, the "excited phosphor electrons begin 
dropping back to their stable ground state, giving up their extra energy as small 
quantums of Light energy. What we see on the screen is the combined effect of all 
the electron light emissions: a glowing spot that quickly fades after all the excited 
phosphor electrons have returned to their ground energy level. The frequency (or 
color) of the light emitted by the phosphor is proportional to the energy differ- 
ence between the excited quantum state and the ground state. 

Different hnds  of phosphors are available for use in a CRT. Besides color, a 
mapr difference between phosphors is their persistence: how long they continue 
to emit light (that is, have excited electrons returning to the ground state) after 
the CRT beam is removed. Persistence is defined as the time it takes the emitted 
light from the screen to decay to one-tenth of its original intensity. Lower- 
persistence phosphors require higher refresh rates to maintain a picture on the 
screen without flicker. A phosphor with low persistence is useful for animation; a 
high-persistence phosphor is useful for displaying highly complex, static pic- 
tures. Although some phosphors have a persistence greater than 1 second, graph- 
ics monitors are usually constructed with a persistence in the range from 10 to 60 
microseconds. 

Figure 2-5 shows the intensity distribution of a spot on the screen. The in- 
tensity is greatest at the center of the spot, and decreaws with a Gaussian distrib- 
ution out to the edges of the spot. This distribution corresponds to the mss-  
sectional electron density distribution of the CRT beam. ' 

The maximum number of points that can be displayed without overlap on a 
CRT is referred to as the resolution. A more precise definition of m!ution is the 
number of points per centimeter that can be plotted horizontally and vertically, 
although it is often simply stated as the total number of points in each direction. 
Spot intensity has a Gaussian distribution (Fig. 2-5), so two adjacent spok will 
appear distinct as long as their separation is greater than the diameter at which 
each spot has an intensity of about 60 percent of that at the center of the spot. 
This overlap position is illustrated in Fig. 2-6. Spot size also depends on intensity. 
As more electrons are accelerated toward the phospher per second, the CRT 
beam diameter and the illuminated spot increase. In addition, the increased exci- 
tation energy tends to spread to neighboring phosphor atoms not directly in the 

Fipn 2-5 
Intensity distribution of an 
illuminated phosphor spot on 
a CRT screen. 
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Figure 2-6 
Two illuminated phosphor 
spots are distinguishable 
when their separation is 
greater than the diameter at 
which a spot intensity has 
fallen to 60 percent of 
maximum. 

path of the beam, which further increases the spot diameter. Thus, resolution of a 
CRT is dependent on the type of phosphor, the intensity to be displayed, and the 
focusing and deflection systems. Typical resolution on high-quality systems is 
1280 by 1024, with higher resolutions available on many systems. High- 
resolution systems are often referred to as high-definition systems. The physical 
size of a graphics monitor is given as  the length of the screen diagonal, with sizes 
varying from about 12 inches to 27 inches or more. A CRT monitor can be at- 
tached to a variety of computer systems, so the number of screen points that can 
actually be plotted depends on the capabilities of the system to which it is at- 
tached. 

Another property of video monitors is aspect ratio. This number gives the 
ratio of vertical points to horizontal points necessary to produce equal-length 
lines in both directions on the screen. (Sometimes aspect ratio is stated in terms of 
the ratio of horizontal to vertical points.) An aspect ratio of 3 / 4  means that a ver- 
tical line plotted with three points has the same length as a horizontal line plot- 
ted with four points. 

Raster-Scan Displays 

The most common type of graphics monitor employing a CRT is the raster-scan 
display, based on television technology. In a raster-scan system, the electron 
beam is swept across the screen, one row at a time from top to bottom. As the 
eledron beam moves across each row, the beam intensity is turned on and off to 
create a pattern of illuminated spots. Picture definition is stored in a memory 
area called the refresh buffer or frame buffer. This memory area holds the set of 
intensity values for all the screen points. Stored intensity values are then re- 
trieved from the refresh buffer and "painted" on the screen one row (scan line) a t  
a time (Fig. 2-7). Each screen point is referred to as a pixel or pel (shortened 
fonns of picture element). The capability of a raster-scan system to store inten- 
sity information for each screen point makes it well suited for the realistic displav 
of scenes containing subtle shading and color patterns. Home television sets and 
printers are examples of other systems using raster-scan methods. 

intensity range for pixel positions depends on the capability of the raster 
system. In a simple black-and-white system, each screen point is either on or off, 
so only one bit per pixel is needed to control the intensity of screen positions. For 
a bilevel system, a bit value of 1 indicates that the electron beam is to be t u r n 4  
on at that position, and a value of 0 indicates that the beam intensity is to be off. 
Additional bits are needed when color and intensity variations can be displayed. 
Up to 24 bits per pixel are included in high-quality systems, which can require 
severaI megabytes of storage for the frame buffer, depending on the resolution of 
the system. A system with 24 bits per pixel and a screen resolution of 1024 bv 
1024 requires 3 megabytes of storage for the frame buffer. On a black-and-white 
system with one bit per pixeI, the frame buffer is commonly called a bitmap. For 
systems with multiple bits per pixel, the frame buffer is Aten referred to as a 
pixmap. 

Refreshing on raster-scan displays is carried out at the rate of 60 to 80 
frames per second, although some systems are designed for higher refresh rates. 
Sometimes, refresh rates are described in units of cycles per second, or Hertz 
(Hz), where a cycle corresponds to one frame. Using these units, we would de- 
scribe a refresh rate of 60 frames per second as simply 60 Hz. At the end of each 
scan line, the electron beam returns to the left side of the screen to begin displav- 
ing the next scan line. The return to the left of the screen, after refreshing each 



Figure 2-7 
A raster-scan system displays an object as a set of dismte points across 
each scan line. 

scan line, is called the horizontal retrace of the electron beam. And at the end of 
each frame (displayed in 1/80th to 1/60th of a second), the electron beam returns 
(vertical retrace) to the top left comer of the screen to begin the next frame. 

On some raster-scan systems (and in TV sets), each frame is displayed in 
two passes using an interlaced refresh pmedure. In the first pass, the beam 
sweeps across every other scan line fmm top to bottom. Then after the vertical re- 
trace, the beam sweeps out the remaining scan lines (Fig. 2-8). Interlacing of the 
scan lines in this way allows us to see the entire s m n  displayed in one-half the 
time it would have taken to sweep a m s s  all the lines at once fmm top to bottom. 
Interlacing is primarily used with slower refreshing rates. On an older, 30 frame- 
per-second, noninterlaced display, for instance, some flicker is noticeable. But 
with interlacing, each of the two passes can be accomplished in 1/60th of a sec- 
ond, which brings the refresh rate nearer to 60 frames per second. This is an effec- 
tive technique for avoiding flicker, providing that adjacent scan lines contain sim- 
ilar display information. 

Random-Scan Displays 

When operated as a random-scan display unit, a CRT has the electron beam di- 
rected only to the parts of the screen where a picture is to be drawn. Random- 
scan monitors draw a picture one line at a time and for this reason are also re- 
ferred to as vector displays (or stroke-writing or calligraphic diisplays). The 
component lines of a picture can be drawn and refreshed by a random-scan sys- 
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Figure 2-8 
Interlacing scan lines on a raster- 
scan display. First, al l  points on the 
wen-numbered (solid) scan lines 
are displayed; then all points along 
the odd-numbered (dashed) lines 
are displayed. 

tem in any specified order (Fig. 2-9). A pen plotter operates in a similar way and 
is an example of a random-scan, hard-copy device. 

Refresh rate on a random-scan system depends on the number of lines to be 
displayed. Picture definition is now stored as a set of linedrawing commands in 
an area of memory r e f e d  to as the refresh display file. Sometimes the refresh 
display file is called the display list, display program, or simply the refresh 
buffer. To display a specified picture, the system cycles through the set of com- 
mands in the display file, drawing each component line in turn. After all line- 
drawing commands have been processed, the system cycles back to the first line 
command in the list. Random-scan displays arr designed to draw all the compo- 
nent lines of a picture 30 to 60 times each second. Highquality vector systems are 
capable of handling approximately 100,000 "short" lines at this refresh rate. 
When a small set of lines is to be displayed, each rrfresh cycle is delayed to avoid 
refresh rates greater than 60 frames per second. Otherwise, faster refreshing oi 
the set of lines could bum out the phosphor. 

Random-scan systems are designed for linedrawing applications and can- 
not display realistic shaded scenes. Since pidure definition is stored as a set of 
linedrawing instructions and not as a set of intensity values for all screen points, 
vector displays generally have higher resolution than raster systems. Also, vector 
displays produce smooth line drawings because the CRT beam directly follows 
the line path. A raster system, in contrast, produces jagged lines that are plotted 
as d h t e  point sets. 

Color CRT Monitors 

A CRT monitor displays color pictures by using a combination of phosphors that 
emit different-colored light. By combining the emitted light from the different 
phosphors, a range of colors can be generated. The two basic techniques for pro- 
ducing color displays with a CRT are the beam-penetration method and the 
shadow-mask method. 

The beam-penetration method for displaying color pictures has been used 
with random-scan monitors. Two layers of phosphor, usually red and green, are 



Figure 2-9 
A random-scan system draws the component lines of an object in any 
order specified. 

coated onto the inside of the CRT screen, and the displayed color depends on 
how far the electron beam penetrates into the phosphor layers. A beam of slow 
electrons excites only the outer red layer. A beam of very fast electrons penetrates 
through the red layer and excites the inner green layer. At intermediate beam 
speeds, combinations of red and green light are emitted to show two additional 
colors, orange and yellow. The speed of the electrons, and hence the screen color 
at any point, is controlled by the beam-acceleration voltage. Beam penetration 
has been an inexpensive way to produce color in random-scan monitors, but only 
four colors are possible, and the quality of pictures is not as good as with other 
methods. 

Shadow-mask methods are commonly used in rasterscan systems (includ- 
ing color TV) because they produce a much wider range of colors than the beam- 
penetration method. A shadow-mask CRT has three phosphor color dots at each 
pixel position. One phosphor dot emits a red light, another emifs a green light, 
and the third emits a blue light. This type of CRT has three electron guns, one for 
each color dot, and a shadow-mask grid just behind the phosphor-coated screen. 
Figure 2-10 illustrates the deltadelta shadow-mask method, commonly used in 
color CRT systems. The three electron beams are deflected and focused as a 
group onto the shadow mask, which contains a series of holes aligned with the 
phosphor-dot patterns. When the three beams pass through a hole in the shadow 
mask, they activate a dot triangle, which appears as a small color spot on the 
screen. The phosphor dots in the triangles are arranged so that each electron 
beam can activate only its corresponding color dot when it passes through the 
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Figure 2-10 
Operation of a delta-delta, shadow-mask CRT. Three electron 
guns, aligned with the triangular colordot patterns on the screen, 
are directed to each dot triangle by a shadow mask. 

shadow mask. Another configuration for the three electron guns is an in-line 
arrangement in which the three electron guns, and the corresponding 
red-green-blue color dots on the screen, are aligned along one scan line instead 
of in a triangular pattern. This in-line arrangement of electron guns is easier to 
keep in alignment and is commonly used in high-resolution color CRTs. 

We obtain color variations in a shadow-mask CRT by varying the intensity 
levels of the three electron beams. By turning off the red and green guns, we get 
only the color coming h m  the blue phosphor. Other combinations of beam in- 
tensities produce a small light spot for each pixel position, since our eyes tend to 
merge the three colors into one composite. The color we see depends on the 
amount of excitation of the red, green, and blue phosphors. A white (or gray) 
area is the result of activating all three dots with equal intensity. Yellow is pro- 
duced with the green and red dots only, magenta is produced with the blue and 
red dots, and cyan shows up when blue and green are activated equally. In some 
low-cost systems, the electron beam can only be set to on or off, limiting displays 
to eight colors. More sophisticated systems can set intermediate intensity levels 
for the electron beams, allowing several million different colors to be generated. 

Color graphics systems can be designed to be used with several types of 
CRT display devices. Some inexpensive home-computer systems and video 
games are designed for use with a color TV set and an RF (radio-muency) mod- 
ulator. The purpose of the RF mCdulator is to simulate the signal from a broad- 
cast TV station. This means that the color and intensity information of the picture 
must be combined and superimposed on the broadcast-muen* carrier signal 
that the TV needs to have as input. Then the cirmitry in the TV takes this signal 
from the RF modulator, extracts the picture information, and paints it on the 
screen. As we might expect, this extra handling of the picture information by the 
RF modulator and TV circuitry decreases the quality of displayed images. 

Composite monitors are adaptations of TV sets that allow bypass of the 
broadcast circuitry. These display devices still require that the picture informa- 
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bined into a composite signal and then separated by the monitor, so the resulting Video Display Devices 

picture quality is still not the best attainable. 
Color CRTs in graphics systems are designed as RGB monitors. These mon- 

itors use shadow-mask methods and take the intensity level for each electron gun 
(red, green, and blue) directly from the computer system without any intennedi- 
ate processing. High-quality raster-graphics systems have 24 bits per pixel in the 
kame buffer, allowing 256 voltage settings for each electron gun and nearly 17 
million color choices for each pixel. An RGB color system with 24 bits of storage 
per pixel is generally referred to as a full-color system or a true-color system. 

Direct-View Storage Tubes 

An alternative method for maintaining a screen image is to store the picture in- 
formation inside the CRT instead of refreshing the screen. A direct-view storage 
tube (DVST) stores the picture information as a charge distribution just behind 
the phosphor-coated screen. Two electron guns are used in a DVST. One, the pri- 
mary gun, is used to store the picture pattern; the second, the flood gun, main- 
tains the picture display. 

A DVST monitor has both disadvantages and advantages compared to the 
refresh CRT. Because no refreshing is needed, very complex pidures can be dis- 
played at very high resolutions without flicker. Disadvantages of DVST systems 
are that they ordinarily d o  not display color and that selected parts of a picture 
cannot he erased. To eliminate a picture section, the entire screen must be erased 
and the modified picture redrawn. The erasing and redrawing process can take 
several seconds for a complex picture. For these reasons, storage displays have 
been largely replaced by raster systems. 

Flat-Panel Displays 

Although most graphics monitors are still constructed with CRTs, other technolo- 
gies are emerging that may soon replace CRT monitc~rs. The term Bat-panel dis- 
play refers to a class of video devices that have reduced volume, weight, and 
power requirements compared to a CRT. A significant feature of flat-panel dis- 
plays is that they are thinner than CRTs, and we can hang them on walls or wear 
them on our wrists. Since we can even write on some flat-panel displays, they 
will soon be available as pocket notepads. Current uses for flat-panel displays in- 
clude small TV monitors, calculators, pocket video games, laptop computers, 
armrest viewing of movies on airlines, as advertisement boards in elevators, and 
as graphics displays in applications requiring rugged, portable monitors. 

We can separate flat-panel displays into two categories: emissive displays 
and nonemissive displays. The emissive displays (or emitters) are devices that 
convert electrical energy into light. Plasma panels, thin-film electroluminescent 
displays, and Light-emitting diodes are examples of emissive displays. Flat CRTs 
have also been devised, in which electron beams arts accelerated parallel to the 
screen, then deflected 90' to the screen. But flat CRTs have not proved to be as 
successful as other emissive devices. Nonemmissive displays (or nonemitters) 
use optical effects to convert sunlight or light from some other source into graph- 
ics patterns. The most important example of a nonemisswe flat-panel display is a 
liquid-crystal device. 

Plasma panels, also called gas-discharge displays, are constructed by fill- 
ing the region between two glass plates with a mixture of gases that usually in- 
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voltages applied to a pair of horizontal and vertical conductors cause the gas at 
the intersection of the two conductors to break down into a glowing plasma of 
elecbons and ions. Picture definition is stored in a refresh buffer, and the firing 
voltages are applied to refresh the pixel positions (at the intersections of the con- 
ductors) 60 times per second. Alternahng-t methods are used to provide 
faster application of the firing voltages, and thus bnghter displays. Separation 
between pixels is provided by the electric field of the conductors. Figure 2-12 
shows a highdefinition plasma panel. One disadvantage of plasma panels has 
been that they were strictly monochromatic devices, but systems have been de- 
veloped that are now capable of displaying color and grayscale. 

Thin-film electroluminescent displays are similar in construction to a 
plasma panel. The diffemnce is that the region between the glass plates is filled 
with a phosphor, such as zinc sulfide doped with manganese, instead of a gas 
(Fig. 2-13). When a suffiaently high voltage is applied to a pair of crossing elec- 
trodes, the phosphor becomes a conductor in the area of the intersection of the 
two electrodes. Electrical energy is then absorbed by the manganese atoms, 
which then release the energy as a spot of light similar to the glowing plasma ef- 
fect in a plasma panel. Electroluminescent displays require more power than 
plasma panels, and good color and gray scale displays are hard to achieve. 

A third type of emissive device is the light-emitting diode (LED). A matrix 
of diodes is arranged to form the pixel positions in the display, and picture defin- 
ition is stored in a refresh buffer. As in xan-line refreshing of a CRT, information 

Figure 2-11 
Basic design of a plasma-panel 
display device. 

Figure 2-12 
A plasma-panel display with a 
resolution of 2048 by 2048 and a 
screen diagonal of 1.5 meters. 
(Courtesy of Photonics Sys tons . )  
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Figure 2-13 
Basic design of a thin-film 
electroluminescent display device. 

is read from the refresh buffer and converted to voltage levels that are applied to 
the diodes to produce the light patterns in the display. - 

~ i ~ u i d & y s t a l  displays (LCDS) are commonly used in small systems, such 
as calculators (Fig. 2-14) and portable, laptop computers (Fig. 2-15). These non- 
emissive devices produce a picture by passing polarized light from the surround- 
ings or from an internal light s o w  through a liquid-aystal material that can be 
aligned to either block or transmit the light. 

The term liquid crystal refers to the fact that these compounds have a crys- 
talline arrangement of molecules, yet they flow like a liquid. Flat-panel displays 
commonly use nematic (threadlike) liquid-crystal compounds that tend to keep 
the long axes of the rod-shaped molecules aligned. A flat-panel display can then 
be constructed with a nematic liquid crystal, as demonstrated in Fig. 2-16. Two 
glass plates, each containing a light polarizer at right angles to the-other plate, 
sandwich the liquid-crystal material. Rows of horizontal transparent conductors 
are built into one glass plate, and columns of vertical conductors are put into the 
other plate. The intersection of two conductors defines a pixel position. Nor- 
mally, the molecules are aligned as shown in the "on state" of Fig. 2-16. Polarized 
light passing through the material is twisted so that it will pass through the op- 
posite polarizer. The light is then mfleded back to the viewer. To turn off the 
pixel, we apply a voltage to the two intersecting conductors to align the mole 
cules so that the light is not .twisted. This type of flat-panel device is referred to as 
a passive-matrix LCD. Picture definitions are stored in a refresh buffer, and the Figure2-14 
screen is refreshed at the rate of 60 frames per second, as in the emissive devices. A hand calculator with an 

Back lighting is also commonly applied using solid-state electronic devices, so (Courtes~of Exus 

that the system is not completely dependent on outside light soufies. Colors can 1N'"ment5.) 

be displayed by using different materials or dyes and by placing a triad of color 
pixelsat each &reen location. Another method for conskctingk13s is to place 
a transistor at each pixel location, using thin-film transistor technology. The tran- 
sistors are used to control the voltage at pixel locations and to prevent charge 
from gradually leaking out of the liquid-crystal cells. These devices are called 
active-matrix displays. 



Figun 2-15 
A backlit, passivematrix, liquid- 
crystal display in a Laptop 
computer, featuring 256 colors, a 
screen resolution of 640 by 400, and 
a saeen diagonal of 9 inches. 
(Caurtesy of Applc Computer, Inc.) 

F i p e  2-16 
The light-twisting, shutter effect used in the design of most liquid- 
crystal display devices. 
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Video Dtsplay Devices 

Graphics monitors for the display of three-dimensional scenes have been devised 
using a technique that reflects a CRT image from a vibrating, flexible mirror. The 
operation of such a system is demonstrated in Fig. 2-17. As the varifocal mirror 
vibrates, it changes focal length. These vibrations are synchronized with the dis- 
play of an object on  a CRT so  that each point on the object is reflected from the 
mirror into a spatial position corresponding to the distance of that point from a 
specified viewing position. This allows us to walk around an object o r  scene and 
view it from different sides. 

Figure 2-18 shows the Genisco SpaceCraph system, which uses a vibrating 
mirror to project three-dimensional objects into a 25cm by 2 h  by 25- vol- 
ume. This system is also capable of displaying two-dimensional cross-sectional 
"slices" of objects selected at different depths. Such systems have been used in 
medical applications to analyze data fmm ulhasonography and CAT scan de- 
vices, in geological applications to analyze topological and seismic data, in de- 
sign applications involving solid objects, and in three-dimensional simulations of 
systems, such as molecules and terrain. 

-. I-& Vibrating Flsxible Mirror 

-,--. 
I 

Figure 2-1 7 
P 

+ation of a three-dimensional display system using a 
vibrating mirror that changes focal length to match the depth of 
points in a scene. 

D. 

Figure 2-16 
The SpaceCraph interactive 
graphics system displays objects in 
three dimensions using a vibrating, 
flexible mirror. (Courtesy of Genixo 
Compufm Corpornlion.) 
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Another technique for representing tbd imens iona l  objects is displaying 
stereoscopic views. This method dws  not produce hue three-dimensional im- 
ages, but it does provide a three-dimensional effect by presenting a different 
view to each eye of an observer so that scenes do appear to have depth (Fig. 2-19). 

To obtain a stereoscopic proyxtion, we first need to obtain two views of a 
scene generated from. a yiewing direction corresponding to each eye (left and 
right). We can consma the two views as computer-generated scenes with differ- 
ent viewing positions, or we can use a s t e m  camera pair to photograph some 
object or scene. When we simultaneous look at the left view with the left eye and 
the right view with the right eye, the ~o views merge into a single image and 
we perceive a scene with depth. Figure 2-20 shows two views of a computer- 
generated scene for stemgraphic pmpdiori. To increase viewing comfort, the 
areas at the left and right edges of !lG scene that are visible to only one eye have 
been eliminated. 

-- - .- -. 

Figrrrc 2-19 
Viewing a stereoscopic projection. 
(Courlesy of S1ered;mphics Corpomlion.) 

A stereoscopic viewing pair. (Courtesy ofjtny Farm.) 
5 0  
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glasses, with each lens designed to act as a rapidly alternating shutter that is syn- 
chronized to block out one of the views. Figure 2-21 shows a pair of stereoscopic 
glasses constructed with liquidcrystal shutters and an infrared emitter that syn- 
chronizes the glasses with the views on the screen. 

Stereoscopic viewing is also a component in virtual-reality systems, 
where users can step into a scene and interact with the environment. A headset 
(Fig. 2-22) containing an optical system to generate the stemxcopic views is 
commonly used in conjuction with interactive input devices to locate and manip 
date objects in the scene. A sensing system in the headset keeps track of the 
viewer's position, so that the front and back of objects can be m as the viewer 

Figure 2-21 
Glasses for viewing a 
stereoscopic scene and an 
infrared synchronizing emitter. 

(Courtesy of SfnroCraphics Copra t ion . )  

~ . - -- 

Figure 2-22 
A headset used in virtual-reality systems. (Coudrsy of Virtual 
RPsePrch.) 
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Figure 2-23 
Interacting with a virtual-reality environment. (Carrtq of tk 
N a h l  C m t r r ~ b  Svprmmpvting Applbtioru, Unmrrsity of nlinois at 

UrboMCknrpngn.) 

"walks through" and interacts with the display. Figure 2-23 illustrates interaction 
with a virtual scene, using a headset and a data glove worn on the right hand 
(Section 2-5). 

An interactive virtual-reality environment can also be viewed with stereo- 
scopic glasses and a video monitor, instead of a headset. This provides a means 
for obtaining a lowercost virtual-reality system. As an example, Fig. 2-24 shows 
an ultrasound tracking device with six degrees of freedom. The tracking device is 
placed on top of the video display and is used to monitor head movements so 
that the viewing position for a scene can be changed as head position changes. 

- 

Fipm 2-24 
An ultrasound tracking device used 
with Btereoscopic gbsses to track 
head position. ~~ of 
StrrmG* Corpmrrh.) 
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RASTER-SCAN SYSTEMS Raster-kan Systems 

Interactive raster graphics systems typically employ several processing units. In 
addition to the central pmessing unit, or CPU, a special-purpose processor, 
called the video controller or display controller, is used to control the operation 
of the display device. Organization of a simple raster system is shown in Fig. 2-25. 
Here, the frame buffer can be anywhere in the system memory, and the video 
controller accesses the frame buffer to refresh the screen. In addition to the video 
controller, more sophisticated raster systems employ other processors as co- 
processors and accelerators to impIement various graphics operations. 

Video Controller 

Figure 2-26 shows a commonly used organization for raster systems. A fixed area 
of the system memory is reserved for the frame buffer, and the video controller is 
given direct access to the frame-buffer memory. 

Frarne-buffer locations, and the corresponding screen positions, are refer- 
enced in Cartesian coordinates. For many graphics monitors, the coordinate ori- 

Figure  2-25 
Architedure of a simple raster graphics system. 

Figure 2-26 
Wtectureof a raster system with a fixed portion of the system 
memory reserved for the frame buffer. 
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Figure 2-27 
The origin of the coordinate 
system for identifying screen 
positions is usually specified 
in the lower-left corner. 

gin is'defined at the lower left screen comer (Fig. 2-27). The screen surface is then 
represented as the first quadrant of a two-dimensional system, with positive x 
values increasing to the right and positive y values increasing from bottom to 
top. (On some personal computers, the coordinate origin is referenced at the 
upper left comer of the screen, so the y values are inverted.) Scan lines are then 
labeled from y, at the top of the screen to 0 at the bottom. Along each scan line, 
screen pixel positions are labeled from 0 to x,,. 

In Fig. 2-28, the basic refresh operations of the video controller are dia- 
grammed. Two registers are used to store the coordinates of the screen pixels. Ini- 
tially, the x register is set to 0 and the y register is set to y,. The value stored in 
the frame buffer for this pixel position is then retrieved and used to set the inten- 
sity of the CRT beam. Then the x register is inrremented by 1, and the process re 
peated for the next pixel on the top scan line. This procedure is repeated for each 
pixel along the scan line. After the last pixel on the top scan line has been 
processed, the x register is reset to 0 and the y register is decremented by 1. Pixels 
along this scan line are then processed in turn, and the procedure is repeated for 
each successive scan line. After cycling through all pixels along the bottom scan 
line (y = O), the video controller resets the registers to the first pixel position on 
the top scan line and the refresh process starts over. 

Since the screen must be refreshed at the rate of 60 frames per second, the 
simple procedure illustrated in Fig. 2-28 cannot be accommodated by typical 
RAM chips. The cycle time is too slow. To speed up pixel processing, video con- 
trollers can retrieve multiple pixel values from the refresh b d e r  on each pass. 
The multiple pixel intensities are then stored in a separate register and used to 
control the CRT beam intensity for a group of adjacent pixels. When that group 
of pixels has been processed, the next block of pixel values is retrieved from the 
frame buffer. 

A number of other operations can be performed by the video controller, be- 
sides the basic refreshing operations. For various applications, the video con- 

Figure 2-28 
Basic video-controller refresh operations. 
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Figiirc 2-29 
Architecture of a raster-graphics system with a display processor. 

troller can retrieve pixel intensities from different memory areas on different re- 
fresh cycles. In highquality systems, for example, two hame buffers are often 
provided so that one buffer can be used for refreshing while the other is being 
filled with intensity values. Then the two buffers can switch roles. This provides 
a fast mechanism-for generating real-time animations, since different views of 
moving objects can be successively loaded inta the refresh buffers. Also, some 
transformations can be accomplished by the video controller. Areas of the screen 
can be enlarged, reduced, or moved from one location to another during the re- 
fresh cycles. In addition, the video controller often contains a lookup table, so 
that pi;el values in the frame buffer are used to access the lookup tableinstead of 
controlling the CRT beam intensity directly. This provides a fast method for 
changing screen intensity values, and we discuss lookup tables in more detail in 
Chapter 4. Finally, some systems arr designed to allow the video controller to 
mix the frame-buffer image with an input image from a television camera or 
other input device. 

Raster-Scan Display Processor 

Figure 2-29 shows one way to set up the organization of a raster system contain- 
ing a separate display processor, sometimes referred to as a graphics controller 
or a display coprocessor. The purpose of the display processor is to free the CPU 
from the graphics chores. In addition to the system memory, a separate display- 
processor memory area can also be provided. 

A major task of the display pmcessor is digitizing a picture definition given ' - --I-- 
in an application program into a set of pixel-intensity values for storage in the 
frame buffer. This digitization process is caIled scan conversion. Graphics com- k ' ~ l l w  2-.30 

mands specifying straight lines and other geometric objects are scan converted A character defined as a 

into a set of discrete intensity points. Scan converting a straight-line segment, for rcctangu'ar grid of pixel 
positions. example, means that we have to locate the pixel positions closest to the line path 

and store the intensity for each position in the frame buffer. Similar methods are 
used for scan converting curved lines and polygon outlines. Characters can be 
defined with rectangular grids, as in Fig. 2-30, or they can be defined with curved 5 5 



outlines, as in Fig. 2-31. The array size for character grids can vary from about 5 
by 7 to 9 by 12 or more for higher-quality displays. A character grid is displayed 
by superimposing the rectangular grid pattern into the frame buffer at a specified 
coordinate position. With characters that are defined as curve outlines, character 
shapes are scan converted into the frame buffer. 

Display processors are also designed to perform a number of additional op- 
erations. These functions include generating various line styles (dashed, dotted, 
or solid), displaying color areas, and performing certain transformations and ma- 
nipulations on displayed objects. Also, display pmessors are typically designed 
to interface with interactive input devices, such as a mouse. 

F i p r r  2-3 I In an effort to reduce memory requirements in raster systems, methods 
A character defined as a have been devised for organizing the frame buffer as a linked list and encoding 
curve outline. the intensity information. One way to do this is to store each scan line as a set of 

integer pairs. Orre number of each pair indicates an intensity value, and the sec- 
ond number specifies the number of adjacent pixels on the scan line that are to 
have that intensity. This technique, called run-length encoding, ,can result in a 
considerable saving in storage space if  a picture is to be constructed mostly with 
long runs of a single color each. A similar approach can be taken when pixel in- 
tensities change linearly. Another approach is to encode the raster as a set of rec- 
tangular areas (cell encoding). The aisadvantages of encoding runs are that in- 
tensity changes are difficult to make and storage requirements actually increase 
as the length of the runs decreases. In addition, it is difficult for the display con- 
troller to process the raster when many short runs are involved. 

2-3 
RANDOM-SCAN SYSTEMS 

The organization of a simple random-scan (vector) system is shown in Fig. 2-32. 
An application program is input and stored in the system memory along with a 
graphics package. Graphics commands in the application program are translated 
by the graphics package into a display file stored in the system memory. This dis- 
play file is then accessed by the display processor to refresh the screen. The dis- 
play processor cycles through each command in the display file program once 
during every refresh cycle. Sometimes the display processor in a random-scan 
system is referred to as a display processing unit or a graphics controller. 

Figure 2-32 
Architecture of a simple randomscan system. 



Graphics patterns are drawn on a random-scan system by directing the section 2-4 

electron beam along the component lines of the picture. Lines are defined by the Graphics Monilors 

values for their coordinate endpoints, and these input coordinate values are con- and Worksrations 

verted to x and y deflection voltages. A scene is then drawn one line at a time by 
positioning the beam to fill in the line between specified endpoints. 

2-4 
GRAPHICS MONITORS AND WORKSTATIONS 

Most graphics monitors today operate as rasterscan displays, and here we sur- 
vey a few of the many graphics hardware configurations available. Graphics sys- 
tems range h m  small general-purpose computer systems with graphics capabil-, 
ities (Fig. 2+) to sophisticated fullcolor systems that are designed specifically 
for graphics applications (Fig. 2-34). A typical screen resolution for personal com- 

Figure 2-33 
A desktop general-purpose 
computer system that can be used 
for graphics applications. (Courtesy of 
Apple Compula. lnc.) 

-- - -- -- 

Figure 2-34 
Computer graphics workstations with keyhrd and mouse input devices. (a) The Iris 
Indigo. (Courtesyo\ Silicon Graphics Corpa~f ion . )  (b) SPARCstation 10. (Courtesy 01 Sun Microsyslems.) 
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C h a m  2 puter systems, such as the Apple Quadra shown in Fig. 2-33, is 640 by 480, al- 
Overview of Graphics Systems though screen resolution and other system capabilities vary depending on the 

size and cost of the system. Diagonal screen dimensions for general-purpose per- 
sonal computer systems can range from 12 to 21 inches, and allowable color se- 
lections range from 16 to over 32,000. For workstations specifically designed for 
graphics applications, such as the systems shown in Fig. 2-34, typical screen reso- 
lution is 1280 by 1024, with a screen diagonal of 16 inches or more. Graphics 
workstations can be configured with from 8 to 24 bits per pixel (full-color sys- 
tems), with higher screen resolutions, faster processors, and other options avail- 
able in high-end systems. 

Figure 2-35 shows a high-definition graphics monitor used in applications 
such as air traffic control, simulation, medical imaging, and CAD. This system 
has a diagonal s c m  size of 27 inches, resolutions ranging from 2048 by 1536 to 
2560 by 2048, with refresh rates of 80 Hz or 60 Hz noninterlaced. 

A m u l t i m  system called the MediaWall, shown in Fig. 2-36, provides a 
large "wall-sized display area. This system is designed for applications that re- 
quirr large area displays in brightly lighted environments, such as at trade 
shows, conventions, retail stores, museums, or passenger terminals. MediaWall 
operates by splitting images into a number of Sections and distributing the sec- 
tions over an array of monitors or projectors using a graphics adapter and satel- 
lite control units. An array of up to 5 by 5 monitors, each with a resolution of 640 
by 480, can be used in the MediaWall to provide an overall resolution of 3200 by 
2400 for either static scenes or animations. Scenes can be displayed behind mul- 
lions, as in Fig. 2-36, or the mullions can be eliminated to display a continuous 
picture with no breaks between the various sections. 

Many graphics workstations, such as some of those shown in Fig. 2-37, are 
configured with two monitors. One monitor can be used to show all features of 
an obpct or scene, while the second monitor displays the detail in some part of 
the picture. Another use for dual-monitor systems is to view a picture on one 
monitor and display graphics options (menus) for manipulating the picture com- 
ponents on the other monitor. 

Figure 2-35 
A very high-resolution (2560 by 
2048) color monitor. (Courtesy of 
BARCO Chromatics.) 



 he Mediawall: A multiscreen display system. The image displayed on 
this 3-by-3 array of monitors was created by Deneba Software. (Courtesy 

Figurr 2-37 
Single- and dual-monitor graphics workstations. (Cdurtq of Intngraph 
Corpratiun.) 

Figures 2-38 and 2-39 illustrate examples of interactive graphics worksta- 
tions containing multiple input and other devices. A typical setup for CAD appli- 
cations is shown in Fig. 2-38. Various keyboards, button boxes, tablets, and mice 
are attached to the video monitors for use in the design process. Figure 2-39 
shows features of some types of artist's workstations. 
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Figure 2-38 
Multiple workstations for a CAD group. (Courtesy of Hdctf-Packard 
Complny.) 

Figure 2-39 
An artist's workstation, featuring a color raster monitor, keyboard, 
graphics tablet with hand cursor, and a light table, in addition to 
data storage and telecommunications devices. (Cburtesy of DICOMED 
C0t)mation.) 

2-5 
INPUT DEVICES 

Various devices are available for data input on graphics workstations. Most sys- 
tems have a keyboard and one or more additional devices specially designed for 
interadive input. These include a mouse, trackball, spaceball, joystick, digitizers, 



dials, and button boxes. Some other input dev~ces usea In particular applications W i o n  2-5 - 
are data gloves, touch panels, image scanners, and voice systems. Input Devices 

Keyboards 

An alphanumeric keyboard on a graphics system is used primarily as a device 
for entering text strings. The keyboard is an efficient device for inputting such 
nongraphic data as picture labels associated with a graphics display. Keyboards 
can also be provided with features to facilitate entry of screen coordinates, menu 
selections, or graphics functions. 

Cursor-control keys and function keys are common features on general- 
purpose keyboards. Function keys allow users to enter frequently used opera- 
tions in a single keystroke, and cursor-control keys can be used to select dis- 
played objects or coordinate positions by positioning the screen cursor. Other 
types of cursor-positioning devices, such as a trackball or joystick, are included 
on some keyboards. Additionally, a numeric keypad is,often included on the key- 
board for fast entry of numaic data. Typical examples of general-purpose key- 
boards are given in Figs. 2-1, 2-33, and 2-34. Fig. 2-40 shows an ergonomic 
keyboard design. 

For specialized applications, input to a graphics application may come from 
a set of buttons, dials, or switches that select data values or customized graphics 
operations. Figure 2-41 gives an example of a button box and a set of input dials. 
Buttons and switches are often used to input predefined functions, and dials are 
common devices for entering scalar values. Real numbers within some defined 
range are selected for input with dial rotations. Potenhometers are used to mea- 
sure dial rotations, which are then converted to deflection voltages for cursor 
movement. 

Mouse 

A mouse is small hand-held box used to position the screen cursor. Wheels or 
rollers on the bottom of the mouse can be used to record the amount and direc- 

Figure 2-40 
Ergonomically designed keyboard 
with removable palm rests. The 
slope of each half of the keyboard 
can be adjusted separately. (Courtesy 
of Apple Computer, Inc.) 



Chapter 2 tion of movement. Another method for detecting mouse motion is with an opti- 
Overview of Graphics Svstrms cal sensor. For these systems, the mouse is moved over a special mouse pad that 

has a grid of horizontal and vertical lines. The optical sensor deteds movement 
acrossthe lines in the grid. 

Since a mouse can be picked up and put down at another position without 
change in curs6r movement, it is used for making relative change.% in the position 
of the screen cursor. One, two, or three bunons m usually included on the top of 
the mouse for signaling the execution of some operation, such as recording &- 
sor position or invoking a function. Mast general-purpose graphics systems now 
include a mouse and a keyboard as the major input devices, as in Figs. 2-1,2-33, 
and 2-34. 

Additional devices can be included in the basic mouse design to increase 
the number of allowable input parameters. The Z mouse in Fig. 242 includes 

- - -  

Figuw 2-41 
A button box (a) and a set of input dials (b). (Courtesy of Vcaor Cownl.) 

Figure 2-42 
The 2 mouse features three bunons, 
a mouse ball underneath, a 
thumbwheel on the side, and a 
trackball on top. (Courtesy of 
Multipoinl Technology Corporat~on.) 



three buttons, a thumbwheel on the side, a trackball on the top, and a standard M o n 2 - 5  

mouse ball underneath. This design provides six degrees of freedom to select Input Devices 

spatial positions, rotations, and other parameters. Wtth the Z mouse, we can pick 
up an object, rotate it, and move it in any direction, or we can navigate our view- 
ing position and orientation through a threedimensional scene. Applications of 
the Z mouse include ~irtual reality, CAD, and animation. 

Trackball and Spaceball 

As the name implies, a trackball is a ball that can be rotated with the fingers or 
palm of the hand, as in Fig. 2-43, to produce screen-cursor movement. Poten- 
tiometers, attached to the ball, measure the amount and direction of rotation. 
Trackballs are often mounted on keyboards (Fig. 2-15) or other devices such as 
the Z mouse (Fig. 2-42). 

While a trackball is a two-dimensional positioning device, a spaceball (Fig. 
2-45) provides six degrees of freedom. Unlike the trackball, a spaceball does not 
actually move. Strain gauges measure the amount of pressure applied to the 
spaceball to provide input for spatial positioning and orientation as the ball is 
pushed or pulled in various diredions. Spaceballs are used for three-dimensional 
positioning and selection operations in virtual-reality systems, modeling, anima- 
tion, CAD, and other applications. 

joysticks 

A joystick consists of a small, vertical lever (called the stick) mounted on a base 
that is used to steer the screen cursor around. Most bysticks select screen posi- 
tions with actual stick movement; others respond to inksure on the stick. F I ~  
2-44 shows a movable joystick. Some joysticks are mounted on a keyboard; oth- 
ers lnction as stand-alone units. 

The distance that the stick is moved in any direction from its center position 
corresponds to screen-cursor movement in that direction. Potentiometers 
mounted at the base of the joystick measure the amount of movement, and 
springs return the stick to the center position when it is released. One or more 
buttons can be programmed to act as input switches to signal certain actions once 
a screen position has been selected. 

- . . 

Figure 2-43 
A three-button track ball. (Courlrsyof Mtnsumne~l Sysfems lnc., N o m l k ,  
Connccticul.) 



Chapter 2 

Overview of Graphics Systems 

Figrrr 2-44 
A moveable pystick. (Gurtesy of CaIComp Group; Snndns 
Assm+tes, Inc.) 

In another type of movable joystick, the stick is used to activate switches 
that cause the screen cursor to move at a constant rate in the direction selected. 
Eight switches, arranged in a circle, are sometimes provided, so that the stick can 
select any one of eight directions for cursor movement. Pressuresensitive joy- 
sticks, also called isometric joysticks, have a nonmovable stick. Pressure on the 
stick is measured with strain gauges and converted to movement of the cursor in 
the direction specified. 

Data Glove 

Figure 2-45 shows a data glove that can be used to grasp a "virtual" object. The 
glove is constructed with a series of sensors that detect hand and finger motions. 
Electromagnetic coupling between transmitting antennas and receiving antennas 
is used to provide information about the position and orientation of the hand. 
The transmitting and receiving antennas can each be structured as a set of three 
mutually perpendicular coils, forming a three-dimensional Cartesian coordinate 
system. Input from the glove can be used to position or manipulate objects in a 
virtual scene. A two-dimensional propdion of the scene can be viewed on a 
video monitor, or a three-dimensional projection can be viewed with a headset. 

Digitizers 

A common device for drawing, painting, or interactively selecting coordinate po- 
sitions on an object is a digitizer. These devices can be used to input coordinate 
values in either a two-dimensional or a three-dimensional space. Typically, a dig- 
itizer is used to scan over a drawing or object and to input a set of discrete coor- 
dinate positions, which can be joined with straight-Iine segments to approximate 
the curve or surface shapes. 

One type of digitizer is the graphics tablet (also referred to as a data tablet), 
which is used to input two-dimensional coordinates by activating a hand cursor 
or stylus at selected positions on a flat surface. A hand cursor contains cross hairs 
for sighting positions, while a stylus is a pencil-shaped device that is pointed at 
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Figure 2-45 
A virtual-reality xene, displayed 
on a two-dimensional video 
monitor, with input from a data 
glove a d  a spa;eball. (Courfesy o f n e  
Compufrr Graphics Cmfer, Dnrmsfadf, 

positions on the tablet. Figures 2-46 and 2-47 show examples .of desktop and 
floor-model tablets, using hsnd CUTSOTS that are available wiih 2,4, or 16 buttons. 
Examples of stylus input with a tablet am shown in Figs. 2-48 and 2-49. The 
artist's digitizing system in Fig. 2 4 9  uses electromagnetic resonance to detect the 
three-dimensional position of the stylus. This allows an artist to produce different 
brush strokes with different pressures on the tablet surface. Tablet size varies 
from 12 by 12 inches for desktop models to 44 by 60 inches or larger for floor 
models. Graphics tablets provide a highly accurate method for selecting coordi- 
nate positions, with an accuracy that varies from about 0.2 mm on desktop mod- 
els to about 0.05 mm or less on larger models. 

Many graphics tablets are constructed with a rectangular grid of wires em- 
bedded in the tablet surface. Electromagnetic pulses are aenerated in sequence 

Figure 2-46 
The Summasketch 111 desktop tablet with a 16-button 
hand cursor. (Courtesy of Surnmgraphin Corporalion.) 
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Figure 2-47 
The Microgrid 111 tablet with a 1 6  
button hand cursor, designed for 
digitizing larger drawings. ( C o u r t 9  
@Summngraphics Corporation.) 

along the wires, and an electric signal is induced in a wire coil in an activated sty- 
4 lus or hand cursor to record a tablet position. Depending on the technology, ei- 

ther signal strength, coded pulses, or phase shifts can be used to determine the 
_ - position on the tablet. 

Acoustic (or sonic) tablets use sound waves to detect a stylus position. Ei- - ther strip rnicmphones or point rnicmphones can be used to detect the wund 
emitted by an electrical spark from a stylus tip. The position of the stylus is calcu- 

Figure 2-48 
The NotePad desktop tablet 
with stylus. ( C o u r t q  of 
CaIComp Digitizer Division, 
a p r t  of CaIComp, Inc.) 

Figrrrc 2-49 
An artist's digitizer system, with a 
pressure-sensitive, cordless stylus. 
(Courtesy of Wacom Technology 
Corporalion.) 
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positions. An advantage of two-dimensional accoustic tablets is that the micro- Input Devices 

phones can be placed on any surface to form the "tablet" work area. This can be 
convenient for various applications, such as digitizing drawings in a book. 

Three-dimensional digitizers use sonic or electromagnetic transmissions to 
word  positions. One electiomagnetic transmission method is similar to that 
used in the data glove: A coupling between the transmitter and receiver is used 
to compute the location of a stylus as it moves over the surface of an obpct. Fig- 
ure 2-50 shows a three-dimensional digitizer designed for Apple Macintosh com- 
puters. As the points are selected on a nonmetallic object, a wireframe outline of 
the surface is displayed on the computer saeen. Once the surface outline is con- 
structed, it can be shaded with lighting effects to produce a realistic display of 
the object. Resolution of this system is h m  0.8 mm to 0.08 mm, depending on 
the model. 

Image Scanners 

Drawings, graphs, color and black-and-whte photos, or text can be stored for 
computer processing with an image scanner by passing an optical scanning 
mechanism over the information to be stored. The gradations of gray scale or 
color are then recorded and stored in an array. Once we have the internal repre- 
sentation of a picture, we can apply transformations to rotate, scale, or crop the 
picture to a particular screen area. We can also apply various image-processing 
methods to modify the array representation of the picture. For scanned text 
~nput, various editing operations can be performed on the stored documents. 
Some scanners are able to scan either graphical representations or text, and they 
come in a variety of sizes and capabilities. A small hand-model scanner is shown 
in Fig. 2-51, while Figs 2-52 and 2-53 show larger models. 

- 

Fi,yurr 2-56 
A three-dimensional digitizing 
system for use with Apple 
Macintosh computers. (Courtesy of 

' M m  lmnphg.) 
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Figure 2-51 
A hand-held scanner that can be used to input 
either text or graphics images. (Courtesy of 
T h u h r e ,  lnc.) 

Figure 2-52 
Desktop full-color scanners: (a) Flatbed scanner with a resolution of 600 dots per inch. 
(Courtesy of Sharp Elcclmnics Carpomtion.) (b) Drum scanner with a selectable resolution from 50 
to 4000 dots per inch. (Courtrsy cjHautek, Inc.) 

Touch Panels 

As the name implies, touch panels allow displayed objects or screen positions to 
be selected with the touch of a finger. A typical application of touch panels is for 
the selection of processing options that are repmented with graphical icons. 
Some systems, such as the plasma panels shown in Fig. 2-54, are designed with 
touch screens. Other systems can be adapted for touch input by fitting a transpar- 
ent device with a touchsensing mechanism over the video monitor screen. Touch 
input can be recorded using optical, electrical, or acoustical methods. 

Optical touch panels employ a line of infrared light-emitting diodes (LEDs) 
along one vertical edge and along one horizontal edge of the frame. The opposite 
vertical and horizontal edges contain light detectors. These detectors are used to 
record which beams are intenupted when the panel is touched. The two crossing 
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Figum 2-53 
A liuge floor-model scanner used to 
scan architeaural and e@aerhg 
drawings up to 40 inches wide and 
100 feet long. (Courtesy of 
Summagraphin Corpomfion.) 

beams that are interrupted idenhfy the horizontal and vertical coordinates of the 
screen position selected. Positions tin be selected with an accuracy of about 1/4 
inch With closely spaced LEDs, it is possible to b d  two horizontal or two ver- 
tical beams simultaneously. In this case, an average position between the two in- 
terrupted beams is recorded. The LEDs operate at infrared frequenaes, so that 
the light is not visible to a user. Figure 2-55 illustrates the arrangement of LEDs in 
an optical touch panel that is designed to match the color and contours of the 
system to which it is to be fitted. 

An electrical touch panel is constructed with two transparent plates sepa- 
rated by a small distance. One of the plates is coated with a mnducting material, 
and the other plate is coated with a resistive material. When the outer plate is- 
touched, it is f o d  into contact with the inner plate. This contact creaks a volt- 
age drop aaoss the msistive plate that is converted to the coordinate values of 
the selected screen position. 

In acoustical touch panels, high-frequency sound waves are generated in 
the horizontal and vertical directions aaoss a glass plate. Touclung the saeen 
causes part of each wave to be reflected from the finger to the emitters. The saeen 
position at the point of contact is calculated from a measurement of the time in- 
terval between the transmission of each wave and its reflection to the emitter. 

Figum 2-54 
Plasma panels with touch screens. (Courtesy of Phofonies Systm.) 
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Fiprr 2-55 
An optical touch panel, showing 
the aRangement of infrared LED 
uni6 and detectors mund the 
edgea of the frame. (Courfesy of Ckmdl 
T d ,  Inc.) 

Light Pens 

Figure 2-56 shows th; design of one type of light pen. Such pencil-shaped de- 
vices are used to selezt screen positions by detechng the light coming from points 
on the CRT saeen. They are sensitive to the short burst of light emitted from the 
phosphor coating at the instant the electron beam strikes a particular point. Other 
Light sources, such as the background light in the room, are usually not detected 
by a light pen. An activated light pen, pointed at a spot on the screen as the elec- 
tron beam hghts up that spot, generates an electrical pulse that causes the coordi- 
nate position of the electron beam to be recorded. As with cursor-positioning de- 
vices, recorded Light-pen coordinates can be used to position an object or to select 
a processing option. 

Although Light pens are still with us, they are not as popular as they once 
were since they have several disadvantages compamd to other input devices that 
have been developed. For one, when a light pen is pointed at the screen, part of 
the m n  image is obscumd by the hand and pen. And prolonged use of the 
hght pen can cause arm fatigue. Also, light pens require special implementations 
for some applications because they cannot detect positions within bla* areas. To 
be able b select positions in any screen area with a light pen, we must have some 
nonzero intensity assigned to each screen pixel. In addition, light pens. sometimes 
give false readings due to background lkghting in a room. 

Voice Systems 

Speech recognizers are used in some graphics workstations as input devices to 
accept voice commands The voice-system input can be used to initiate graphics 
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Figurn 2-56 
A light pen activated with a button switch. (Courtesy oflntmwtiue Gmputn 
Products.) 

operations or to enter data. These systems operate by matching an input a g h t  
a predefined dictionary of words and phrase$. 

A dictionary is set up for a particular operator by having, the operator speak 
the command words to be used into the system. Each word is spoke? several 
times, and the system analyzes the word and establishes a frequency pattern for 
that word in the dictionary along with the corresponding function to be per- 
formed. Later, when a voice command is given, the system searches the dictio- 
nary for a frequency-pattern match. Voice input is typically spoken into a micro- 
phone mounted on a headset, as in Fig. 2-57. The mtcrophone is designed to 
minimize input of other background sounds. If a different operator is to use the 
system, the dictionary must be reestablished with that operator's voice patterns. 
Voice systems have some advantage over other input devices, since the attention 
of the operator does not have to be switched from one device to another to enter 
a command. 

- ~ -. 

Figure 2-57 
A speech-recognition system. (Coutiesy of ThmhoU Tahnology, Inc.) 
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HARD-COPY DEVICES 

We can obtain hard-copy output for o w  images in several formats. For presenta- 
tions or archiving, we can send image files to devices or service bureaus that will 
produce 35-mm slides or overhead transparencies. To put images on film, we can 
simply photograph a scene displayed on a video monitor. And we can put our 
pictures on paper by directing graphics output to a printer or plotter. 

The quality of the piaures obtained from a device depends on dot size and 
the number of dots per inch, or Lines per inch, that can be displayed. To produce 
smooth characters in printed text shings, higher-quality printers shift dot posi- 
tions so that adjacent dots overlap. 

Printers produce output by either impact or nonimpact methods. Impact 
printers press formed character faces against an inked ribbon onto the paper. A 
line printer is an example of an impact device, with the typefaces mounted on 
bands, chains, drums, or wheels. Nonimpact printers and plotters use laser tech- 
niques, ink-jet sprays, xerographic pmesses (as used in photocopying ma- 
chines), eledrostatic methods, and electrothermal methods to get images onto 
Paper. 

Character impact printers often have a dot-matrix print head containing a 
rectangular array of protruding wire pins, with the number of pins depending on 
the quality of the printer. Individual characters or graphics patterns are obtained 
by wtracting certain pins so that the remaining pins form the pattern to be 
printed. Figure 2-58 shows a picture printed on a dot-matrix printer. 

In a laser device, a laser beam mates a charge distribution on a rotating 
drum coated with a photoelectric material, such as selenium. Toner is applied to 
the d m  and then transferred to paper. Figure 2-59 shows examples of desktop 
laser printers with a resolution of 360 dots per inch. 

Ink-jet methods produce output by squirting ink in horizontal rows across a 
roll of paper wrapped on a drum. The electrically charged ink stream is deflected 
by an electric field to produce dot-matrix patterns. A desktop ink-jet plotter with 

Figure 2-58 
A pictwe generated on a dot-mahix printer showing how the 
density of the dot patterns can be varied to produce light and 
dark areas. (Courtesy of Apple Computer, Inc.) 
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Figure 2-59 
Small-footprint laser printers. 
(Courtesy of Texas 111~lmmmts.) 

a resolution of 360 dok per inch is shown in Fig. 2-60, and examples of larger 
high-resolution ink-jet printer/plotters are shown in Fig. 2-61. 

An electrostatic device places a negative charge on the paper, one complete 
row at a time along the length of the paper. Then the paper is exposed to a toner. 
The toner is positively charged and so is attracted to the negatively charged 
areas, where it adheres to produce the specified output. A color electrostatic 
printer/plotter is shown in Fig. 2-62. Electrothennal methods use heat in a dot- 
matrix print head to output patterns on heatsensitive paper. 

We can get limited color output on an impact printer by using different- 
colored ribbons. Nonimpact devices use various techniques to combine three 
color pigments (cyan, magenta, and yellow) to produce a range of color patterns. 
Laser and xerographic devices deposit the three pigments on separate passes; 
ink-jet methods shoot the three colors simultaneously on a single pass along each 
print tine on the paper. 

Figure 2-60 
A mot-per-inch desktop ink-jet 

, plotter. (Courtcsyof Summgmphirs 
Corpmlion.) 



-- - -. 
Figurn 2-61 
Floor-model, ink-jet color printers that use variable dot size to achieve 
an equivalent resolution of 1500 to 1800 dots per inch. (Courtesy of IRIS 
Cmphio Inc., B c d w ,  Ma%nchuscih.) 

F i g u n  2-62 
An e ~ ~ t a t i c  printer that can 
display 100 dots per inch. (Courtesy of 
CaIComp Digitim Dioisia, a prf of 
CPICmnp, Inc.) 

Drafting layouts and other drawings are typically generated with ink-jet or 
pen plotters. A pen plotter has one or more pens mounted on a camage, or cross- 
bar, that spans a sheet of paper. Pens with varying colors and widths are used to 
produce a variety of shadings and line styles. Wet-ink, ball-point, and felt-tip 
pens are all posible choices for use with a pen plotter. Plotter paper can lie flat or 
be rolled onto a drum or belt. Crossbars can be either moveable or stationary, 
while the pen moves back and forth along the bar. Either clamps, a vacuum, or 
an eledmstatic charge hold the paper in position. An example of a table-top 
flatbed pen plotter is given in F i p  2-63, and a larger, rollfeed pen plotter is 
shown in Fig. 2-64. 
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Figure 2 6 3  
A desktop pen plotter with a 
resolution of 0.025 mm. (Courlcsy o f  
Summagraphifs Cmponriim~.) 

Figure 2-64 
A large, rollfeed pen plotter with 
automatic mdticolor &pen changer 
and a resolution of 0.0127 mm. 
(Courtesy of Summgraphin Carpomtion.) 

2-7 
GRAPHICS SOFTWARE 

There are two general classifications for graphics software: general programming 
packages and special-purpose applications packages. A general graphics pro- 
gramming package provides an extensive set of graphics functions that can be 



Charm 2 used in a high-level programming language, such as C or FORTRAN. An exam- 
Overview of Graphics Systems ple of a general graphics programming package is the GL (Graphics Library) sys- 

tem on Silicon Graphics equipment. Basic functions in a general package include 
those for generating picture components (straight lines, polygons, circles, and 
other figures), setting color and intensity values, selecting views, and applying 
ensformations. By conhast, application graphics packages are designed for 
nonprogrammers, so that users can generate displays without worrying about 
how graphics operations work. The interface to the graphics routines in such 
packages allows users to communicate with the programs in their own terms. Ex- 
amples of such applications packages are the artist's painting programs and vari- 
ous business, medical, and CAD systems. 

Coordinate Representations 

With few exceptions, general graphics packages are designed to be used with 
Cartesian coordinate specifications. If coordinate values for a picture are speci- 
fied in some other reference frame (spherical, hyberbolic, etc.), they must be con- 
verted to Cartesian coordinates before they can be input to the graphics package. 
Special-purpose packages may allow use of other coordinate frames that are ap- 
propriate to the application. In general; several different Cartesian reference 
frames are used to construct and display a scene. We can construct the shape of 
individual objects, such as trees or furniture, in a scene within separate coordi- 
nate reference frames called modeling coordinates, or sometimes local coordi- 
nates or master coordinates. Once individual object shapes have been specified, 
we can place the o b F s  into appropriate positions within the scene using a refer- 
ence frame called world coordinates. Finally, the world-coordinate description of 
the scene is t r a n s f e d  to one or more output-device reference frames for dis- 
play. These display coordinate systems are referred to as device coordinates. or 
screen coordinates in the case of a video monitor. Modeling and world- 
coordinate definitions allow us to set any convenient floating-point or integer di- 
mensions without being hampered by the constraints of a particular output de- 
vice. For some scenes, we might want to spedy object dimensions in fractions of 
a foot, while for other applications we might want to use millimeters, kilometers, 
or light-years. 

Generally, a graphics system first converts world-coordinate positions to 
normalized device coordinates, in the range from 0 to 1, before final conversion 
to specific device coordinates. This makes the system independent of the various 
devices that might be used at a particular workstation. Figure 2-65 illustrates the 
sequence of coordinate transformations from modeling coordinates to device co- 
ordinates for a two-dimensional application. An initial modeling-coordinate p 
sition (x , ,  y,) in this illustration is transferred to a device coordinate position 
( x ~ ,  ydc) with the sequence: 

The modeling and world-coordinate pit ions ' in this transformation can be any 
floating-point values; normalized coordinates satisfy the inequalities: 0 5 x,,, 1 ,  
0 5 y, 5 1; and the device coordinates xdc and ydc are integers within the range 
(0,O) to (I-, y,) for a particular output device. To accommodate differences in 
scales and aspect ratios, normalized coordinates are mapped into a square area of 
the output device so that proper proportions are maintained. 
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Graphics Software 

A general-purpose graphics package provides users with a variety of functions 
for creating and manipulating pictures. These routines can be categorized accord- 
ing to whether they deal with output, input, attributes, transformations, viewing, 
or general control. 

The basic building blocks for pidures am referred to as output primitives. 
They include character strings and geometric entities, such as points, straight 
lines, curved Lines, filled areas (polygons, circles, etc.), and shapes defined with 
arrays of color points. Routines for generating output primitives provide the 
basic tools for conshucting pictures. 

Attributes are the properties of the output primitives; that is, an attribute 
describes how a particular primitive is to be displayed. They include intensity 
and color specifications, line styles, text styles, and area-filling patterns. Func- 
tions within this category can be used to set attributes for an individual primitive 
class or for groups of output primitives. 

We can change the size, position, or orientation of an object within a scene 
using geometric transformations. Similar modeling transformations are used to 
construct a scene using object descriptions given in modeling coordinates. 

Given the primitive and attribute definition of a picture in world coordi- 
nates, a graphics package projects a selected view of the picture on an output de- 
vice. Viewing transformations are used to specify the view that is to be pre- 
sented and the portion of the output display area that is to be used. 

Pictures can be subdivided into component parts, called structures or seg- 
ments or objects, depending on the software package in use. Each structure de- 
fines one logical unit of the picture. A scene with several objects could reference 
each individual object in a-separate named structure. ~out ines  fol processing 

- - - 

Figure 2-65 
The transformation sequence from modeling coordinates to device coordinates for a two- 
dimensional scene. Object shapes a= defined in local modeling-coordinate systems, then 
positioned within the overall world-cmrdinate scene. World-coordinate specifications are 
then transformed into normalized coordinates. At the final step, individual device drivers 
transfer the normalizedcoordinate representation of the scene to the output devices for 
display 
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Interactive graphics ,ipplications use various kinds of input devices, such as  
a mouse, a tablet, or a pystick. Input functions are used tu control and process 
the data flow from thew interactive devices. 

Finally, a graphic5 package contains a number of housekeeping tasks, such 
as clearing a display 5,-reen and initializing parameters, We can lump the hnc-  
tions for carrying out t h t w  chores under the heading control operations. 

Sottware Standcird5 

The primary goal of st'indardized graphics software is portability. When pack- 
ages are designed with 4andard graphics hnctions, software can he moved eas- 
ily from one hardware system to another and used in different implementations 
and applications. Withtut standards, programs designcti for one hardware sys- 
tem often cannot be transferred to another system without extensive rewriting of 
the programs. 

International and national standards planning organizations in many coun- 
tries have cooperated i l l  an cffort to develop a generally accepted standard for 
con~puter graphlcs. Aftu considerable effort, this work on standards led to the 
development of the Graphical Kernel System (GKS). This system was adopted 
as the first graphics soitware standard by the Internatio~lal Standards Organiza- 
tion (150) and by variou,; national standards organizations, including the kmeri- 
can National Standards Institute (ANSI). Although GKS was originally designed 
as a two-dimensional gr,\phics package, a three-dimensional GKS extension was 
subsequently developed. The second software standard to be developed and a p  
proved by the standards orgainzations was PHIGS (Programmer's Hierarchical 
Interactive Graphics standard), which is an extension ~ G K S .  Increased capabil- 
ities for object rnodel~ng. color specifications, surface rendering, and picture ma- 
nipulations are provided In I'HIGS. Subsequently, an extension of PHIGS, called 
PHIGS+, was developed to provide three-dimensional surface-shading capahili- 
ties not available in PHI( ,S. 

Standard graphics lunctions are defined as a set of ipecifications that is In- 
dependent of anv progr::mming language. A language binding is then defined 
for a particular high-le\zcl programming language. This brnding gives the syntax 
tor scccssing the various shndarJ graphics functions from this language. For ex- 
ample, the general forni of the PHIGS (and GKS) function for specifying a se- 
quence of rr - 1 connected two-dimensional straight Iine segments is 

In FORTRAN, this procrzure is implemented as a subroutine with the name GPL. 
A graphics programmer, using FOKTRAN, would rnvoke this procedure with 
the subroutine call statcwwnt CRLL GPL ( N ,  X ,  Y), where X and Y are one- 
dimensional arrays 01 ;o*mlinate values for the line endpoints. In C, the proce- 
dure would be invoked with p p c l y l i n e ( n ,  p t s ) ,  where pts is the list of co- 
ordinate endpoint positicns. Each language hinding is defined to make bcst use 
of the corresponding language capabilities and to handle various syntax issues, 
such as data types, parameter passing, and errors. 

In the following chapters, we use the standard functions defined in PHIGS 
as a framework for discussing basic graphics concepts and the design and appli- 
cation of graphics packages. Example programs are presented in Pascal to illus- 



hate the algorithms for implementation of the graphics functions and to illustrate 
also some applications of the functions. Descriptive names for functions, based summan 
on the PHlGS definitions, are used whenever a graphics function is referenced in 
a program. 

Although PHIGS presents a specification for basic graphics functions, it 
does not provide a standard methodology for a graphics interface to output d e  
vices. Nor does it specify methods for storing and transmitting pictures. Separate 
standards have been developed for these areas. Standardization for device inter- 
face methods is given in the Computer Graphics Interface (CGI) system. And 
the Computer Graphics Metafile (CGM) system specifies standards for archiv- 
ing and transporting pictures. 

PHlGS Workstations 

Generally, the t e rn  workstation refers to a computer system with a combination of 
input and output devices that is designed for a single user. In PHIGS an'd GKS, 
however, the term workstation is used to identify various combinations of 
graphics hardware and software. A PHIGS workstation can be a single output 
device, a single input device, a combination of input and output devices, a file, or 
even a window displayed on a video monitor. 

To define and use various "workstations" within an applications program, 
we need to specify a workstation identifier and the workstation type. The following 
statements give the general structure of a PHlGS program: 

openphigs (errorFile, memorysize) 
openworkstation (ws, connection. :ype) 

{ create and display picture) 
closeworkstation (ws) 
closephigs 

where parameter errorFile is to contain any error messages that are gener- 
ated, and parameter memorysize specifies the size of an internal storage area. 
The workstation identifier (an integer) is given in parameter ws, and parameter 
connection states the access mechanism for the workstation. Parameter type 
specifies the particular category for the workstation, such as an input device, an 
output device, a combination outin device, or an input or output metafile. 

Any number of workstations can be open in n particular application, with 
input coming from the various open input devices and output directed to all the 
open output devices. We discuss input and output methods in applications pro- 
grams in Chapter 6, after we have explored the basic procedures for creating and 
manipulating pictures. 

SUMMARY 

In this chapter, we have surveyed the major hardware and software features of 
computer graphics systems. Hardware components include video monitors, 
hard-copy devices, keyboards, and other devices for graphics input or output. 
Graphics software includes special applications packages and general program- 
ming packages. 

The predominant graphics display device is the raster refresh monitor, 
based on televis~on technology. A raster system uses a frame buffer to store inten- 
s ~ t y  information for each screen position (pixel). Pictures are then painted on the 



C h a w r  2 screen by retrieving this information from the frame buffer as the electron beam 
Overview of Craph~cs Systems in the CRT sweeps across each scan line, from top to bottom. Older vector dis- 

plays construct pictures by drawing lines between specified line endpoints. Pic- 
ture information is then stored as a set of line-drawing instructions. 

Many other video display devices are available. In particular, flat-panel dis- 
plav technology is developing at a rapid rate, and these devices may largely re- 
place raster displays in the near future. At present, flat-panel displays are com- 
monly used in small systems and in special-purpose systems. Flat-panel displays 
include plasma panels and liquid-crystal devices. Although vector monitors can 
be used to display high-quality line drawings, improvements in raster display 
technology have caused vector monitors to be largely replaced with raster sys- 
tems. 

Other display technologies include three-dimensional and stereoscopic 
viewing systems. Virtual-reality systems can include either a stereoscopic head- 
set or a'standard video monitor. 

For graphical input, we have a range of devices to choose from. Keyboards, 
button boxes, and dials are used to input text, data values, or programming o p  
tions. The most popular "pointing" device is the mouse, but trackballs, space- 
balls, joysticks, cursor-control keys, and thumbwheels are also used to position 
the screen cursor. In virtual-reality environments, data gloves are commonly 
used. Other input dev~ces include image scanners, digitizers, touch panels, light 
pens, and voice systems. 

Hard-copy devices for graphics workstations include standard printers and 
plotters, in addition to devices for producing slides, transparencies, and film out- 
put. Printing methods include dot matrix. laser, ink jet, electrostatic, and elec- 
trothermal. Plotter methods include pen plotting and combination printer-plotter 
devices. 

Graphics software can be roughly classified as applications packages or 
programming packages Applications graphics software include CAD packages, 
drawing and painting programs, graphing packages, and visualization pro- 
grams. Common graphics programming packages include PHIGS, PHIGS+, GKS, 
3D GKS, and GL. Software standards, such as PHIGS, GKS, CGI, and CGM, are 
evolving and are becoming widely available on a variety of machines. 

~ o r m a l l ~ ,  graphics backages require coordinate specifications to be given 
with respect to Cartesian reference frames. Each object for a scene can be defined 
in a separate modeling Cartesian coordinate system, which is then mapped to 
world coordinates to construct the scene. From world coordinates, objects are 
transferred to normalized device coordinates, then to the final display device co- 
ordinates. The transformations from modeling coordinates to normalized device 
coordinates are independent of particular devices that might be used in an appli- 
cation. Device drivers arc8 then used to convert normalized coordinates to integer 
device coordmates. 

Functions in graphics programming packages can be divided into the fol- 
lowing categories: output primitives, attributes, geometric and modeling trans- 
formations, viewing transformations, structure operations, input functions, and 
control operations. 

Some graphics systems, such as  PHIGS and GKS, use the concept of a 
"workstation" to specify devices or software that are to be used for input or out- 
put in a particular application. A workstation identifier in these systems can refer 
to a file; a single device, such as a raster monitor; or a combination of devices, 
such as a monitor, keyboard, and a mouse. Multiple workstations can be open to 
provide input or to receive output in a graphics application. 
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EXERCISES 

2-1. List the operating characteristics for [he following (lisplay technologies: raster refresh 
systems, vector refresh systems, plasma panels, and .CDs. 

2-2. List some applications appropriate for each of thedi,play technologies in Exercke 2-1. 

2-3 .  Determine the resolution (pixels per centimeter) in the x and y directions for the video 
monitor in use on your system. Determine the aspect ratio, and explain how relative 
proportions of objects can be maintained on your jvstem. 

2-4. Consider three different raster systems with resolutiuns of 640 by 400, 1280 by 1024, 
and 2560 by 2048. What size frame buffer (in bvtejl is needed for each of these sys- 
tems to store 12 bits per pixel? Hov, much storap: is required for each system if 24 

bits per pixel are to be stored? 

2-5. Suppose an RGB raster system i s  to be designed using an 8-incl? by 10-inch screen 
with a resolution of 100 pixels per inch in each d~rection. If we want to store h bit5 
per pixel in the frame buffer, how much storage ( ~ r i  bytes) do we need for the franie 
buffer? 

2 6. How long would it take to load a 640 by 4U0 frame buffer w ~ t h  1 2  bits pel pixel, i i  
lo5 bits can be transferred per second! How long *odd it take to load a 24-bit per 
pixel frame buffer with a resolution of 1280 by 102-1 using this hame transfer rate? 

2-7. Suppose we have a computer with 32 bits per word and a transfer rate of 1 mip ( o w  
million instructions per second). How long would I take to iill the frame buffer o i  a 
300-dpi (dot per inch) laser printer with a page sire oi 8 112 Inches by 11 inches? 

2-8.  Consider two raster systems with resolutions of 640 by 480 and 1280 by 1024. How 
many pixels could be accessed per second in each of these systems by a display ton. 
troller that ref:eshes the screen at a rate o i  60 fr2nies per second? What is the acces 
time per pixel in nach system? 

2-9. Suppose we have a video monitor with a display area that measures 12 inches across 
and 9.6 inches high. If the resolution is 1280 by 1024 and the aspect ratio is I ,  what is 
the diameter of each screen point? 

2-10. How much time is spent scanning across each row of pixels durmp, screen refresh on a 
raster system with a resolution of 1280 by 1024 ~ r ~ d  a refresh rate of 60 trames per 
second? 

2-1 1 .  Consider a noninterlaced raster monitor with a resolution of n by nt ( m  scan l~nes and 
n p~xels per scan line), a refresh rate of r frames p:r second, a horizontal rerrace time 
of tk,,,, and a vertical retrace time oft,,,. What is  the fraction of the total refresh tinw 
per frame spent in retrace of the electron beam? 

2-1 2 .  What is the fraction of the total refresh trme per Ir~rne spent in retrace of the electron 
beam for ;I noninterlaced raster system with a cesolution of 1280 by 1024, a refresh 
rate of 60 Hz, a horizontal retrace time of 5 microwconds, and a vertical retrace time 
of 500 microseconds? 



Chapter 2 2-13. Assuming that a cer1.1in full-color (24-bit per pixel) RGB raster system has a 512-by- 

Overview of Graphics Systems 51 2 frame buffer, how many d~stinrt color choices (~ntensity levels) would we have 
available? HOW many differen~ colors could we displav at any one time? 

2-14. Compare the advantages and disadvantages of a three-dimensional monitor using a 
varifocal mirror with a stereoscopic system. 

2-15. List the different Input and output components that are ;ypically used with virtual- 
reality systems. Also explain how users interact with a virtual scene displayed with diC 
ferent output devices, such as two-dimensional and stereoscopic monitors. 

2-1 6. Explain how viflual-reality systems can be used in des~gn applications. What are some 
other applications for virtual-reality systems? 

2-1 7. List some applications for large-screen displays. 

2-1 8. Explain the differences between a general graphics system designed for a programmer 
and one designed for ,I speciflc application, such as architectural design? 





A picture can be described in several ways. Assuming we have a raster dis- 
play, a picture is completely specified by the set of intensities for the pixel 

positions in the display. At the other extreme, we can describe a picture as a set of 
complex objects, such as trees and terrain or furniture and walls, positioned at 
specified coordinate locations within the scene. Shapes and colors of the objects 
can be described internally with pixel arrays or with sets of basic geometric struc- 
tures, such as straight line segments and polygon color areas. The scene is then 
displayed either by loading the pixel arrays into the frame buffer or by scan con- 
verting the basic geometric-structure specifications into pixel patterns. Typically, 
graphics programming packages provide functions to describe a scene in terms 
of these basic geometric structures, referred to as output primitives, and to 
group sets of output primitives into more complex structures. Each output primi- 
tive is specified with input coordinate data and other information about the way 
thal object is to be displayed. Points and straight line segments are the simplest 
geometric components of pictures. Additional output primitives that can be used 
to construct a picture include circles and other conic sections, quadric surfaces, 
spline curves and surfaces, polygon color areas, and character strings. We begin 
our discussion of picture-generation procedures by examining device-level algo- 
rithms for d~splaying two-dimensional output primitives, with particular empha- 
sis on scan-conversion methods for raster graphics systems. In this chapter, we 
also consider how oulput functions can be provided in graphics packages, and 
we take a look at the output functions available in the PHlGS language. 

3-1 
POINTS AND LINES 

Point plotting is accomplished by converting a single coordinate position fur- 
nished by an application program into appropriate operations for [he output de- 
vice in use. With a CRT monitor, for example, the electron beam is turned on to il- 
luminate the screen phosphor at the selected location. How the electron beam is 
positioned depends on the display technology. A random-scan (vector) system 
stores point-plotting instructions in the display list, and coordinate values in 
these instructions are converted to deflection voltages that position the electron 
beam at the screen locations to be plotted during each refresh cycle. For a black- 
and-white raster system, on the other hand, a point is plotted by setting the bit 
value corresponding to A specified screen position within the frame buffer to 1. 
Then, as the electron beam sweeps across each horizontal scan line, it emits a 



burst of electrons (plots a point) whenever a value of I is encounted in the sMian3-1 

frame buffer. With an RGB system, the frame buffer is loaded with the color Pointsand hnes 

codes for the intensities that are to be displayed at the s m n  pixel positions. 
Line drawing is accomplished by calculating intermediate positions along 

the line path between two specified endpoint positions. An output device is then 
directed to fill in these positions between the endpoints. For analog devices, such 
as a vector pen plotter or a random-scan display, a straight line can be drawn 
smoothly from one endpoint to the other. Linearly varying horizontal and verti- 
cal deflection voltages are generated that are proportional to the required 
changes in the x and y directions to produce the smooth line. 

Digital devices display a straight line segment by plotting discrete points 
between the two endpoints. Discrete coordinate positions along the line path are 
calculated from the equation of the line. For a raster video display, the line color 
(intensity) is then loaded into the frame buffer at the corresponding pixel coordi- 
nates. Reading from the frame buffer, the video controller then "plots" the screen 
pixels. Screen locations are xeferenced with integer values, so plotted positions 
may only approximate actual Line positions between two specified endpoints. A 
computed line position of (10.48,20.51), for example, would be converted to pixel 
position (10,211. Tlus rounding of coordinate values to integers causes lines to be 
displayed with a stairstep appearance ("the jaggies"), as represented in Fig 3-1. 
The characteristic stairstep shape of raster lines is particularly noticeable on sys- 
tems with low resolution, and we can improve their appearance somewhat by 
displaying them on high-resolution systems. More effective techniques for 
smoothing raster lines are based on adjusting pixel intensities along the line 
paths. 

For the raster-graphics device-level algorithms discussed in this chapter, ob- 
p-t positions are specified directly in integer device coordinates. For the time 
being, we will assume that pixel positions are referenced according to scan-line 
number and column number (pixel position across a scan line). This addressing 
scheme is illustrated in Fig. 3-2. Scan lines are numbered consecutively from 0, 
starting at the bottom of the screen; and pixel columns are numbered from 0, left 
to right across each scan line. In Section 3-10, we consider alternative pixel ad- 
dressing schemes. 

To load a specified color into the frame buffer at a position corresponding 
to column x along scan line y, we will assume we have available a low-level pro- 
cedure of the form 

Figure 3-1 
Staintep effect (jaggies) produced 
when a line is generated as a series 
of pixel positions. 
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Figure 3-2 
Pie1 positions referenced by scan- 
line number and column number. 

We sometimes will also want to be able to retrieve the current framebuffer 
intensity setting for a specified location. We accomplish this with the low-level 
fundion 

getpixel (x,  y )  

3-2 
LINE-DRAWING ALGORITHMS 

The Cartesian slope-intercept equation for a straight line is 

with rn representing the slope of the line and b as they intercept. Given that the 
two endpoints of a h e  segment are speafied at positions (x,, y,) and (x,  yJ, as 
shown in Fig. 3-3, we can determine values for the slope rn and y intercept b with 
the following calculations: 

b = y , - m . x l  (3-3) 

Algorithms for displaying straight h e s  are based on the line equation 3-1 and 
the calculations given in Eqs. 3-2 and 3-3. 

For any given x interval Ax along a line, we can compute the corresponding 
y interval from ~ 4 . 3 - 2  as 

- 

Figure 3-3 
Lie path between endpoint Ay=rnAx (3-4) 
positions (x,, y,) and (x,, y2). 

Similarly, wecan obtain the x interval Ax corresponding to a specified Ay as 

These equations form the basis for determining deflection voltages in analog de- 



vices. For lines with slope magnitudes I m I < 1,  Ax can be set proportional to a *""" 3-2 
small horizontal deflection voltage and the corresponding vertical deflection is L1ne-DrawingA'gorithms 

then set proportional to Ay as calculated from Eq. 3-4. For lines whose slopes 
have magnitudes 1 m I > 1,  Ay can be set proportional to a smaU vertical deflec- 
tion voltage with the corresponding horizontal deflection voltage set propor- 
tional to Ax, calculated from Eq. 3-5. For lines with m = 1, Ax = Ay and the hori- 
zontal and vertical deflections voltages are equal. In each case, a smooth line with 
slope m is generated between the specified endpoints. 

On raster systems, lines are plotted with pixels, and step sizes in the hori- 
zontal and vertical directions are constrained by pixel separations. That is, we 
must "sample" a line at discrete positions and determine the nearest pixel to the / line at each sampled position. T h s  scanconversion process for straight lines is il- v ,  
lustrated in Fig. 3-4, for a near horizontal line with discrete sample positions 
along the x axis. 

XI x2 

DDA Algorithm 

The digital drflerential analyzer (DDA) is a scan-conversion line algorithm based on f'igure 3-4 
calculating either Ay or Ax, using Eq. 3-4 or Eq. 3-5. We sample the line at unit in- Straight linesegment with 
tervals in one coordinate and determine corresponding integer values nearest the five sampling positions along 
line path for the other coordinate. the x ax% between x ,  and x2. 

Consider first a line with positive slope, as shown in Fig. 3-3. I f  the slope is 
less than or equal to 1,  we sample at unit x intervals ( A x  = 1) and compute each 
successive y value as 

Subscript k takes integer values starting from 1, for the first point, and increases 
by 1 until the final endpoint is reached. Since n1 can be any real number between 
0 and 1, the calculated y values must be rounded to the n e m t  integer. 

For lines with a positive slope greater than 1, we reverse the roles of x and 
y. That is, we sample at unit y intervals ( A y  = 1) and calculate each succeeding x 
value as 

Equations 3-6 and 3-7 are based on the assumption that lines are to be 
processed from the left endpoint to the right endpoint (Fig. 3-3). If this processing 
is reversed, so  that the starting endpoint is at the right, then either we have 
Ax = - 1  and 

or (when the slope is greater than I )  we have Ay = -1 with 

Equations 3-6 through 3-9 can also be used to calculate pixel positions a l o n ~  
a line with negative slope. If the absolute value of the slope is less than I and the 
start endpoint is at the left, we set Ax = 1 and calculate y values with Eq. 3-6. 



Chapfer When the start endpoint is at the right (for the same slope), we set Ax = -1 and 
Output Primitives obtain y positions from Eq. 3-8. Similarly, when the absolute value of a negative 

slope is wa te r  than 1, we use Ay = -1 and Eq. 3-9 or we use Ay = 1 and Eq. 3-7. 
This algorithm is summarized in the following procedure, which accepts as 

input the two endpolnt pixel positions. Horizontal and vertical differences be- 
tween the endpoint positions are assigned to parameters dx and dy. The differ- 
ence with the greater magnitude determines the value of parameter steps. Start- 
ing with pixel position (x,, yo), we determine the offset needed at each step to 
generate the next pixel position along the line path. We loop through this process 
steps times. If the magnitude of dx is greater than the magnitude of dy and xa 
is less than xb, the values of the increments in the x and y directions are 1 and m, 
respectively. If the greater change is in the x direction, but xa is greater than xb, 
then the decrements - 1 and -m are used to generate each new point on the line. 
Otherwise, we use a unit increment (or decrement) in they direction and an x in- 
crement (or decrement) of l / m .  

- - - -  -- -- 

#include 'device. h" 

void lineDDA (int xa, int ya, int xb, int yb) 
( 
int dx = xb - xa, dy = yb - ya, steps, k; 
float xrncrement, yIncrement, x = xa, y = ya; 

i t  (abs (dx) > abri (dyl) steps = abs ( d x )  ; 
else steps = abs dy); 
xIncrement = dx i (float) sceps; 
yIncrement = dy 1 (float) steps 

setpixel (ROUNDlxl, ROUND(y) ) :  

for (k=O; k<steps; k++) ( 
x + =  xIncrment; 
y += yIncrement; 
setpixel (ROUNDlx), ROVNDly) 

1 
1 

The DDA algorithm is a faster method for calculating pixel positions than 
the direct use of Eq. 3-1. It eliminates the multiplication in Eq. 3-1 by making use 
of raster characteristics, so that appropriate increments are applied in the x or y 
direction to step to pixel positions along the line path. The accumulation of 
roundoff error in successive additions of the floating-point increment, however, 
can cause the calculated pixel positions to drift away from the true line path for 
long line segments. Furthermore, the rounding operations and floating-point 
arithmetic in procedure lineDDA are still time-consuming. We can improve the 
performance of the DDA algorithm by separating the increments m and l / m  into 
integer and fractional parts so that all calculatio& are reduced to integer opera- 
tions. A method for calculating l / m  intrernents in integer steps is discussed in 
Section 3-11. In the following sections, we consider more general scan-line proce- 
dures that can be applied to both lines and curves. 

Bresenham's Line Algorithm 

An accurate and efficient raster line-generating algorithm, developed by Bresen- 



ham, scan converts lines using only incrementa1 integer calculations that can be 
adapted to display circles and other curves. Figures 3-5 and 3-6 illustrate sections 
of a display screen where straight line segments are to be drawn. The vertical 
axes show-scan-line positions, and the horizontal axes identify pixel columns. 
Sampling at unit x intervals in these examples, we need to decide which of two 
possible pixel positions is closer to the line path at each sample step. Starting 
from the left endpoint shown in Fig. 3-5, we need to determine at the next sample 
position whether to plot the pixel at position (11, 11) or the one at (11, 12). Simi- 
larly, Fig. 3-6 shows-a negative slope-line path starting from the left endpoint at 
pixel position (50, 50). In this one, do we select the next pixel position as (51,501 
or as (51,49)? These questions are answered with Bresenham's line algorithm by 
testing the sign of an integer parameter, whose value is proportional to the differ- 
ence between the separations of the two pixel positions from the actual line path. 

To illustrate ~Gsenharn's approach, we- first consider the scan-conversion 
process for lines with positive slope less than 1. Pixel positions along a line path 
are then determined by sampling at unit x intervals. Starting from the left end- 
point (x, yo) of a given line, we step to each successive column ( x  position) and 
plot the pixel whose scan-line y value is closest to the line path. Figure 3-7 
demonstrates the Mh step in this process. Assuming we have determined that the 
pixel at (xk, yk) is to be displayed, we next need to decide which pixel to plot in 
column x k + , .  Our choices are the pixels at positions &+l, ykl and (xk+l, yk+l). 

At sampling position xk+l, we label vertical pixel separations from the 
mathematical line path as d ,  and d2 (Fig. 3-8). They coordinate on the mathemati- 
cal line at pixel column position r k + l  is calculated as 

Then 

and 

The difference between these two separations is 

A decision parameter pk for the kth step in the line algorithm can be ob- 
tained by rearranging Eq. 3-11 so that it involves only integer calculations. We ac- 
complish this by substituting m = AyIAx, where Ay and Ax are the vertical and 
horizontal separations of the endpoint positions, and defining: 

The sign of p, is the same as the sign of dl - d,, since dr > 0 for our example. Pa- 
ri.meter c i s  constant and has the value 2Ay + Ax(2b - l), which is independent 

Figlrw 3-5 
Section of a display screen 
where a straight line segment 
1s to be plotted, starting from 
the pixel at column 10 on scan 
Line 11 

~ 

r i j y c  3-h 
Section of a display screen 
where a negative slope line 
segment 1s to be plotted, 
starting from the pixel a t  
column 50 on scan line 50. 



Figure 3-7 
Section of the screen grid 
showing a pixel in column xk 
on scan line yk that is to be 
plotted along the path of a 
line segment with slope 
O < m < l .  

Figure 3-8 
Distances between pixel 
positions and the line y 
coordinate at sampling 
position xk+ I. 

of pixel position and will be eliminated in the recursive calculations for pk. If the 
pixel at yk is closer to the line path than the pixel at yk+l (that is, dl < d,), then de- 
cision parameter pk is negative. In that case, we plot the lower pixel; otherwise, 
we plot the upper pixel. 

Coordinate changes along the line occur in unit steps in either the x or y di- 
rections. Therefore, we can obtain the values of successive decision parameters 
using incremental integer calculations. At step k + 1, the decision parameter is 
evaluated from Eq. 3-12 as 

Subtracting Eq. 3-12 from the p d i n g  equation, we have 

But xk+, = xk + 1, so that 

where the term yk+, - yk is either 0 or 1, depending on the sign of parameter pk. 
This m r s i v e  calculation of decision parameters is performed at each inte- 

ger x position, starting at the left coordinate endpoint of the line. The first para- 
meter, p,, is evaluated from Eq. 3-12 at the starting pixel position (xo, yo) and with 
m evaluated as Ay/Ax: 

We can summarize Bresenham line drawing for a line with a positive slope 
less than 1 in the following listed steps. The constants 2Ay and 2Ay - 2Ax are cal- 
culated once for each line to be scan convcrtcd, so the arithmetic involves only 
integer addition and subtraction of these two constants. 

resenham's Line-Drav,ina Algorithm for I n~ 1 < 1 

1. Input the twoline endpoints and store the left endpoint in (xo, yo) 
2. Load (xo, yd into the frame buffer; that is, plot the first point. 
3. Calculate constants Ax, hy, 2Ay, and 2Ay - ZAr, and obtain the start- 

ing value for the decision parameter as 

po = 2Ay - AX 

4. At each xk along the line, starting at k = 0, perform the following test: 
If Pr < 0, the next point to plot is (g + I ,  yd and 

P ~ + I  = P k  + ~ A Y  

Otherwise, the next point to plot is (xi + I ,  yr + 1) and 

pk+,  = pk + 2Ay - 2Ax 

5. Kepeat step 4 Ax times. 



Section 3-2 
Example 3-1 Bresenham Line Drawing ~ine-Drawing Algorithms 

To illustrate the algorithm, we digitize the line with endpoints (20, 10) and (30, 
18). This line has a slope of 0.8, with 

The initial decision parameter has the value 

and the increments for calculating successive decision parameters are 

We plot the initial point (xo, yo) = (20, lo) ,  and determine successive pixel posi- 
tions along the line path from the decision parameter as 

A plot of the pixels generated along this line path is shown in Fig. 3-9. 

An implementation of Bresenham line drawing for slopes in the range 0 < 
rn < 1 is given in the following procedure. Endpoint pixel positions for the line 
are passed to this procedure, and pixels are plotted from the left endpoint to the 
right endpoint. The call to setpixel loads a preset color value into the frame 
buffer at the specified ( x ,  y) pixel position. 

void lineares (int x a ,  i:it y a ,  int x b ,  int yb) 
( 
int dx = a b s  ( x a  - x b l ,  d y  = abs (ya - yb): 
int p = 2 * dy - d x ;  
int twoDy = 2 ' dy, twoDyDx = 2 ' l dy  - A x ) ;  
int x ,  y, xEnd: 

/ '  Determine which point to use a s  start, which as end * /  
if : x a  > x b )  ( 

x  = x b ;  
Y = yb; 
xEnd = x a ;  

) 
! else I 



x = xa; 
Y = ya; 
xEnd = xb; 

1 
setpixel (x ,  y); 

while (x < xEnd) ( 
x++; 
if lp  < 0 )  

$3 += twoDy; 
else [ 

y + + ;  
g += twoDyDx; 

) 
setpixel ( x ,  y); 

1 
1 

Bresenham's algorithm is generalized to lines with arbitrary slope by con- 
sidering the symmetry between the various octants and quadrants of the xy 
plane. For a line with positive slope greater than 1, we intelrhange the roles of 
the x and y directions. That is, we step along they direction in unit steps and cal- 
culate successive x values nearest the line path. Also, we could revise the pro- 
gram to plot pixels starting from either endpoint. If the initial position for a line 
with positive slope is the right endpoint, both x and y decrease as we step from 
right to left. To ensure that the same pixels are plotted regardless of the starting 
endpoint, we always choose the upper (or the lower) of the two candidate pixels 
whenever the two vertical separations from the line path are equal (d ,  = dJ. For 
negative slopes, the procedures are similar, except that now one coordinate de- 
creases as the other increases. Finally, specla1 cases can be handled separately: 
Horizontal lines (Ay = 01, vertical lines (Ar = O), and diagonal lines with I Ar 1 = 
I Ay 1 each can be loaded directly into the frame buffer without processing them 
through the line-plotting algorithm. 

Parallel Line Algorithms 

The line-generating algorithms we have discussed so far determine pixel posi- 
tions sequentially. With a parallel computer, we can calculate pixel positions 

Figure 3-9 
Pixel positions along the line path 
between endpoints (20.10) and 
(30,18), plotted with Bresenham's 
hne algorithm. 



along a line path simultaneously by partitioning the computations among the Wion3-2  

various processors available. One approach to the partitioning problem is to Line-Drawing ~lgorithms 

adapt an existing sequential algorithm to take advantage of multiple processors. 
Alternatively, we can look for other ways to set up the processing so that pixel 
positions can be calculated efficiently in parallel. An important consideration in 
devising a parallel algorithm is to balance the processing load among the avail- 
able processors. 

Given n, processors, we can set up a parallel Bresenham line algorithm by 
subdividing :he line path into n, partitions and simultaneously generating line 
segments in each of the subintervals. For a line with slope 0 < rn < I and left 
endpoint coordinate position (x, yo), we partition the line along the positive x di- 
rection. The distance between beginning x positions of adjacent partitions can be 
calculated as 

where Ax is the width of the line, and the value for partition width Ax. is com- 
puted using integer division. Numbering the partitiois, and the as 0, 
1,2, up to n, - 1, we calculate the starting x coordinate for the kth partition as 

As an example, suppose Ax = 15 and we have np = 4 processors. Then the width 
of the partitions is 4 and the starting x values for the partitions are xo, xo + 4, x, + 
8, and x, + 12. With this partitioning scheme, the width of the last (rightmost) 
subintewal will be smaller than the others in some cases. In addition, if the line 
endpoints are not ~ntegers, truncation errors can result in variable width parti- 
tions along the length of the line. 

To apply Bresenham's algorithm over the partitions, we need the initial 
value for the y coordinate and the initial value for the decision parameter in each 
partition. The change Ay, in they direction over each partition is calculated from 
the line slope rn and partition width Ax+ 

Ay, = mAxP (3-1 7i 

At the kth partition, the starting y coordinate is then 

The initial decision parameter for Bresenl:prn's algorithm at the start of the kth 
subinterval is obtained from Eq. 3-12: 

Each processor then calculates pixel positions over its assigned subinterval using 
the starting decision parameter value for that subinterval and the starting coordi- 
nates (xb yJ. We can also reduce the floating-point calculations to integer arith- 
metic in the computations for starting values yk and pk by substituting m = 
Ay/Ax and rearranging terms. The extension of the parallel Bresenham algorithm 
to a line with slope greater than 1 is achieved by partitioning the line in the y di- 



rection and calculating beginning x values for the partitions. For negative slopes, 
----- I ;i we increment coordinate values in one direction and decrement in the other. 

Another way to set up parallel algorithms on raster systems is to assign 
each pmessor to a particular group of screen pixels. With a sufficient number of 
processors (such as a Connection Machine CM-2 with over 65,000 processors), we 
can assign each processor to one pixel within some screen region. Thii approach 

I I 
v1 - - - - J  can be adapted to line display by assigning one processor to each of the pixels 

-AX- Whin the limits of the line coordinate extents (bounding rectangle) and calculating 
pixel distances from the line path. The number of pixels within the bounding box 
of a line is Ax. Ay (Fig. 3-10). Perpendicular distance d from the line in Fig. 3-10 to 

Xl a pixel with coordinates (x,  y) is obtained with the calculation 

Figure 3-10 d = A x + B y + C  (3-20) 
Bounding box for a Line with 
coordinate extents b a n d  Ay. where 

A =  - A ~ ,  
linelength 

Ax 
B = 

linelength 

with 

linelength = 

Once the constants A, B, and C have been evaluated for the line, each processor 
needs to perform two multiplications and two additions to compute the pixel 
distanced. A pixel is plotted if d is less than a specified line-thickness parameter. 

lnstead of partitioning the screen into single pixels; we can assign to each 
processor either a scan line or a column of pixels depending on the line slope. 
Each processor then calculates the intersection of the line with the horizontal row 
or vertical column of pixels assigned that processor. For a line with slope 1 m I < 
1, each processor simply solves the line equation for y, given an x column value. 
For a line with slope magnitude greater than 1, the line equation is solved for x 
by each processor, given a scan-line y  value. Such direct methods, although slow 
on sequential machines, can be performed very efficiently using multiple proces- 
SOTS. 

3-3 
LOADING THE FRAME BUFFER 

When straight line segments and other objects are scan converted for display 
with a raster system, frame-buffer positions must be calculated. We have as- 
sumed that this is accomplished with the setpixel  procedure, which stores in- 
tensity values for the pixels at corresponding addresses within the frame-buffer 
array. Scan-conversion algorithms generate pixel positions at successive unit in- 



- - .- - . . - - -. 
F i p r r  3-1 I 
Pixel screen pos~t~ons stored linearly in row-major order withm the frame buffer. 

tervals. This allows us to use incremental methods to calculate frame-buffer ad- 
dresses. 

As a specific example, suppose the frame-bulfer array is addressed in row- 
major order and that pixel positions vary from (0. 0) at the lower left screen cor- 
ner to (x,, y,,,) at the top right corner (Fig. 3-11). For a bilevel system (1 bit per 
pixel), the frame-buffer bit address for pixel position (x, y) is calculated as 

Moving across a scan line, we can calculate the frame-buffer address for the pixel 
at (X + 1, y) as  the following offset from the address for position (x, y): 

Stepping diagonally up to the next scan line from (x, y), we get to the frame- 
buffer address of (x + 1, y + 1) with the calculation 

addr(x + 1, y + 1) = addr(x, yl  + x,,, -1- 2 (3-23) 

where the constant x,,, + 2 is precomputed once for all line segments. Similar in- 
cremental calculations can be obtained fmm Eq. 3-21 for unit steps in the nega- 
tive x and y screen directions. Each of these address calculations involves only a 
single integer addition. 

Methods for implementing the setpixel procedure to store pixel intensity 
values depend on the capabilities of a particular system and the design require- 
ments of the software package. With systems that can display a range of intensity 
values for each pixel, frame-buffer address calculations would include pixel 
width (number of bits), as well as the pixel screen location. 

3-4 
LINE FUNCTION 

A procedure for specifying straight-line segments can be set u p  in a number of 
different forms. In PHIGS, GKS, and some other packages, the two-dimensional 
line function is 



Chapter 3 polyline (n, wcpoints) 

Output Primit~ves 
where parameter n is assigned an integer value equal to the number of coordi- 
nate positions to be input, and wcpoints is the array of input worldcoordinate 
values for line segment endpoints. This function is used to define a set of n - 1 
connected straight line segments. Because series of connected line segments 
occur more often than isolated line segments in graphics applications, polyline 
provides a more general line function. To display a single shaight-line segment, 
we set n -= 2 and list the x and y values of the two endpoint coordinates in 

As an example of the use of polyline, the following statements generate 
two connected line segments, with endpoints at (50, 103, (150, 2501, and (250, 
100): 

wcPoints[ll .x = SO; 
wcPoints[ll .y = 100; 
wcPoints[21 .x = 150; 
wc~oints[2l.y = 250; 
wc~oints[3l.x = 250; 
wcPoints[31 . y  = 100; 
polyline ( 3 ,  wcpoints); 

Coordinate references in the polyline function are stated as absolute coordi- 
nate values. This means that the values specified are the actual point positions in 
the coordinate system in use. 

Some systems employ line (and point) functions with relative co- 
ordinate specifications. In this case, coordinate values are stated as offsets from 
the last position referenced (called the current position). For example, if location 
(3,2) is the last position that has been referenced in an application program, a rel- 
ative coordinate specification of (2, -1) corresponds to an absolute position of (5, 
1). An additional function is also available for setting the current position before 
the line routine is summoned. With these packages, a user lists only the single 
pair of offsets in the line command. This signals the system to display a line start- 
ing from the current position to a final position determined by the offsets. The 
current posihon is then updated to this final line position. A series of connected 
lines is produced with such packages by a sequence of line commands, one for 
each line section to be drawn. Some graphics packages provide options allowing 
the user to specify Line endpoints using either relative or absolute coordinates. 

Implementation of the polyline procedure is accomplished by first per- 
forming a series of coordinate transformations, then malung a sequence of calls 
to a device-level line-drawing routine. In PHIGS, the input line endpoints are ac- 
tually specdied in modeling coordinates, which are then converted to world c e  
ordinates. Next, world coordinates are converted to normalized coordinates, then 
to device coordinates. We discuss the details for carrying out these twodimen- 
sional coordinate transformations in Chapter 6. Once in device coordinates, we 
display the plyline by invoking a line routine, such as Bresenham's algorithm, 
n - 1 times to connect the n coordinate points. Each successive call passes the c c ~  

ordinate pair needed to plot the next line section, where the first endpoint of each 
coordinate pair is the last endpoint of the previous section. To avoid setting the 
intensity of some endpoints twice, we could modify the line algorithm so that the 
last endpoint of each segment is not plotted. We discuss methods for avoiding 
overlap of displayed objects in more detail in Section 3-10. 



3-5 
CIRCLE-GENERATING ALGORITHMS 

Since the circle is a frequently used component in pictures and graphs, a proce- 
dure for generating either full circles or circular arcs is included in most graphics 
packages. More generally, a single procedure can be provided to display either 
circular or elliptical curves. 

Properties of Circles 

A c k l e  is defined as the set of points that are all at a given distance r from a cen- 
ter position (x,, y,) (Fig. 3-12). This distance relationship is expressed by the 
Pythagorean theorem in Cartesian coordinates as 

We could use this equation to calculate the position of points on a ciicle circum- 
ference by stepping along the x axis in unit steps from x, - r to x, + r and calcu- 
lating the corresponding y values at each position as 

But this is not the best method for generating a circle. One problem with this a p  
proach is that it involves considerable computation at each step. Moreover, the 
spacing between plotted pixel positions is not uniform, as demonstrated in Fig. 
3-13. We could adjust the spacing by interchanging x and y (stepping through y 
values and calculating x values) whenever the absolute value of the slope of the 
circle is greater than 1. But this simply increases the computation and processing 
required by the algorithm. 

Another way to eliminate the unequal spacing shown in Fig. 3-13 is to cal- 
culate points along the circular boundary using polar coordinates r and 8 (Fig. 
3-12). Expressing the circle equation in parametric polar form yields the pair of 
equations 

When a display is generated with these equations using a fixed angular step size, 
a circle is plotted with equally spaced points along the circumference. The step 
size chosen for 8 depends on the application and the display device. Larger an- 
gular separations along the circumference can be connected with straight line 
segments to approximate the circular path. For a more continuous boundary on a 
raster display, we can set the step size at l / r .  This plots pixel positions that are 
approximately one unit apart. 

Computation can be reduced by considering the symmetry of circles. The 
shape of the circle is similar in each quadrant. We can generate the circle section 
in (he second quadrant of the xy plaie by noting that the two circle sections are 
symmetric with respect to they axis. And circle sections in the third and fourth 

Figure 3-12 
Circle with center coordinates 
(x,, y,) and radius r. 

Figure 3-13 
Positive half of a circle 
plotted with Eq. 3-25 and 
with (x,, y,) = (0.0). 

quadrants can be obtained from sections in the first and second quadrants by 



Y I considering symmetry about the x axis. We can take this one step further and - - 
note that there is alsd symmetry between octants. Circle sections in adjacent oc- 
tants within one quadrant are symmetric with respect to the 45' line dividing the 
two octants. These symmehy conditions are illustrated in Fig.3-14, where a point 
at position ( x ,  y) on a one-eighth circle sector is mapped into the seven circle 
points in the other octants of the xy plane. Taking advantage of the circle symme- 
try in this way we can generate all pixel positions around a circle by calculating 
only the points within the sector from x = 0 to x = y. 

Determining pixel positions along a circle circumference using either Eq. 
3-24 or Eq. 3-26 still requires a good deal of computation time. The Cartesian 

I 
equation 3-24 involves multiplications and squar&oot calculations, while the 

-- parametric equations contain multiplications and trigonometric calculations. 
Figure 3-14 More efficient circle algorithms are based on incremental calculation of decision 
Symmetry of a circle. -parameters, as in the Bresenham line algorithm, which mvolves only simple inte- 
Calculation of a circle point ger operations, 
(I, y) in one &ant yields the Bresenham's line algorithm for raster displays is adapted to circle genera- 
circle points shown for the tion by setting up  decision parameters for finding the closest pixel to the circum- other seven octants. 

ference at each sampling step. The circle equation 3-24, however, is nonlinear, so 
that squaremot evaluations would be required to compute pixel distances from a 
circular path. Bresenham's circle algorithm avoids these square-mot calculations 
by comparing the squares of the pixel separation distances. 

A method for direct distance comparison is to test the halfway position b e  
tween two pixels to determine if this midpoint is inside or outside the circle 
boundary. This method is more easily applied to other conics; and for a n  integer 
circle radius, the midpoint approach generates the same pixel positions as the 
Bresenham circle algorithm. Also, the error involved in locating pixel positions 
along any conic section using the midpoint test is limited to one-half the pixel 
separation. 

Midpoint Circle Algorithm 

As in the raster line algorithm, we sample at unit intervals and determine the 
closest pixel position to the specified circle path at each step. For a given radius r 
and screen center position ( x ,  y,), we can first set u p  our algorithm to calculate 
pixel positions around a circle path centered at the coordinate origin (0,O). Then 
each calculated position (x, y) is moved to its proper screen position by adding x, 
to x and y, toy. Along the circle section from x = 0 to x = y in the first quadrant, 
the slope of the curve varies from 0 to -1. Therefore, we can take unit steps in 
the positive x direction over this octant and use a decision parameter to deter- 
mine which of the two possible y positions is closer to the circle path at  each step. 
Positions ih the other seven octants are then obtained by symmetry. 

To apply the midpoint method, we define a circle function: 

Any point ( x ,  y) on the boundary of the circle with radius r satisfies the equation 
/cin,,(x, y) = 0. If the point is in the interior of the circle, the circle function is nega- 
tive. And if the point is outside the circle, the circle function is positive. To sum- 
marize, the relative position of any point ( x .  v )  can be determined by checking the 
sign of the circle function: 



f < 0 ,  if ( x ,  V) is inside the drde  boundary I l l 1  - - "  

if (x, y) is on the circle boundary xz + yt  - rz - 0  

> 0, if (x, y) is outside the circle boundary 

The circle-function tests in 3-28 are performed for the midpositions between pix- 
els near the circle path at each sampling step. Thus, the circle function is the deci- xk x, + 1 x, + 2 
sion parameter in the midpoint algorithm, and we can set up incremental calcu- 
lations for this function as we did in the line algorithm. 

' 

Figure 3-15 shows the midpoint between the two candidate pixels at Sam- Figrrre3-15 

pling position xk + 1. Assuming we have just plotted the pixel at (xk, yk), we next Midpoint between candidate 
pixels at sampling position n d  to determine whether the pixel at position (xk + 1, yk) or the one at position 
xk+l cirrular path. 

(xk  + 1,  yk -- 1) is closer to the circle. Our decision parameter is the circle function 
3-27 evaluated at the midpoint between these two pixels: 

If pk < 0, this midpoirat is inside the circle and the pixel on scan line yb is closer to 
the circle boundary. Otherwise, the midposition is outside or on the circle bound- 
ary, and we select the pixel on scanline yk - 1. 

Successive decision parameters are obtained using incremental calculations. 
We obtain a recursive expression for the next decision parameter by evaluating 
the circle function at sampling p~sit ionx~,,  + 1 = x, + 2: 

where yk ,, is either yi or yk-,, depending on the sign of pk. 
increments for obtaining pk+, are either 2r,+, + 1 (if pk is negative) or 2r,+, 

+ 1 - 2yk+l. Evaluation of the terms Zk+, and 2yk+,  can also be done inaemen- 
tally as 

At the start position (0,  T) ,  these two terms have the values 0 and 2r, respectively. 
Each successive value is obtained by adding 2 to the previous value of 2x and 
subtracting 2 from the previous value of 5. 

The initial decision parameter is obtained by evaluating the circle function 
at the start position (x0, yo) = (0, T ) :  
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5 
p O = c r  

(3-31) 

If the radius r is specified as an integer, we can simply round po to 

po = 1 - r (for r  an integer) 

since al l  inmments are integers. 
As in Bresenham's line algorithm, the midpoint method calculates pixel po- 

sitions along the circumference of a cirde using integer additions and subtrac- 
tions, assuming that the circle parameters are specified in integer screen coordi- 
nates. We can summarize the steps in the midpoint circle algorithm as follows. 

Midpoint Circle Algorithm 

1. hput radius r and circle center (x, y,), and obtain the first point on 
the circumference of a circle centered on the origin as 

I 2. cdculate the initial value of the decision parameter as 

3. At each xk position, starting at k = 0, perform the following test: If 
pk C 0, the next point along the circle centered on (0,O) is (xk,,, yk) and 

I Otherwise, the next point along the circle is (xk + 1, yk - 1) and 

where 2xk+, = kt + 2 and 2yt+, = 2yt - 2. 
4. ~eterrnine symmetry points in the other seven octants. 
5. Move each calculated pixel position (x, y) onto the cirmlar path cen- 

tered on (x, yc) and plot the coordinate values: 

x = x + x c ,  y = y + y c  

6. Repeat steps 3 through 5 until x r y. 
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-- 
Figure 3-16 
Selected pixel positions (solid 
circles) along a circle path with 
radius r = 10 centered on the origin, 
using the midpoint circle algorithm. 
Open circles show the symmetry 
positions in the first quadrant. 

Example 3-2 Midpoint Circle-Drawing 

Given a circle radius r = 10, we demonstrate the midpolnt circle algorithm by 
determining positions along the circle octant in the first quadrant hum x = 0 to 
x = y. The initial value of the decision parameter is 

For the circle centered on the coordinate origin, the initial point is (x,, yo) - 
(0, lo), and initial increment terms for calculating the dxision parameters are 

Successive decision parameter values and positions along the circle path are cal- 
culated using the midpoint method as 

A plot c )f the generated pixel positions in the first quadrant is shown in Fig. 3-10. 

The following procedure displays a raster t i d e  on a bilevel monitor using 
the midpoint algorithm. Input to the procedure are the coordinates for the circle 
center and the radius. Intensities for pixel positions along the circle circumfer- 
ence are loaded into the frame-buffer array with calls to the set pixel routine. 
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Figure 3-1 7 
Ellipse generated about foci 
F, and F,. 

#include 'device . h  

void circleMidpoint (int Kenter, int yCenter, int radius) 
I 
int x = 0; 
int y = radius; 
int p = 1 - radius; 
void circlePlotPoints (int, int, int, int); 

/ '  Plot first set of points ' /  
circlePlotPoints (xcenter. *enter. x, yl; 

while (x < y) ( 

x++ ; 
if (P < O! + 

p * =  2 
else I 
Y--; 
p + z  2 ' (x - Y) + 1; 

void circlePlotPolnts (int xCenter, int yCenter, int x, int yl 
( 
setpixel (xCenter + x, $enter + y ) ;  
setpixel (xCenter - x. $enter + yl; 
setpixel (xCenter + x, $enter - y); 
setpixel (xCenter - x ,  $enter - y ) ;  
setpixel (xCenter + y, $enter + x); 
setpixel (xCenter - y ,  $enter + x); 
setpixel (xCenter t y ,  $enter - x); 
setpixel (xCenter - y ,  $enter - x); 

1 

3-6 
ELLIPSE-GENERATING ALGORITHMS 

Loosely stated, an ellipse is an elongated circle. Therefore, elliptical curves can be 
generated by modifying circle-drawing procedures to take into account the dif- 
ferent dimensions of an ellipse along the mapr and minor axes. 

Properties of Ellipses 

An ellipse is defined as the set of points such that the sum of the distances from 
two fi.ted positions (foci) is the same for all points (Fig. b17). Lf the distances to 
the two foci from any point P = (x ,  y) on the ellipse are labeled dl and d2, then the 
general equation of an ellipse can be stated as 

d ,  + d, = constant (3-321 

Expressing distances d, and d, in terms of the focal coordinates F, = (x,, y,) and 
F2 = (x, y2), we have 



By squaring this equation, isolating the remaining radical, and then squaring 
again, we can rewrite the general ellipseequation in the form 

Ax2 + By2 + Cxy + Dx + Ey + F = 0 (3-34)  

where the coefficients A, B, C, D, E ,  and Fare evaluatcul in terms of the focal coor- 
dinates and the dimensions of the major and minor axes of the ellipse. The major 
axis is the straight line segment extending from one side of the ellipse to the 
other through the foci. The minor axis spans the shorter dimension of the ellipse, 
bisecting the major axis at the halfway position (ellipse center) between the two 
foci. 

An interactive method for specifying an ellipse in an arbitrary orientation is 
to input the two foci and a point on the ellipse boundary. With these three coordi- 
nate positions, we can evaluate the constant in Eq. 3.33. Then, the coefficients in 
Eq. 3-34 can be evaluated and used to generate pixels along the elliptical path. 

Ellipse equations are greatly simplified if the major and minor axes are ori- 
ented to align with the coordinate axes. In Fig. 3-18, we show an ellipse in "stan- 
ddrd position" with major and minor axes oriented parallel to the x and y axes. 
Parameter r, for this example labels the semimajor axis, and parameter r,, labels 
the semiminor axls. The equation of the ellipse shown in Fig. 3-18 can be written 
in terms of the ellipse center coordinatesand parameters r ,  and r, as 

Using polar coordinates r and 0. we can also describe the ellipse in standard posi- 
tion with the parametric equations: 

T = x,. t r ,  cosO 

y = y,. + r ,  sin9 

Symmetry considerations can be used to further reduce con~putations. An ellipse 
in stdndard position is symmetric between quadrants, but unlike a circle, it is not 
synimrtric between the two octants of a quadrant. Thus, we must calculate pixel 
positions along the elliptical arc throughout one quadrant, then we obtain posi- 
tions in the remaming three quadrants by symmetry (Fig 3-19). 

Our approach hrrr is similar to that used in displaying d raster circle. Given pa- 
rameters r,, r!, a ~ l d  (x,, y,.), we determine points ( x ,  y) for an ellipse in standard 
position centered on the origin, and then we shift the points so the ellipse is cen- 
tered at ( x ,  y,). 1t we wish also tu display the ellipse in nonstandard position, we 
could then rotate the ellipse about its center coordinates to reorient the major and 
minor  axes. For the present, we consider only the display of ellipses in standard 
position We discuss general methods for transforming object orientations and 
positions in Chapter 5. 

The midpotnt ellipse niethtd is applied throughout thc first quadrant in 
t\co parts. Fipurv 3-20 shows the division of the first quadrant according to the 
slept, of an  ellipse with r ,  < r,. We process this quadrant by taking unit steps in 
the .j directwn where the slope of the curve has a magnitude less than 1, and tak- 
ing unit steps in thcy direction where the s l o p  has a magnitude greater than 1. 

Regions I and 2 (Fig. 3-20), can he processed in various ways. We can start 
at position (0. r,) c*nd step clockwise along the elliptical path in the first quadrant, 

. .- --- 

Figure 3-18 
Ellipse centered at (x,, y,) with 
wmimajor axis r, and 
st:miminor axis r,. 



Clldprer 3 shlfting from unit steps in x to unit steps in y when the slope becomes less than 
~utpul Pr~rnitives -1. Alternatively, we could start at (r,, 0) and select points in a countexlockwise 

order, shifting from unit steps in y to unit steps in x when the slope becomes 
greater than -1. With parallel processors, we could calculate pixel positions in 
the two regions simultaneously. As an example of a sequential implementation of 

( -x .  v )  (, y,  
the midpoint algorithm, we take the start position at (0, ry) and step along the el- & lipse path in clockwise order throughout the first quadrant. 

We define an ellipse function from Eq. 3-35 with (x,, y,) = (0,O) as 
- 

I- x. - yl ( X  - y )  which has the following properties: 

1 0, if (x ,  y) is inside the ellipse boundary 

Symmetry oi an cll~pse > 0 if (x, y) is outside the ellipse boundary 
Calculation I J ~  a p i n t  (x, y) 
In one quadrant yields the Thus, the ellipse function f&,(x, y) serves as the decision parameter in the mid- 
ell'pse points shown for the point algorithm. At each sampling position, we select the next pixel along the el- 
other three quad rants. lipse path according to the sign of the ellipse function evaluated at the midpoint 

between the two candidate pixels. 
v t Starting at (0, r,), we take unit steps in the x direction until we reach the 

boundary between region 1 and region 2 - ( ~ i ~ .  3-20). Then we switch to unit steps 
in the y direction over the remainder of the curve in the first quadrant. At each 
step, we need to test the value of the slope of the curve. The ellipse slope is calcu- 
lated from Eq. 3-37 as 

.- 

1 At the boundary between region 1 and region 2, dy/dx = - 1 and 

- - - - . - - .. . . - . - - - 
F ~ , y ~ r n '  3-20 
Ellipse processing regions. 
Over regior I ,  the magnitude 
of the ellipse slope is less 
than 1; over region 2, the 
magnitude of the slope is 
greater than I .  

Therefore, we move out of region 1 whenever 

Figure 3-21 shows the midpoint between the two candidate pixels at sam- 
piing position xk + 1 in the first regon. Assuming position (xk, yk) has been se- 
lected at the previous step, we determine the next position along the ellipse path 
by evaluating the decision parameter (that is, the ellipse function 3-37) at this 
midpoint: 

If pl ,  < 0, the midpoint is inside the ellipse and the pixel on scan line y, is closer 
to the ellipse boundary. Otherwise, the midposition is outside or on the ellipse 
boundary, and we select the pixel on scan line yt - 1. 



At the next sampling position (xk+, + 1 = x, + 2), the decision parameter 
for region 1 is evaluated as 

Y t  

p1i+l  = feUip(xk+l + yk+, - i) 
v ,  - 1 

( - f)'-r:rt = r;[(xk + 1) + 112 + T: Y k + ,  
x, X, + 1 

l 2  M';dpoint between candidate 
plk+ ,  = ~ 1 ~ + 2 r ; ( x k + l ) + r i  + r ; [ ( y k + r  k ) 2 7 ( y k -  (M2)  pixels at sampling position 

xl + 1 along an elliptical path. 

where yk+, is either yl, or yk - 1, depending on the sign of pl,. 
Decision parameters are incremented by the following amounts: 

2r,?~k+~ + r:, if plk < 0 
increment = 

2 + r - 2 if plk 2 0 

As in the circle algorithm, increments for ihe decision parameters can be calcu- 
lated using only addition and subtraction, since values for the terms 2r;x and 
2r:y can also be obtained incrementally. At the initial position (0, r,), the two 
terms evaluate to 

As x and y are incremented, updated values are obtained by adding 2ri to 3-43 
and subtracting 21: from 3-44. The updated values are compared at each step, 
and we move from region 1 to region 2 when condition 3-40 is satisfied. 

Jn region 1, the initial value of the decision parameter is obtained by evalu- 
ating the ellipse function at the start position ( x ,  yo) =: (0, r,): 

1 
pl, = r,? - r;ry + - r,2 

4 
(3 -45)  

Over region 2, we sample at unit steps in the negative y direction, and the 
midpoint is now taken between horizontal pixels a t  each step (Fig. 3-22). For this 
region, the decision parameter is evaJuated as 
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Figlrrc 3-22 
Midpoint between candidate pixels 
at sampling position y, - 1 along an 

x, x, + 1 x ,  + 2 elliptical path. 

If p2, > 0, the midposition is outside the ellipse boundary, and we select the pixel 
at xk. If pa 5 0, the midpoint is inside or on the ellipse boundary, and we select 
pixel position x, ,  ,. 

To determine the relationship between successive decision parameters in 
region 2, we evaluate the ellipse function at the next sampling step yi+, - 1 - 
y~ - 2: 

with xk + , set either to x, or to xk + I, depending on the sign of ~ 2 ~ .  
When we enter region 2, ;he initial position (xo, yJ is taken as the last posi- 

tion selected in region 1 and the initial derision parameter in region 2 is then 

To simplify the calculation of p&, we could select pixel positions in counterclock- 
wise order starting at (r,, 0). Unit steps would then be taken in the positive y di- 
rection up  to the last position selected in rrgion 1. 

The midpoint algorithm can be adapted to generate an ellipse in nonstan- 
dard position using the ellipse function Eq. 3-34 and calculating pixel positions 
over the entire elliptical path. Alternatively, we could reorient the ellipse axes to 
standard position, using transformation methods discussed in Chapter 5, apply 
the midpoint algorithm to determine curve positions, then convert calculated 
pixel positions to path positions along the original ellipse orientation. 

Assuming r,, r,, and the ellipse center are given in integer screen coordi- 
nates, we only need incremental integer calculations to determine values for the 
decision parameters in the midpoint ellipse algorithm. The increments r l ,  r:, 2r:, 
and 2ri  are evaluated once at the beginning of the procedure. A summary of the 
midpoint ellipse algorithm is listed in the following steps: 



Midpoint Ellipse Algorithm 

1. Input r,, r,, and ellipse center (x,, y,), and obtain the first point on an 
ellipse centered on the origin as 

2. Calculate the initial value of thedecision parameter in region 1 as 

3. At each x, position in region 1, starting at k = 3, perform the follow- 
ing test: If p l ,  < 0, the next point along the ellipse centered on (0, 0) 
is (x, . I, yI) and 

Otherwise, the next point along the circle is ( x k  + 1, yr, - 1) and 

with 

and continue until 2 r i x  2 2rty. 
4. Calculate the initial value of the decision parameter in region 2 using 

the last point (xo,  yo) calculated in region 1 as 

5. At each yk position in region 2, starting at k = 0, perform the follow- 
ing test: If pZk> 0, the next point along the ellipse centered on (0, 0) is 
(xk ,  yk .- 1) and 

Otherwise, the next point along the circle i s  (.rk + 1, yt - 1) and 

using the same incremental calculations for .I and y as in region 1. 

6 .  Determine symmetry points in the other three quadrants. 
7. Move each calculated pixel position (x, y) onto the elliptical path cen- 

tered on (x,, y,) and plot the coordinate values: 

8. Repeat the steps for region 1 until 2 6 x  2 2rf.y 

Ellipse-Generating Algorilhrns 
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Oucpur Example 3-3 Midpoint Ellipse Drawing 

Given input ellipse parameters r, = 8 and ry = 6, we illustrate the steps in the 
midpoint ellipse algorithm by determining raster positions along the ellipse path 
in the first quadrant. lnitial values and increments for the decision parameter cal- 
culations are 

2r:x = 0 (with increment 2r; = 7 2 )  

Zr f y=2r f r y  (withincrement-2r:=-128) 

For region 1: The initial point for the ellipse centered on the origin is (x,, yo) = 
(0,6), and the initial decision parameter value is 

1 
pl, = r; - rfr, t - r: = -332 

4 

Successive decision parameter values and positions along the ellipse path are cal- 
culated using the midpoint method as  

We now move out of region 1, since 2r;x > 2r:y. 

For region 2, the initial point is ( x ,  yo) = V,3) and the initial decision parameter 
is 

The remaining positions along the ellipse path in the first quadrant are then cal- 
culated as 

A plot of the selected positions around the ellipse boundary within the first 
quadrant is shown in Fig. 3-23. 

In the following procedure, the midpoint algorithm is used to display an el- 
lipsc: with input parameters RX, RY, xcenter, and ycenter. Positions along the 
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Figure 3-23 
Positions along an elliptical path 
centered on the origin with r, = 8 
and r, = 6 using the midpoint 
algorithm to calculate pixel 
addresses in the first quadrant. 

curve in the first quadrant are generated and then shifted to their proper screen 
positions. Intensities for these positions and the symmetry positions in the other 
t h  quadrants are loaded into the frame buffer using the set pixel mutine. 

void ell ipseMidpoint ( i n t  xCenter, i n t  yCenter, i n t  Rx, i n t  Ry) 
( 

i n t  Rx2 = Rx4Rx; 
i n t  RyZ = RygRy; 
i n t  twoRx2 = 2.Rx2; 
i n t  twoRy2 = 2*RyZ; 
i n t  p; 
i n t  x = 0; 
i n t  y = Ry; 
i n t  px = 0; 
i n t  py = twoRx2 y;  
void e l l i p seP lo tPo in t s  ( i n t ,  i n t ,  i n t ,  i n t ) ;  

1 .  Plot the first s e t  of points ' I  
e l l ip seP lo tPo in t s  (xcenter,  yCenter, X ,  Y ) ;  

/ *  Region 1 * I  
P = R O W  (Ry2 - (Rx2 Ry) + (0.25 . -2 ) ) ;  
while (px < PY) { 

x++;  
px += twoxy2; 
i f  (p  c 0) 

p += Ry2 + px; 
e l s e  ( 

y - - ;  
py -= twoRx2; 
p += Ry2 + px - py; 

1 

/ *  Region 2 * /  
p = ROUND (RyZ*(x+0.5) '(%+0.5) + Rx2*(y- l ) ' ( y - l )  - Rx2.Ry2); 
while ( y  > 0 )  ( 

Y--; 
py -=  twoRx2; 
i f  (p  > 0) 

p += Rx2 - py; 
e l s e  ( 

x++;  
px += twoRy2: 
p + =  Rx2 - PY + Px; 
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e 1 l : p o e P l o t F o ~ n : s  ( x C e l l L r ~ ,  y c e n t e r ,  x ,  yl; 

v o i d  e l l i p s e P l o t P o - n t s  ( i n t  xCenter,  i n t  yCenter,  i n t  x ,  i n t  yl 
( 

s e t p i x e l  (xCentel.  + x ,  yCenter + yl : 
s e t p i x e l  (xCente1- - x,  yCencer + y ) ;  
s e t p i x e l  (xCente1- t x ,  yCenter - y); 
s e t p i x e l  (xCenter - x ,  $enter  - y): 

OTHER CURVES 

Various curve functions are useful in object modeling, animation path specifica- 
tions, data and function graphing, and other graphics applications. Commonly 
encountered curves include conics, trigonometric and exponential functions, 
probability distributions, general polynomials, and spline functions. Displays of 
these curves can be generated with methods similar to those discussed for the 
circle and ellipse functions. We can obtain positions along curve paths directly 
from explicit representations y = f(x) or from parametric forms Alternatively, we 
could apply the incremental midpoint method to plot curves described with im- 
plicit functions f i x ,  y) = 1). 

A straightforward method for displaying a specified curve function is to ap- 
proximate it with straight line segments. Parametric representations are useful in 
this case for obtaining equally spaced line endpoint positions along the curve 
path. We can also generate equally spaced positions from an explicit representa- 
tion by choosing the independent variable according to the slope of the curve. 
Where the slope of y = ,f(x) has a magnitude less than 1, we choose x as the inde- 
pendent variable and calculate y values at equal x increments. To obtain equal 
spacing where the slope has a magnimde greater than 1, we use the inverse func- 
tion, x = f -'(y), and calculate values of x at equal y steps. 

Straight-line or cun7e approximations are used to graph a data set of dis- 
crete coordinate points. We could join the discrete points with straight line seg- 
ments, or we could use linear regression (least squares) to approximate !he data 
set with a single straight line. A nonlinear least-squares approach is used to dis- 
play the data set with some approximatingfunction, usually a polynomial. 

As with circles and ellipses, many functions possess symmetries that can be 
exploited to reduce the computation of coordinate positions along curve paths. 
For example, the normal probability distribution function is symmetric about a 
center position (the mean), and all points along one cycle of a sine curve can be 
generated from the points in a 90" interval. 

Conic Sectior~s 

In general, we can describe a conic section (or conic) with the second-degree 
equation: 

.4x2 + By2 + Cxy + Dx + Ey + F = 0 (3 -.50) 



where values for parameters A, B, C, D, E, and F determine the kind of curve we section 3-7 

are to display. Give11 this set of coefficients, we can dtatermine the particular conic Other Curves 

that will be generated by evaluating the discriminant R2 - 4AC: 

[< 0, generates an ellipse (or circle) 

B2 - 41C { = 0, generates a parabola ( . 3 - 5  1 ) 

I> 0, generates a hyperbola 

For example, we  get the circle equation 3-24 when .4 = B = 1, C = 0, D = -2x,, 
E = -2y( ,  and F = x: + yf - r2. Equation 3-50 also describes the "degenerate" 
conics: points and straight lines. 

Ellipses, hyperbolas, and parabolas are particulilrly useful in certain aninia- 
tion applications. These curves describe orbital and other motions for objects 
subjected to gravitational, electromagnetic, or nuclear forces. Planetary orbits in 
the solar system, for example, are ellipses; and an object projected into-a uniform 
gravitational field travels along a parabolic trajectory. Figure 3-24 shows a para- 
bolic path in standard position for a gravitational field acting in the negative y di- 
rect~on. The explicit equation for the parabolic trajectory of the object shown can 
be written as 

y = yo + a(x - x,J2 + b(x - :to) 

with constants a and b determined by the initial velocity g cf the object and the 
acceleration 8 due to the uniform gravitational force. We can also describe such 
parabolic motions with parametric equations using a time parameter t ,  measured 
in seconds from the initial projection point: xo 

X = Xo S G r o t  (3-33 ,  F ~ , ~ I ~ w  .3-24 
1 

I/ yo + v,,t - 2 g f 2  P,lrabolic path of an  object 
tossed into a downward 

Here, v,, and v,yo are the initial velocity components, and the value of g near the gravitational field at the 
ir.~tial position (x,,, ,yo). 

surface of the earth is approximately 980cm/sec2. Object positions along the par- 
abolic path are then calculated at selected time steps. 

Hyperbolic motions (Fig. 3-25) occur in connection with the collision of 
charged particles and in certain gravitational problems. For example, comets or 
meteorites moving around the sun may travel along hyperbolic paths and escape 
to outer space, never to return. The particular branch (left or right, in Fig. 3-25) 
describing the motion of an object depends on the forces involved in the prob- 
lem. We can write the standard equation for the hyperbola c e n t e d  on the origin 
in Fig. 3-25 as 

-r 

(3-51) 

with x 5 -r, for the left branch and x z r, for the right branch. Since this equa- - 
tion differs from the standard ellipse equation 3-35 only in the sign between the 

FIKllrr 3-25 
x2 and y2 terms, we can generate points along a hyperbolic path with a slightly ~~f~ and branches of a 
modified ellipse algorithm. We will return to the discussion of animation applica- hyperbola in standard 
tions and methods in more detail in Chapter 16. And in Chapter 10, we discuss position with symmetry axis 
applications of computer graphics in scientific visuali~ation. along the x axis. 

111 



Chapter 3 Parabolas and hyperbolas possess a symmetry axis. For example, the 
O u ~ p u ~  Prirnit~ves parabola described by Eq. 3-53 is symmetric about the axis: 

The methods used in the midpoint ellipse algorithm can be directly applied to 
obtain points along one side of the symmetry axis of hyperbolic and parabolic 
paths in the two regions: (1) where the magnitude of the curve slope is less than 
1, and (2) where the magnitude of the slope is greater than 1. To do this, we first 
select the appropriate form of Eq. 3-50 and then use the selected function to set 
up expressions for the decision parameters in the two regions. 

Polynomials dnd Spline Curves 

A polynomial function of nth degree in x is defined as 

where n is a nonnegative integer and the a, are constants, with a. Z 0. We get a 
quadratic when n = 2; a cubic polynomial when n = 3; a quartic when n = 4; and 
so forth. And we have a straight line when n = 1. Polynomials are useful in a 
number of graphics applications, including the design of object shapes, the speci- 
fication of animation paths, and the graphing of data trends in a discrete set of 
data points. 

Designing object shapes or motion paths is typically done by specifying a 
few points to define the general curve contour, then fitting.the selected points 
with a polynomial. One way to accomplish the curve fitting is to construct a 
cubic polynomial curve section between each pair of specified points. Each curve 
section is then described in parametric form as 

/ y = a,,, + a,,u + a,,u2 + a,,u3 (3-57) 

f--' where parameter u varies over the interval 0 to 1. Values for the coefficients of u 
in the parametric equations are determined from boundary conditions on the 
curve &ions. One boundary condition is that two adjacent curve sections have 

Figure 3-26 the same coordinate position at the boundary, and a second condition is to match 

A spline curve formed with the two curve slopes at the boundary so that we obtain one continuous, smooth 
individual cubic curve (Fig. 3-26). Continuous curves that are formed with polynomial pieces are 
sections between specified called spline curves, or simply splines. There are other ways to set up spline 
coordinate points. curves, and the various spline-generating methods are explored in Chapter 10. 

3-8 - 
PARALLEL CURVE ALGORITHMS 

Methods for exploiting parallelism in curve generation are similar to those used 
in displaying straight line segments. We can either adapt a sequential algorithm 
by allocating processors according to cune  partitions, or we could devise other 



methods and assign processors to screen partitions. 
A parallel midpoint method for displaying circles is to divide the circular 

arc from 90" to 45c into equal subarcs and assign a separate processor to each 
subarc. As in the parallel Bresenham line algorithm, we then need to set up com- 
putations to determine the beginning y value and decisicn parameter pk value for 
each processor. Pixel positions are then calculated throughout each subarc, and 
positions in the other circle octants are then obtained by symmetry. Similarly, a 
parallel ellipse midpoint method divides the elliptical arc over the first quadrant 
into equal subarcs and parcels these out to separate processors. Pixel positions in 
the other quadrants are determined by symmetry. A screen-partitioning scheme 
for circles and ellipses is to assign each scan line crossing the curve to a separate 
processor. In this case, each processor uses the circle or ellipse equation to calcu- 
late curve-intersection coordinates. 

For the display of elliptical a m  or other curves, we can simply use the scan- 
line partitioning method. Each processor uses the curve equation to locate the in- 
tersection positions along its assigned scan line. With processors assigned to indi- 
vidual pixels, each processor would calculate the distance (or distance squared) 
from the curve to its assigned pixel. If the calculated distance is less than a prede- 
fined value, the pixel is plotted. 

3-9 
CURVE FUNCTIONS 

Routines for circles, splines, and other commonly used curves are included in 
many graphics packages. The PHIGS standard does not provide explicit func- 
tions for these curves, but it does include the following general curve function: 

generalizedDrawingPrimitive In, wc~oints, id, datalist) 

where wcpoints is a list of n coordinate positions, da ta1  ist contains noncoor- 
dinate data values, and parameter i d  selects the desired function. At a particular 
installation, a circle might be referenced with id = 1, an ellipse with i d  = 2, and 
SO on. 

As an example of the definition of curves through this PHIGS function, a 
circle (id = 1, say) could be specified by assigning the two center coordinate val- 
ues to wcpoints and assigning the radius value to d a t a l i s t .  The generalized 
drawing primitive would then reference the appropriate algorithm, such as the 
midpoint method, to generate the circle. With interactive input, a circle could be 
defined with two coordinate points: the center position and a point on the cir- 
cumference. Similarly, interactive specification of an ellipse can be done with 
three points: the two foci and a point on the ellipse boundary, all s t o d  in wc- 
points .  For an ellipse in standard position, wcpoints could be assigned only the 
center coordinates, with daZalist assigned the values for r, and r,. Splines defined 
with control points would be generated by assigning the control point coordi- 
nates to wcpoints. 

Functions to generate circles and ellipses often include the capability of 
drawing curve sections by speclfylng parameters for the line endpoints. Expand- 
ing the parameter list allows specification of the beginning and ending angular 
values for an arc, as illustrated in Fig. 3-27. Another method for designating a cir- 
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Curve Functions 

Figure 3-27 
Circular arc specified by 
beginning and ending angles. 
Circle center is at the 
coordinate origin. 



Chapter 3 cular or elliptical arc is to input the beginning and ending coordinate positions of 
Output Prim~t~ves the arc. 

Figure 3-28 
Lower-left section of the 
screen grid referencing 
Integer coord~nate positions. 

Figure 0-29 
Line path for a series oi 
connected line segments 
between screen grid 
coordinate positions. 

Figure 3-30 
lllum~nated pixel a1 raster 
position (4,5). 
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PIXEL ADDRESSING AND OBJECT GEOMETRY 

So far we have assumed that all input positions were given in terms of scan-line 
number and pixel-posihon number across the scan line. As we saw in Chapter 2, 
there are, in general, several coordinate references associated with the specifica- 
tion and generation of a picture. Object descriptions are given in a world- 
reference frame, chosen to suit a particular application, and input world coordi- 
nates are ultimately converted to screen display positions. World descriptions of 
objects are given in terms of precise coordinate positions, which are infinitesi- 
mally small mathematical points. Pixel coordinates, however, reference finite 
screen areas. If we want to preserve the specified geometry of world objects, we 
need to compensate for the mapping of mathematical input points to finite pixel 
areas. One way to d o  this is simply to adjust the dimensions of displayed objects 
to account for the amount of overlap of pixel areas with the object boundaries. 
Another approach is to map world coordinates onto screen positions between 
pixels, so that we align object boundaries with pixel boundaries instead of pixel 
centers. 

Screen Grid Coordinates 

An alternative to addressing display posit~ons in terms of pixel centers is to refer- 
ence screen coordinates with respect to the grid of horizontal and vertical pixel 
boundary lines spaced one unit apart (Fig. 3-28). A screen soordinale position is 
then the pair of integer values identifying a grid interswtion position between 
two pixels. For example, the mathematical line path for a polyline with screen 
endpoints (0, O), (5,2), and (1,4) is shown in Fig. 3-29. 

With the coordinate origin at the lower left of the screen, each pixel area can 
be referenced by the mteger grid coordinates of its lower left corner. Figure 3-30 
illustrates this convention for an 8 by 8 section of a raster, w ~ t h  a single illumi- 
nated pixel at screen coordinate position (4, 5). In general, we identify the area 
occupied by a pixel with screen coordinates (x, y) as the unit square with diago- 
nally opposite corners at (x, y) and (x + 1, y + 1). This pixel-addressing scheme 
has several advantages: I t  avoids half-integer pixel boundaries, it facilitates pre- 
a s e  object representations, and it simplifies the processing involved in many 
scan-conversion algorithms and in other raster procedures. 

The algorithms for line drawing and curve generation discussed in the pre- 
ceding sections are still valid when applied to input positions expressed as screen 
grid coordinates. Decision parameters in these algorithms are now simply a mea- 
sure of screen grid separation differences, rather than separation differences from 
pixel centers. 

Maintaining Geometric: Properties of Displayed Objects 

When we convert geometric descriptions of objects into pixel representations, we 
transform mathematical points and lines into finite screen arras. If we are to 
maintain the original geomehic measurements specified by the input coordinates 



Figure 3-31 
Line path and corresponding pixel 
display for input screen grid 
endpoint coordinates (20,lO) and 
(30,18). 

for an object, we need to account for the finite size of pixels when we transform 
the object definition to a screen display. 

Figure 3-31 shows the line plotted in the Bmenham line-algorithm example 
of Section 3-2. Interpreting the line endpoints (20, 10) and (30,18) as precise grid 
crossing positions, we see that the line should not extend past screen grid posi- 
tion (30, 18). If we were to plot the pixel with screen coordinates (30,181, as in the 
example given in Section 3-2, we would display a line that spans 11 horizontal 
units and 9 vertical units. For the mathematical line, however, Ax = 10 and Ay = 
8. If we are addressing pixels by their center positions, we can adjust the length 
of the displayed line by omitting one of the endpoint pixels. If we think of scmn 
coordinates as addressing pixel boundaries, as shown in Fig. 3-31, we plot a line 
using only those pixels that are "interior" to the line path; that is, only those pix- 
els that are between the line endpoints. For our example, we would plot the leh- 
most pixel at (20, 10) and the rightmost pixel at (29,17). This displays a line that 

F i p r e  3-32 
Conversion of rectangle (a) with verti-es at sawn 
coordinates (0, O), (4, O), (4,3), and (0,3) into display 
(b) that includes the right and top boundaries and into 
display (c) that maintains geometric magnitudes. 

Section 3-10 

Pixel Addressing and Object 
Geometry 



Chapter 3 has the same geometric magnitudes as the mathematical line from (20, 10) to  
Ou~put Primitives (30, 18). 

For an enclosed area, input geometric properties are maintained by display- 
ing the area only with those pixels that are interior to the object boundaries. The 
rectangle defined with the screen coordinate vertices shown in Fig. 3-32(a), for 
example, is larger when we display it filled with pixels u p  to and including the 
border pixel lines joining the specified vertices. As defined, the area of the 
rectangle is 12 units, but as displayed in Fig. 3-32(b), it has an area of 20 units. In 
Fig. 3-32(c), the original rectangle measurements are maintained by displaying 

Figure 3-33 
Circle path and midpoint circle algorithm plot of a circle with radius 5 
in screen coordinates. 

Figure 3-34 
Modification of the circle plot in Fig. 333 to maintain the specified circle 
diameter of 10. 



only the jnternal pixels. The right boundary of the ~nput  rectangle is at r = 4. To Sec'i0n3-11 

maintain this boundary in the display, we set the rightmost pixel grid cwrdinate Prirnitivcs 

at .r = 3. The pixels in this vertical column then span the interval from x = 3 to 1' 
= 4. Similarly, the mathematical top boundary of the rectangle is at y = 3, so we 
set the top pixel row for the displayed rectangle at y = 2. 

These compensations for finite pixel width along object boundaries can be 
applied to other polygons and to curved figures so that the raster display main- 
tains the input object specifications. A circle of radius 5 and center position (10, 
lo), for instance, would be displayed as in Fig. 3 3 3  by the midpoint circle algo- 
rithm using screen grid coordinate positions. But the plotted circle has a diameter 
of 11. To plot the cmle with the defined diameter of 10, we can modify the circle 
algorithm to shorten each pixel scan line and each pixel column, as in Fig. 3-34. 
One way to d o  this is to generate points clockwise along the circular arc in the 
third quadrant, starting at screen coordinates (10, 5). For each generated point, 
the other seven circle symmetry points are generated by decreasing the 1' coordi- 
nate values by 1 along scan lines and decreasing the y coordinate values by 1 
along pixel culumns. Similar methods are applied in ellipse algorithms to main- 
tain the specified proportions in the display of an ellipse. 

3-1 1 
FILLED-AREA PRIMITIVES 

I\ standard output primitive in general graphics packages is a solid-color or pat- 
terned polygon area. Other kinds of area primitives are sometimes available, but 
polygons are easier to process since they have linear boundaries 

There are two basic approaches to area filling on raster systems. One way to 
fill an area is to determine the overlap mtervals for scan lines that cross the area. 
Another method for area filling is to start from a given interior position and paint 
outward from this point until we encounter the specified boundary conditions. 
The scan-line approach is typically used in general graphics packages to fill poly- 
gons, circles, ellipses, and other simple curves. All methods starting from an inte- 
rior point are useful with more complex boundaries and in interactive painting 
systems. In the following sections, we consider n~etliods for solid fill of specified 
areas. Other fill options are discussed in Chapter 4. 

St an-Lint. Polygon F i l l  Algorithm 

Figure 3-35 illustrates the scan-line procedure for soha tilling of polygon areas. 
For each scan line crossing a polygon, the area-fill algorithm locates the intersec- 
tion points of the scan line with the polygon edges. These intersection points are 
then sorted from left to right, and the corresponding frame-buffer positions be- 
tween each intersection pair are set to the specified fill color. In the example of 
Fig. 3-35, the four pixel intersection positions with the polygon boundaries define 
two stretches of interior pixels from x = 10 to x = 14 and from x = 18 to x = 24. 

Some scan-line intersections at polygon vertices require special handling. A 
scan line passing through a vertex intersects two edges at that position, 
adding two points to the list of intersections for the scan line. Figure 3-36 shows 
two scan lines at positions y and y'  that intersect edge endpoints. Scan line y in- 
tersects five polygon edges. Scan line y', however, intersects an even number of 
edges although it also passes through a vertex. Intersection points along scan line 
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Figure 3-35 
Interior pixels along a scan line 
passing through a polygon area 

y' correctly identify the interior pixel spans. But with scan line y, we need to d o  
some additional processing to determine the correct interior points. 

The topological difference between scan line y and scan line y '  in Fig. 3-36 is 
identified by noting the position of the intersecting edges relative to the scan line. 
For scan line y, the two intersecting edges sharing a vertex are on opposite sides 
of the scan line. But for scan line y', the two intersecting edges are both above the 
scan line. Thus, the vertices that require additional processing are those that have 
connecting edges on opposite sides of the scan line. We can identify these vertices 
by tracing around the polygon boundary either in clockwise or counterclockwise 
order and observing the relative changes in vertex y coordinates as we move 
from one edge to the next. If the endpoint y values of two consecutive edges mo- 
notonically increase or decrease, we need to count the middle vertex as a single 
intersection point for any scan line passing through that vertex. Otherwise, the 
shared vertex represents a local extremum (minimum or maximum) on the polv- 
gon boundary, and the two edge intersections with the scan line passing through 
that vertex can be added to the intersection list. 

Filprrrr 3-36 
Intersection points along scan lines that intersect polygon vertices. Scan 
line y generates an odd number of intersections, but scan line y' 
generals an even number of intersections that can be paired to identify 
correctly the interior pixel spans. 
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one intersection or two is to shorten some polygon edges to split those vertices Filled-Area Primitives 

that should be counted as  one intersection. We can process nonhorizontal edges 
around the polygon boundary in the order specified, either clockwise or counter- 
clockwise. As we process each edge, we can check to determine whether that 
edge and the next nonhorizontal edge have either monotonically increasing or 
decreasing endpoint y values. If so, the lower edge can be shortened to ensure 
that only one mtersection point is generated for the scan line going through the 
common vertex joining the two edges. Figure 3-37 illustrates shortening of an 
edge. When the endpoint y coordinates of the two edges are increasing, the y 
value of the upper endpoint for the current edge 1s decreased by 1, as in Fig. 
3-37(a). When the endpoint y values are monotonically decreasing, as in Fig. 
3-37(b), we decrease they coordinate of the upper endpoint of the edge following 
the current edge. 

Calculations performed in scan-conversion and other graphics algorithms 
typically take advantage of various coherence properties of a scene that is to be 
displayed. What we mean by coherence is simply that the properties of one part 
of a scene are related in some way to other parts of the scene so that the relation- 
ship can be used to reduce processing. Coherence methods often involve incre- 
mental calculations applied along a single scan line or between successive scan 
lines. In determining edge intersections, we can set u p  incremental coordinate 
calculations along any edge by exploiting the fact that the slope of the edge is 
constant from one scan line to the next. Figure 3-38 shows two successive scan 
lines crossing a left edge of a polygon. The slope of this polygon boundary line 
can be expressed in terms of the scan-line intersection coordinates: 

Since the change in y coordinates between the two scan lines is simply 

P P 
/ / 

/ / 4% Scan Line y + 1 -+r Scan Line y 
/ 

I r Scan Lme y - 1 
/ / 

d I{ 

(a1 (b) 

Figure 3-37 
Adjusting endpomt I/ values for a polygon, as we process edges in  order 
around the polygon perimeter. The edge currently being processed is 
indicated as a solid line. In (a), they coordinate of the upper endpoint of 
the current edge is decreased by 1. In tb), they coordinate of the upper 
endpoint of the next edge is decreased by 1. 



Chaoler 3 

Output Pr~rnilives 
( x ,  . ,, Y k .  11 A Scan Line y, + 1 

d- \ 
Scan Line y,  

Figrtrc 3-38 
Two successive scan lines 
tntersecting a polygon boundary. 

the x-intersection value xi,, on the upper scan line can be determined from the 
x-intersection value x k  on the preceding scan line as 

Each successive x intercept can thus be calculated by adding the inverse of the 
slope and rounding to the nearest integer. 

An obvious parallel implementation of the fill algorithm is to assign each 
scan line crossing the polygon area to a separate processor. Edge-intersection cal- 
culations are then performed independently. Along an edge with slope m, the in- 
tersection xk value for scan line k above the initial scan line can be calculated as 

In a sequential fill algorithm, the increment of x values by the amount l / n i  
along an edge can be accomplished with integer operations by recalling that thc 
slope m is the ratio of two integers: 

where Ax and Ay are the differences between the edge endpoint x and y coordi- 
nate values. Thus, incremental calculations of x intercepts along an edge for suc 
cessive scan lines can be expressed as 

Using this equation, we can perform integer evaluation of the x intercepts by ini- 
tializing a counter to 0, then incrementing the counter by the value of Ax each 
time we move up  to a new scan line. Whenever the counter value becomes equal 
to or greater than Ay, we increment the current x intersection value by 1 and de- 
crease the counter by the value Ay. This procedure is equivalent to maintaining 
integer and fractional parts for x intercepts and incrementing the fractional part 
until we reach the next integer value. 

As an example of integer incrementing, suppose we have an edge with 
slope rn = 7/3. At the initial scan line, we set the counter to 0 and the counter in- 
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Figu rc 3-39 
A polygon and its sorted edge table, with e d g e m  shorlened by one unit in they 
direction. 

crement to 3. As we move up to the next three scan lines along this edge, the 
counter is successively assigned the values 3, 6,  and 9. On the third scan line 
above the initial scan line, the counter now has a value greater than 7. So we in- 
crement the x-intersection coordinate by 1, and reset the counter to the value 
9 - 7 = 2. We continue determining the scan-line intersections in this way until 
we reach the upper endpoint of the edge. Similar calcutations are carried out to 
obtain intersections for edges with negative slopes. 

We can round to the nearest pixel x-intersection value, instead of truncating 
to obtain integer positions, by modifying the edge-intersection algorithm so that 
the increment is compared to Ay/2. This can be done with integer arithmetic by 
incrementing the counter with the value 2Ax at each step and comparing the in- 
crement to Ay. When the increment is greater than or equal to Ay, we increase the 
x value by 1 and decrement the counter by the value of 2Ay. In our previous ex- 
ample wGh rrr = 7/3,  the counter valucs for the first few scan lines above the ini- 
tial scan line on this edge would now be 6, 12 (reduced to -2), 4, 10 (reduced to 
-4), 2, 8 (reduced to -6), 0, 6, and 12 (reduced to - 2). Now x would be incre- 
mented on scan lines 2, 4, 6, 9, etc., above the initial scan line for this edge. The 
extra calculations required for each edge are 2Ax = dl + Ax and 2Ay = A ~ - +  Ay. 

To efficiently perform a polygon fill, wt can first store the polygon bound- 
ary in a sorted edge table that contains a11 the information necessary to process the 
scan lines efficiently. Proceeding around the edges in either a clockwise or a 
counterclockwise order, we can use a bucket sort to store the edges, sorted on the 
smallest y value of cach edge, in the correct scan-he positions. Only nonhorizon- 
tal edges are entered into the sorted edge table. As the edges are processed, we 
can also shorten certain edges to resolve the vertex-~ntersection question. Each 
entry in the table for a particular scan line contains tht! maximum yvalue for that 
edge, the x-intercept value (at the lower vertex) for the edge, and the inverse 
slope of the edge. For each scan line, the edges are in sorted order from left to 
nght. F~gure 3-39 shows a polygon and the associated sorted edge table. 



Chdpter 3 Next, we process the scan lines from the bottom of the polygon to its top, 
OUIPUI Prlm~tiv~s producing an nrtivr r d ~ c .  lisf for each scan line crossing thc polygon boundaries. 

The active edge list for a scan line contains all edges crossed by that scan line, 
with iterative coherence calculations used to obtain the edge inte;sections. 

Implementation of edge-intersection calculations tan also be facilitated by 
storing Ax and ly values in the sorted edge table. Also, to ensure that we cor- 
rectly fill the interior of specified polygons, we can apply the considerations dis- 
cussed in Section 3-10. For each scan line, we fill in the pixel spans for each pair 
of x-intercepts starting from the leftmost x-intercept value and ending at one po- 
sition before the rightnlost r intercept. And each polygon edge can be shortened 
by one unit in they direction at the top endpoint. These measures also guarantee 
that pixels in adjacent polygons will not overlap each other. 

The following procedure performs a solid-fill scan conversion For an input 
set of polygon vertices. For each scan line within the vertical extents of the poly- 
gon, an active edge list is set up and edge intersections are calculated. Across 
each scan line, the interior fill is then applied between successive pairs of edge 
intersections, processed from left to right.- 

- 

Pinclude "device.h" 

typedef struct tEdge { 

int yupper; 
float xlntersect. dxPerScan; 
struct tEdge * next; 

1 Edge: 

. '  Inserts edge into list in order of increas.ng x1n;essect field. * I  

void insertEdge (Edge ' list, Edge edge) 
{ 

Edge ' p .  ' q = list; 

p = q->next; 
while ( p  ! =  NULL) i 

i f  (edge->xIntersect < p->xIntersectl 
p : NULL; 

else { 

9 = P: 
p = p->next; 

1 
1 
edge->next = q->next; 
q->next = edge; 

1 

: '  For an index, return y-coordinate of next nonhorizontal li?e ' /  
lnt yNext (int k, int cnt, dcPt * p t s )  
i 

int j :  



j++; 
return (pts[j 1 . y) ; 

I 

/ '  Srore lower-y coordiaate and inverse slope for each edge. Adjust 
and store upper-y coordinate for edges that are the lower member 
of a monotonic all\^ ixreasing or decreasing pair of edges '/ 

void makeEdgeRec 
(dcPt lower, dcPt upper, int yComp, Edge ' edge, Edge edges[]) 

( 
edge-~dxPerScan = 

(float)   upper.^ - 1ower.x) / (upper.y - 1ower.y); 
edge-~xIntersect = 1orer.x; 
if (upper.y < yComp) 
edge->yUpper = upper.y - 1: 

else 
edge->yUpper = upper.y; 

insertEdge (edges [lower. yl , edge) ; 
1 

void buildEdgeList (int cnt, dcPt pts, Edge ' edges[]) 
( 
Edge ' edge: 
dcPr vl, v2; 
int i, yPrev = pts[cnt - 21 .Y; 

v1.x = pts[cnt-l1.x; v1.y = ptstcnt-l1.y; 
for (i=O; i<cnt: i++) { 
v2 = ptslil; 
if Iv1.y ! =  v2.y) ( /' nonhorizontal line '/ 
edge = (Zdge * )  malloc (sizeof (Edge)); 
if (v1.y < v2.y) / +  up-going edge * /  
makeEdgeRec (vl, v2, yNext (i, cnt, pts), edge, edges) ; 

else /' down-going edge * /  
mdkeEdgeRec (v2, vl , yPrev, edge, edges) : 

I 

void buildActiveList (int scan, Edge ' active, Edge ' edges[]) 
( 

p = edges[scanl->next; 
while (p)  { 

q = p->next; 
insertEdge (active, p); 
P = g; 

I 
1 

void fillscan lint scan, Edge ' active) 

Edge * pl, p2 ; 
int i; 

pl = active->next; 
while (pl) ( 
p2 = pl->next; 



for i1=pl-,xI1tersect; 1cg2-zx1nterr:ect; - + + )  

setpixel i iintl i, scan); 
pl = p2->next; 

void deleteAfter (Edge ' ql 
( 

q->next = p->next; 
free ( p )  : 

I '  Delete completed edges. Update 'xIntersect' field Eor others ' /  1 ;oid updateActiveList iint scan. Edge activrl 

I while lp) 
if (scan >= p->yUpper) I 
p p->next; 
deleLrAfter iq): 

else ( 
p->x~ntersect = p->xintersect + p->dxPer.;can: 

p = p->next; 

void rescrtActiveList (Edge active) 

Edge q. ' p = active->next : 

active->next : NULL; 
while (p)  ( 

q = p->next; 
insertEdge (active, p); 
P = 9; 

i 
) 

void scanFill (int cnt, dCPt ' pts) 1 ( 
Edge * edges [WINDOW-HEIGHT1 , + actlve; 
inc i. scan; 

for (i=O; icWINCOW-HEIGHT; i + + )  ( 
edgesli] = (Edge ' I  malloc ( s i z e o f  (Edge)); 
edgesiii->next NULL; 

buildEdgeList (cnt, pts, edges); 
active = (Edge ' 1  malloc (sizeof (Edge)); 
active->next = NULL; 

for (scan=O; scan<WINWW-HEIGHT; scan++) ( 
buildActiveList (scan, active, edges); 
if (actlve->next) ( 
fillscan (scan, active); 
updateActlveList (scan, active) ; 
ressrtActiveLisc (active); 

I 



1 
/+  Free edge records that have been malloc'ed . . .  ' I  

Inside-Outside Tests 

Area-filling algorithms and other graphics processes often need to identify inte- 
rior regions of objects. So far, we have discussed area filling only in terms of stan- 
dard polygon shapes. In elementary geometry, a polygon is usually defined as 
having no self-intersections. Examples of standard polygons include triangles, 
rectangles, octagons, and decagons. The component edges of these objects are 
joined only at the vertices, and otherwise the edges have no common points in 
the plane. Identifying the interior regions of standard polygons is generally a 
straightforward process. But in most graphics applications, we can specify any 
sequence for the vertices of a fill area, including sequences that produce intersect- 
ing edges, as in Fig. 3-40. For such shapes, it is not always clear which regions of 
the xy plane we should call "interior" and which regions we should designate as 
"exterio!" to the object. Graphics packages normally use either the odd-even rule 
or the nonzero winding number rule to identify interior regions of an object. 

We apply the odd-even rule, also called the odd parity rule or the even- 
odd rule, by conceptually drawing a line from any position P to a distant point 
outside the coordinate extents of the object and counting the number of edge 
crossings along the line. If the number of polygon edges crossed by this line is 
odd, then P is an interior point. Otherwise, P is an exterior point. To obtain an ac- 
curate edge count, we must be sure that the line path we choose does not inter- 
sect any polygon vertices. Figure 340(a) shows the interior and exterior regions 
obtained from the odd-even rule for a self-intersecting set of edges. The scan-line 
polygon fill algorithm discussed in the previous section is an example of area fill- 
ing using the odd-even rule. 

Another method for defining interior regions is the nonzero winding num- 
ber rule, which.counts the number of times the polygon edges wind around a 
particular point in the counterclockwise direction. This count is called the wind- 
ing number, and the interior points of a two-dimensional object are defined to be 

Nonnm W~nding Number Rule 

Ibl 

Figure 3-40 
Identifying interior and exterior regions for a self-intersecting polygon. 



Chapter 3 those that have a nonzeru value for the winding number. We apply the nonzero 
Output Prtmitives winding number rule to polygons by initializing the winding number tu C and 

again imagining a line drawn from any position P to a distant point bcjoi ... the 
coordinate extents of the object. The line we choose must not pass through any 
vertices. As we move along the line from position P to the distant point, we count 
the number of edges that cross the line in each direction. We add 1 to the winding 
number every time we intersect a polygon edge that crosses the line from right to 
left, and we subtract 1 every time we intersect an edge that crosses from left to 
right. The final value of the winding number, after all edge crossings have been 
counted, determines the relative position of P. If the winding number is nonzero, 
P is defined to be an interior point. Otherwise, P is taken to be an exterior point. 
Figure 3-40(b) shows the interior and exterior regions defined by the nonzero 
winding number rule for a self-intersecting set of edges. For standard polygons 
and other simple shapes, the nonzero winding number rule and the odd-even 
rule give the same results. But for more complicated shapes, the two methods 
may yield different interior and exterior regions, as in the example of Fig. 3-40. 

One way to determine directional edge crossings is to take the vector cross 
product of a vector u along the line from P to a distant point with the edge vector 
E for each edge that crosses the line. If the z'component of the cross product 
u X E for a particular edge is positive, that edge crosses from right to left and we  
add 1 to the winding number. Otherwise, the edge crosses from left to right and 
we subtract 1 from the winding number. An edge vector is calculated by sub- 
tracting the starting vertex position for that edge from the ending vertex position. 
For example, the edge vector for the first edge in the example of Fig. 3-40 is 

where V, and V, represent the point vectors for vertices A and B. A somewhat 
simpler way to compute directional edge cmssings is to use vector dot products 
instead of cross products. To d o  this, we set up  a vector that is perpendicular to u 
and that points from right to left as we look along the line from P in the direction 
of u. If the components of u are (u, ,  u,), then this perpendicular to u has compo- 
nents (-u,, u,) (Appendn A). Now, if the dot product of the perpendicular and 
an edge vector is positive, that edge crosses the line from right to left and we add  
1 to the winding number. Otherwise, the edge crosses the h e  from left to right, 
and we subtract 1 from tho winding number. 

Some graphrcs packages use the nonzero wind~ng number rule to ~mple-  
ment area filling, since it is more versatile than the odd-even rule. In general, ob- 
jects can be defined with multiple, unconnected sets of vertices or disjoint sets of 
closed curves, and the direction specified for each set can be used to define the 
interior regions of objects Exanlples include characters, such as letters of the nl- 
phabet and puwtuation symbols, nested polygons, and concentric circles or el- 
lipses. For curved lines, the odd-even rule is applied by determining intersec- 
tions with the curve path, instead of finding edge intersections. Sin~ilarly, w ~ t h  
the nonzero winding number rule, we need to calculate tangent vectors to the 
curves at the crossover intersection points with the line from position P. 

Scan-Line Fil l  of Cirrvtd Bnunr1~1.y Arens 

In general, scan-line f i l l  n! regions with curved boundarie requires more work 
than polygon filling, siwe intersection calculationi now involve nonlinear 
boundaries. For simple curves such as circles or ellipses, perform~ng a scan-line 
fill is a straightforward process. We only need to calculate the two scan-line Inter- 



sections ~n opposite sides ot the curve. This is the same as generating pixel posi- 
tions along the curve boundary, and we can do that with the midpoint method- 
Then we simply fill in the horizontal pixel spans between the boundary points on 
opposik sii'es of the curve. Symmetries between quadrants (and between octants 
for circles) are used to reduce the boundary calculations. 

Similar methods can be used to generate a fill area for a curve section. An 
elliptical arc, for example, can be filled as in Fig. 341. The interior region is 
boundd by the ellipse section. and a straight-line segment that closes the curve 
by joining the begmnmg and-ending positions of the arc. Symmetries and incre- 
mental calculations are exploited whenever possible to reduce computations. 

Boundary-Fill Algorithm 

Another approach to area filling is to start at a point inside a region and paint the 
interior outward toward the boundary. If the boundary is specified in a single 
color, the fill algorithm proceeds outward pixel by pixel until the boundary color 
is encountered. This method, called the boundary-till algorithm, is particularly 
useful in interactive painting packages, where interior points are easiiy selected. 
Using a graphics tablet or other interactive device, an artist or designer can 
sketch a figure outline, select a fill color or pattern from a color menu, and pick 
an interior point. The system then paints the figure interior. To display a solid 
color region (with no border), the designer can choose the fill color to be the same 
as the boundary color. 

A boundary-fill procedure accepts as input the coordinates of an interior 
point ( x ,  y), a fill color, and a boundary color. Starting from (x, y), the procedure 
tests neighboring positions to determine whether they are of the boundary color. 
If not, they are painted with the fill color, and their neighbors are tested. This 
process continues until all pixels up to the boundary color for the area have been 
tested. Both inner and outer boundaries can be set up to specify an area, and 
some examples of defining regions for boundary fill are shown in Fig. 3-42. 

Figure 3-43 shows two methods for proceeding to neighboring pixels from 
the current test position. In Fig. 343(a), four neighboring points are tested. These 
are the pixel positions that are right, left, above, and below the current pixel. 
Areas filled by this method are called konnected. The second method, shown in 
Fig. 3-43(b), is used to fill more complex figures. Here the set of neighboring posi- 
tions to be tested includes the four diagonal pixels. Fill methods using this ap- 
proach are called &connected. An 8conneded boundary-fill algorithm would 
correctly fill the interior of the area defined in Fig. 3-44, but a 4-connected bound- 
ary-fill algorithm produces the partial fill shown. 

Figrirc 3-42 
Example color boundaries for a boundary-fill procedum. 

Fipre  3-41 
Interior fill of an elliptical arc 

Figure 3-43 
Fill methods applied to a 
4-connected area (a) and to an 
8-connected area (b). Open 
circles represent pixels to be 
tested from the current test 
position, shown as a solid 
color 

1 2 7  



Chapter 3 The following procedure illustrates a recursive method ror filling a 4- 
Output Primitives connected area with an intensity specified in parameter f ill u p  to a boundary 

color specified with parameter boundary. We can extend this procedure to fill an 
Sconnected -ion by including four additional statements to test diagonal 
positions, such i s  ( x  + 1, y + 1). 

void boundaryFill4 (int x, int y, int fill, int boundary) 
( 
int current: 

current = getpixel (x, y); 
if ((current ! =  boundary) && (current ! =  fill)) { 

setcolor (fill) ; 
setpixel (x, y): 
boundary~ill4 (x+l, y, fill, boundary); 
boundaryFill4 (x-1, y, fill, boundary) : 
boundaryFill4 (x, y+l, fill, boundary); 
boundaryFill4 ( x ,  y-1, fill, boundary) ; 

) 
1 

Recursive boundary-fill algorithms may not fill regions correctly if some in- 
terior pixels are already displayed in the fill color. This occurs because the algo- 
rithm checks next pixels both for boundary color and for fill color. Encountering 
a pixel with the fill color can cause a recursive branch to terminate, leaving other 
interior pixels unfilled. To avoid this, we can first change the color of any interior 
pixels that are initially set to the fill color before applying the boundary-fill pro- 
cedure. 

Also, since this procedure requires considerable stacking of neighboring 
points, more efficient methods are generally employed. These methods fill hori- 
zontal pixel spans across scan lines, instead of proceeding to 4-connected or 
8-connected neighboring points. Then we need only stack a beginning position 
for each horizontal pixel span, instead of stacking all unprocessed neighboring 
positions around the current position. Starting from the initial interior point with 
this method, we first fill in the contiguous span of pixels on this starting scan 
line. Then we locate and stack starting positions for spans on the adjacent scan 
lines, whew spans are defined as the contiguous horizontal string of positions 

Star! Position 

(a l  

- - .  - 
Figure 3-44 
The area defined within the color boundan (a) is only 
partially filled in (b) using a 4-connected boundary-fill 
algorithm. 



Filled Pixel Spans Stacked Positions 

Figme 3-45 
Boundary fill across pixel 
spans for a 4-connected area. 
(a) The filled initial pixel 
span, showing the position of 
the initial point (open circle) 
and the stacked positions for 
pixel spans on adjacent scan 
lines. (b) Filled pixel span on 
the first scan line above the 
initial scan Line and the 
current contents of the stack. 
(c) Filled pixel spans on the 
first two scan lines above the 
initial xan line and the 
current contents of the stack. 
(d) Completed pixel spans for 
the upper-right portion of the 
defined region and the 
remaining stacked positions 
to be processed. 



Chapter 3 bounded by pixels displayed in the area border color. At each subsequent step, 
Output Primitives we unstack the next start position and repeat the process. 

An example of how pixel spans could be filled using this approach is illus- 
trated for the 4-connected fill region in Fig. 3-45. In this example, we first process 
scan lines successively from the start line to the top boundary. After all upper 
scan lines are processed, we fill in the pixel spans on the remaining scan lines in 
order down to the bottom boundary. The leftmost pixel position for each hori- 
zontal span is located and stacked, in left to right order across successive scan 
lines, as shown in Fig. 3-45. In (a) of this figure, the initial span has been filled, 
and starting positions 1 and 2 for spans on the next scan lines (below and above) 
are stacked. In Fig. 345(b), position 2 has been unstacked and processed to pro- 
duce the filled span shown, and the starting pixel (position 3) for the single span 

. . .  on the next scan line has been stacked. After position 3 is processed, the filled 
spans and stacked positions are as shown in Fig. 345(c). And Fig. 3-45(d) shows 
the filled pixels after processing all spans in the upper right of the specified area. 

Figure 3-46 Position 5 is next processed, and spans are filled in the upper left of the region; 
An area defined within then position 4 is pcked u p  to continue the processing for the lower scan lines. 
multiple color boundaries. 

Flood-Fill Algorithm 

Sometimes we want to fill in (or recolor) an area that is not defined within a sin- 
gle color boundary. Figure 3-46 shows an area bordered by several different color 
regions. We can paint such areas by replacing a specified interior color instead of 
searching for a boundary color value. This approach is called a flood-fill algo- 
rithm. We start from a specified interior point ( x ,  y) and reassign all pixel values 
that are currently set to a given interior color with the desired fill color. If the area 
we want to paint has more than one interior color, we can first reassign pixel val- 
ues so that all interior points have the same color. Using either a Cconnected or 
8-connected approach, we then step through pixel positions until all interior 
points have been repainted. The following procedure flood fills a konnected re- 
gion recursively, starting from the input position. 

vo iQf loodFi l l4  ( i n t  x ,  i n t  y ,  i n t  f i l l c o l o r ,  i n t  o l d c o l o r )  
f 

i f  ( g e t p i x e l  (x .  y )  = =  o l d c o l o r )  ( 
s e t c o l o r  ( f i l l c o l o r ) ;  
s e t p i x e l  ( x ,  y ) :  
floodFill4 ( x + l ,  y ,  f i l lColor ,  o ldColor ) :  
f loodf i l l4  (x-1 ,  y ,  f i l l c o l o r ,  o l d c o l o r ) ;  
floodPill4 ( x ,  y + l ,  f i l l c o l o r ,  o l d c o l o r ) ;  
floodFill4 ( x ,  y-1 ,  f i l lColor ,  o l d c o l o r ) ;  

1 

We can modify procedure f loodFill4 to reduce the storage requirements 
of the stack by filling horizontal pixel spans, as discussed for the boundary-fill al- 
gorithm. In this approach, we stack only the beginning positions for those pixel 
spans having the value oldcolor . The steps in this modified flood-fill algo- 
rithm are similar to those illustrated in Fig. 3 4 5  for a boundary fill. Starting at 
the first position of each span, the pixel values are replaced until a value other 
than oldcolor is encountered. 



3-1 2 Section 3-1 2 -- 
FILL-AREA FUNCTIONS FIl-Arca Funct~ons 

We display a filled polygon in PHlGS and GKS wirh the function 

fillArea ( n ,  wcvertices) 

The displayed polygon area is bounded by a series of n straight line segments 
connecting the set of vertex positions specified in w c v e r t i c e s .  These packages 
d o  not provide fill functions for objects with curved boundaries. 

lmplementntion of the f i l l A r e a  function depends on the selected type of 
interior fill. We can display the polygon boundary surrounding a hollow interior, 
or we can choose a solid color or pattern fill with no border for the display of the 
polygon. For solid fill, the f i l l A r e a  function is implemented with the scan-line 
fill algorithm to display a single color area. The various attribute options for dis- 
playing polygon fill areas in I'HlGS are discussed In the next chapter. 

Another polygon primitive available in PHlGS is f i l l A r e a S e t .  This func- 
t ~ o n  allows a series of polygons to be displayed by specifying the list of,vertices 
for each polygon. Also, in other graphics packages, functions are often provided 
for displaying a variety of commonlv used fill areas besides general polygons. 
Some examples are f i l l R e c t a n g l e ,  f i l l C i r c l e ,  f i l l C i r c l e A r c ,  f i l l -  
E l l i p s e , a n d  f i l L E l l i p s e A r c .  

- ~- 

C E L L  ARRAY 

The cell array is a pnmitive that allows users to display an arbitmq shape de- 
fined as a two-dimensional grid pattern. A predefined matrix of color values is 
mapped by this function onto a specified rectangular coordinate region. The 
PHIGS wrsion of this function is 

ivhere co;ornrrcly is the n by m matrix of integer color values and w c p o i n t s  
lists the limits of the rectangular coordinate region: (xmin, ymn) and ix,,,, y,,,). 
Figi~re 3-47 shows the distribution of the elements of the color matrix over the CQ- 

ordinate rectangle. 
Each coordinate cell in  Flg. 3-47 has width (x,,, - x , , ) / n  and height 

(ymax - yn,,,J/m. Pixel color values are assigned according to the relative positions 
of the pixel center coordinates I f  the center of a pixel lies within one of the n by m 
coordinate cells, that pixel is assigned the color of the corresponding element in 
the matrix c o l o r A r r a y .  

3-1 4 
(:HAKA('TEK GENERATION 

Letters, numbers, and other characters can be displilyed in a variety of sizes and 
stvles. The overall design style for a set (or family) of characters is called a type- 



Figure 3-47 
Mapping an n by m -11 array into a rectangular coordinate region. 

face. Today, there are hundreds of typefaces available for computer applications. 
Examples of a few common typefaces are Courier, Helvetica, New York, Palatino, 
and Zapf Chancery. Originally, the term font referred to a set of cast metal char- 
acter forms in a particular size and format, such as 10-point Courier Italic or 12- 
point Palatino Bold. Now, the terms font and typeface are often used inter- 
changeably, since printing is no longer done with cast metal forms. 

Typefaces (or fonts) can be divided into two broad groups: m'f and sans 
serif. Serif type has small lines or accents at the ends of the main character 
strokes, while sans-serif type does not have accents. For example, the text in this 
book is set in a serif font (Palatino). But this sentence is printed in a sans-serif font 
(Optima). Serif type is generally more readable; that is, it is easier to read in longer 
blocks of text. On the other hand, the individual characters in sans-serif type are 
easier to rpcognize. For this reason, sans-serif type is said to be more legible. Since 
sans-serif characters can be quickly recognized, this typeface is good for labeling 
and short headings. 

Two different representations are used for storing computer fonts. A simple 
method for representing the character shapes in a particular typeface is to use 
rectangular grid patterns. The set of characters are then referred to as a bitmap 
font (or bitmapped font). Another, more flexible, scheme IS to describe character 
shapes using straight-line and curve sections, as in PostScript, for example. In 
this case, the set of characters is called an outline font. Figure 3-48 illustrates the 
two methods for character representation. When the pattern in Fig. 3-48(a) is 
copied to an area of the frame buffer, the 1 bits designate which pixel positions 
are to be displayed on the monitor. To display the character shape in Fig. 3-48(b), 
the interior of the character outline must be filled using the scan-lime fill proce- 
dure (Sedion 3-11). 

Bitmap fonts are the simplest to define and display: The character grid only 
needs to be mapped to a frame-buffer position. In general, however, bitmap fonts 



require more space, because each variation (size and format) must be stored in a 
font cache. It is possible to generate different sizes and other variations, such as 
bold and italic, from one set, but this usually does not produce good results. 

In contrast to bitrnap fonts, outline fonts require less storage since each vari- 
ation does not require a distinct font cache. We can produce boldfae, italic, or 
different sizes by n~anipulating the curve definitions for the character outlines. 
But it does take more time to process the outline fonts, because they must be scan 
converted into the frame buffer. 

A character string is displayed in PHIGS with the following function: 

text (wcpoint, string) 

Parameter string is assigned a character sequence, which is then displayed at 
coordinate position wcpoint = (x, y). For example, the statement 

text (wcpoint, "Popula~ion Distribution") 

along with the coordinate specification for wcpoint., could be used as a label on 
a distribuhon graph. 

Just how the string is positioned relative to coordinates (x, y) is a user o p  
tion. The default is that (x, y) sets the coordinate location for the lower left comer 
of the first character of the horizontal string to be displayed. Other string orienta- 
tions, such as vertical, horizontal, or slanting, are set as attribute options and will 
be discussed in the next chapter. 

Another convenient character function in PHIGS is one that pIaces a desig- 
nated character, called a marker symbol, at one or more selected positions. This 
function is defined with the same parameter list as in the line function: 

polymarker (n, wcpoints) 

A predefined character is then centered at each of the n coordinate positions in 
the list wcpoints. The default symbol displayed by polymarker depends on the 

Section 3-14 

Character Generation 

Figure 3-48 
The letter B represented in (a) with an 8 by 8 bilevel bihnap pattern and 
in (b) with an outliie shape defined with straight-line and curve 
segments. 
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Figure 3-49 
---+ x Sequence of data values plotted 

with thepol marker  function. 

particular imp!ementatio~~, but we assume for now that an asterisk is to be used. 
Figure 3-49 illustrates plotting of a data set with the statement 

polymarker (6 ,  w r p o i n t s )  

SUMMARY 

The output primitives discussed in this chapter provide the basic tools for con- 
structing pictures with straight lines, curves, filled areas, cell-amay patterns, and 
text. Examples of pictures generated with these primitives are given in Figs. 3-50 
and 3-51. 

Three methods that can be used to plot pixel positions along a straight-line 
path are the DDA algorithm, Bresenham's algorithm, and the midpoint method. 
For straight lines, Bresenham's algorithm and the midpoint method are identical 
and are the most efficient Frame-buffer access in these methods can also be per- 
formed efficiently by incrementally calculating memory addresses. Any of the 
line-generating algorithnij can be adapted to a parallel implementation by parti- 
tioning line segments. 

Circles and ellipse can be efficiently and accurately scan converted using 
midpoint methods and taking curve symmetry into account. Other conic sec- 
tions, parabolas and hyperbolas, can be plotted with s~milar methods. Spline 
curves, which are piecewise continuous polynomials, are widely used in design 
applications. Parallel implementation of curve generation can be accomplished 
by partitioning the curve paths. 

To account for the fact that displayed l ~ n e s  and curves have finite widths, 
we must adjust the pixel dimensions of objects to coincide to the specified geo- 
metric dimensions. This can be done with an addressing scheme that references 
pixel positions at their lower left corner, or by adjusting line lengths. 

Filled area primitives in many graphics packages refer to filled polygons. A 
common method for providing polygon fill on raster systems is the scan-line fill 
algorithm, which determines interior pixel spans across scan lines that intersect 
the polygon. The scan-line algorithm can also be used to fill the interior of objects 
with curved boundaries. Two other methods for filling the interior regions of ob- 
jects are the boundary-fill algorithm and the flood-fill algorithm. These two fill 
procedures paint the interior, one pixel at a time, outward from a specified inte- 
rior point. 

The scan-line fill algorithm is an example of fillirg object interiors using the 
odd-even rule to locate the interior regions. o ther  methods for defining object in- 
teriors are also w f u l ,  particularly with unusual, self-intersecting objects. A com- 
mon example is the nonzero winding number rule. This rule is more flexible than 
the odd-even rule for handling objects defined with multiple boundaries. 



Figure 3-50 
A data plot generated with straight 
line segments, a curve, ci\rcles (or 
markers), and text. ? h f t e s y  of 
Wolfmrn h r c h ,  Inc., The M a h  of 
M a l h t i c a . J  

Additional primitives available in graphics packages include cell arrays, 
character strings, and marker symbols. Cell arrays are used to define and store 
color patterns. Character strings are used to provide picture and graph labeling. 
And marker symbols are useful for plotting the position of data points. 

Table 3-1 lists implementations for some of the output primitives discussed 
in this chapter. 

TABLE 3-1 
OUTPUT PRIMITIVE IMPLEMENTATIONS 

typedef struct ( float x ,  y; ) wcPt2; 
Defines a location in 2-dimensional world-coordinates. 

ppolyline tint n, wcPt2 pts) 
Draw a connected sequence of n-1 line segments, specified in pts . 

pCircle (wcPt2 center, float r) 
Draw a circle of radius r at center. 

ppillarea (int n, wcPt2 pts) 
Draw a filled polygon with n vertices, specified in pts . 

pCellArray (wcPt2 pts, int n, int m,'int colors) 
Map an n by m array of colors onto a rectangular area defined by pts . 

pText (wcPt2 position, char ' txt) 
Draw the character string txt at position 

Figure 3-51 
An electrical diagram drawn 
with straight line sections, 
circle., filled rectangles, and 
text. (Courtesy oJ Wolfram 
Rcsmrch, Inc., The h4aker of 
rnthonrrtia7.J 

ppolymarker (int n, wcPt2 pts) 

Draw a collection of n marker svmbols at pts. 



Output Primitives 
Here, we p m t  a few example programs illustrating applications of output 
primitives. Functions listed in Table 3-1 are defined in the header file graph- 
ics. h, along with the routines openGraphics, closeGraphics, setcolor, 
andsetBackground. 

The first program produces a line graph for monthly data over a period of 
one year. Output of this procedure is drawn in Fig. 3-52. This data set is also used 
by the second program to produce the bar graph in Fig. 3-53 . 

(include <stdio.h> 
(include 'graphica.h' 

Cdehne WINM)W-WIDTH 6 0 0  
#define WINDOWNDOWHEIGHT 500 
/ *  Ainount of space to leave on each side of the chart * /  
#define MARGIN-WIDTH 0 , 0 5  ' WINDOW-WIDTH 
#define N-DATA 12 

typedef enum 
( Jan. Feb. Mar. Apr, May. Jun. Jul, Aug, Sep, Oct, Nov, Dec ) Months: 

char monthNames[N-DATA] = ( 'Jan'. 'Feb', 'Mar', 'Apr', 'May', 'JUn', 
'Jul'. 'Aug', 'sep'. 'Oct', 'NOV', 'Dec" ) ;  

int readData (char infile, float + data) 
I 
int fileError = FALSE; 
FILE ' fp;  
Months month: 

if ( ( f p  = fopen (inFiie. 'r')) == NULL) 
fileError = TRUE; 

else ( 
for (month = Jan: month <= Dec: month++) 

fscanf ( f p ,  '%fa, Ldatalmonthl); 
•’close (fp) : 

return 4fileError) ; 
i 

void linechart (floclt ' data) 
[ 
wcPt2 dataPos[N-DATA], labelpos; 
Months in: 
float mWidth = (WINDOW-WIDTH - 2 MARGIN-WIDTH) / N-DATA; 
int chartBottom = 0.1 WINDOW-HEIGHT; 
int offset = 0 . 0 5  WINLXX-HEIGHT; / ' Space between data and labels ' i  
int labellength = 24: / ' Assuminq bed-width 8-pixel characters '/ 

1abelPos.y = chartBottom: 
for (m = Jan; m c =  Dec; m++) 1 

/ *  Calculate x and y positions for data markers * /  
dataPosIm1.x = MARGIN-WIDTH + m mWidth + 0.5 ' mwidth: 
dataPoslm1.y = chartBottom + offset + data(m1; 
/ *  Sh;ft the label to the left by one-half its length * /  
1abelPos.x = dataPos1ml.x - 0 . 5  ' labellength; 
pText (labelPos, monthNames[ml): 

1 
ppolyline (N-DATA, dataPosl ; 
ppolymarker (N-DATA, datapos); 



Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec 

Figrrre 3-52 
A line plot of data points output by 
the linechart procedure. 

I void main lint argc. char * *  argvi 

float data[N-DATA]; 
int dataError = FALSE; 
long windowID; 

if (argc < 2 )  ( 
fprintf (stderr, 'Usage: 0s dataFileName\n". argv[Ol); 
exit 0 ;  

) 
dataError : readhta largvlll, data); 
if (dataError) ( 
fprintf (stderr. "0s error. Can't read file %s\n'. argv[ll); 
exit 0; 

windowID = openGraphics ('argv, WINDOW-WIDTH. WINDOWJEIGHT): 
setEackground (WHITE1 ; 
setcolor (BLACK): 
linechart (data) ; 
sleep (10); 
closeGraphics (windowID); 

1 

void barchart (float ' data) I {  wcPt2 dataPos[41, labelpas; 
Months m; 
float x, mWidth = (WINDOW-WIDTH - 2 MARGIN-WIDTH) / N-DATA; 
int chdrtBotLom = 0.1 WINDOW-HEIGHT; 
int offset = 0.05 WINDOw-HEIGHT; / *  Space between data and labels * /  
int labelLength = 24; /' Assuming futed-width 8-pixel characters * I  

1abelPos.y = chartBottom; 
for (m = Jan; m <= Dec; m++) { 

/ '  Find the center of this month's bar ' /  
x = MARGIN-WIDTH + rn mWidth + 0.5 mWidth; 

/ '  Shift the label to the left by one-half its assumed length * I  
1abelPos.x = x - 0.5 labellcngth; 
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Jan Feb Mar Apr M a y  JG ~i Aug Sep Oct Nov & 

F i p r c  1-53 
A bar-chart plot output by the 
barchart procedure. 

i' Get the coordinates for this month's bar ' I  

dataFosi0l.x = dataPos:3l.x = x - 0.5 ' lsbellength; 
dataFos[ll.x = daraPosl2l.x = x + 0.5 la3eiLengch; 
dataFos[Ol.y = dataPosll1.y = chartBottom offset; 
dataFosI2l.y = dataPosl3].y = charcBottom t offset + datalm]; 
pFillArea 1 4 ,  dataPos) ; 

1 

Pie charts are used to show the percentage contribution of individual parts 
to the whole. The next procedure constructs a pie chart, M ith the number and rel- 
ative size of the slices determined by input. A sample output from this procedure 
appears in Fig. 3-54. 

void pieCharc (float * data) 
( 

wcPt 2 pts [ 2 I , center; 
float rajius = WINDOW-HEIGHT / 4.0; 
float ne.&lice, total : 0.0, lastslice = 0 0. 
Months month; 

cente1.x = WIND3d-WIDTH / 2; 
 center.^ = WINCOX-HEIGHT / 2: 
pCircle Icentrr, radius) ; 
for (month = .Jan; month <= Dec; manch+t) 
total +: data[nonth]; 

ptsl0l.x =  center.^; ptsl0l.y =  center.^; 
for (month = Jan; month <= Dec; montht+) ( 

newSi~ce = TWO-PI ' dataImonth1 / tocal 4 lastslice; 
ptsil1.x =  center.^ + radius ' cosf (newS1ic.-): 
ptsIl1.y = center.y + radius * sinf (newS11ce); 
ppolyline ( 2 ,  pts): 
lastslice = ne;uSlice; 

) 
I 



Some variations on the circle equations are output by this next procedure. 
The shapes shown in Fig. 3-55 are generated by varying the radius r of a circle. 
Depending on how we vary r, we can produce a spiral, cardioid, limaqon, or 
other similar figure 

#defule TWO-PI 6.28 

/ -  Limacon equation is r = a * ccsitheta) b. Cardioid is the same, 
with a == b, so r : a * (1 t cos{theta)! 

, 
~ypedef e n m  ( spiral, cardioid, threeleat. fourleaf, limacon Fig; 

void drawCurlyFig (Fig figure, wcPt2 pos, int ' p) 
( 
float r, theta = 0.0. dtheta = 1.0 / (float) p101; 
int nPoints -- (int) ceilf (TWO-PI ' p1011 + 1; 
wcPt2 ' p:; 

i t  ((pt = ,wcPt2 ' )  malloc (nPolnts ' size05 (wcPt2))) =: NULL) ( 
fprlnt f (stderr, "Couldn't allocace pc:;ts\nW) : 
re:urn, 

I 

/ *  Set R r s r  point for figure ' /  
pt[Ol . y  = p0s.y; 
switch (figure) ( 
rasespiral: pt[O].x=pos.x; break; 
case limacon: pt[Ol.x = p0s.x p[01 +  ill; break; 
case cardioid: pt[Ol .x = p0s.x t p[O] ' 2 ;  break; 
case threeleaf: pt[Ol .x = pos.x + p(O1: break; 
cascfourLeaf: pr[Ol.x=pos.x+.pIOl; break; 
) 

npoixts = i; 
while (theta < TWO-PI) { 

switch (figure) { 
case spiral: r = p[Ol ' tketa; break; 
casc lirnacon: r = p[Ol ' cosf (theta) + p[ll; break; 
case cardioid: r = p101 (1 + cosf (tteta)); break; 
case threeleaf: r = p101 ' cosf ( 3  . theta): break; 
case fourleaf: r = p[01 ' cosf I 2  * theta); break; 
1 
pt[nPointsl.x = p0s.x t r ' cosf (thrtd,: 
ptlnPoints1.y = p0s.y + r * sin•’ (theta), 
nPainrs++; 
theta += dtheta: 

1 

ppolyllne (nroints. pt) : 
free (pt); 

1 

void main (int argc, char *. arp) 
( 



Figure 3-55 
Curved figures produced with the drawshape procedure. 

Figure 3-54 
Output generated from the 
piechart procedure. 

long windowID = openGraphics ('argv, 400, 1001; 
Fig f; 
/ *  Center positions for each fqure '/ 
wcPt2 centerll = ( 50. 50. 100, 50, 175. 50, 250, 50, 300, 50 1 ;  

/ +  Parameters ta define each figure. First four need one parameter. 
Fifth figure (limacon) needs two. * /  

int p[5] [2] = ( 5 ,  -1, 20. -1, 30, -1. 30, - 1 ,  40. 10 ) :  

setBackground (WHITE) ; 
setcolor (BLACK); 
for (•’=spiral; f<=limacon: f++) 
drawCurlyFig ( f .  centerrf], p[f]); 

sleep 110); 
c:oseGraphics (windowID) ; 

1 
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EXERCISES 

3-1. Implement the polyl ine function using the DDA algorithm, given any number (n) of 
input pants. A single point is to be plotted when n = 1. 

3-2. Extend Bresenham's line algorithm to generate lines with any slope, taking symmetry 
between quadrants into account, Implement the polyline function using this algorithm 
as a routine that displays the set of straight lines connecting the n input points. For 
n = 1, the rowtine displays a single point. 



3-3. Dev~se a consistent scheme for implement~ng the polyline funct~on, for any set of 
input line endpoints, using a modified Bresenhani line algorithm so that geometric trenrises 
magnitudes are maintained (Section 3-1 0). 

3-4. Use the midpoint method to derive decision parameters for generating points along a 
straight-line path with slope in the range 0 < rn < 1 .  Show that the midpoint decision 
parameters are the same as those in the Bresenham line algorithm. 

3-5. Use the midpoint method to derive decision parameters that can be used to generate 
straight line segments with any slope. 

3-6. Set up a parallel version of Bresenham's line algorithm for slopes in the range 0 < m 
< 1. 

3-7. Set up a parallel version of Bresenham's algorithm for straight lines of any slope. 

3-8. Suppose you have a system with an 8-inch by l0.inch video monitor that can display 
100 pixels per inch. If memory is orgamzed in one-byte words, the starting frame- 
buffer address is 0, and each pixel is assigned one byte of storage, what is the frame- 
buffer address of the pixel with screen coordinates (>, v)? 

3-9. Suppose you have a system with an &inch by 10-~nch video monitor that can display 
100 pixels per inch. If memory is organized in one-byte words, the starting frame- 
buffer address is 0, and each pixel is assigned 6 bits of storage, what IS the frame- 
buffer address (or addresses) of the pixel with screen coordinates (x, y)? 

3-10. Implement the s e t p i x e l  routine in Bresenham's l ~ne  algorithm using iterative tech- 
niques for calculating frame-buffer addresses (Section 3-3). 

3-1 1 .  Rev~se the midpoint circle algorithm to display v) that geometric magnitudes are 
maintained (Section 3-10). 

3-1 2 .  Set up a procedure for a parallel implementation of the midpoint circle algorithm. 

3-1 3. Derive decision parameters for the midpoint ell~pse algorithm assuming the start posi- 
tion is (r, ,  0) and points are to be generated along the curve path in counterclockwise 
order. 

3-1 4. Set up a procedure for a parallel implementation of the midpoint ellipse algorithm 

3-1 5. Devise an efficient algorithm that takes advantage of symmetry propertie to display a 
sine function. 

3-16. Dcvisc an efficient algorithm, taking function symmetry into account, to display d plo~ 
of damped harmonic motion: 

y - Ae-" sin (ox'+ 0) 

where w is the angular frequency and 0 is the phase of the sine function. Plot y as a 
function of x for several cycles of Ihe sine function or until the maximum amplitude is 
reduced to A/10. 

3-1 7. Using the midpoint method,-md taking symmetry into account, develop an efficient 
algorithm for scan conversion of the follow~ng curve over the Interval -10 5 x 5 10: 

3-1 8. Use the midmint method and symmetry considerations to scan convert the parabola 

over the interval - 10 I x 5 10. 

1-19. Use the midpoint method and symmetry considerations to scan convert the parabola 

forthe interval -10 5 y 5 10. 



Chapter J 3-20. Set up a midpoint algorithm, taking symmetry considerat~ons into account to scan 
Output Prim~lives convert any parabola of th? form 

with input values for parameters a, b, and the range of u 

3-21.  Write a program to $can convert the interior of a specified ell~pse Into a solid color. 

3-22. Devise an algorithm for determining interior regions for any input set of vertices using 
the nonzero winding number rule and cross-product calculations to identify the direc- 
tion of edge crossings 

3-23. Devise an algor~thm ic~r determ~ning interior regions for any input set of vertices using 
the nonzero winding number rule and dot-product calculations to identify the direc- 
tion of edge crossings. 

3-24. Write a prcedure (01 filling the interior of any specif~cd set of "polygon" vertices 
using the nonzero winding number rule to identify interior regions. 

3-25.  Modily the boundaly-(ill algorithm for a 4-connected region to avoid excessi~e stack- 
ing by incorporating scan-line methods. 

3-26. Write a boundary-fill procedure to fill an 8-connected region. 

3-27. Explain how an ellipse displayed with the midpoint method could be properly filled 
with a boundary-fill algorithm. 

3-28. Develop and mplenent a flood-fill algorithm to fill the interior of any specified area. 

3-29. Write a routine to implement the t e x t  function. 

3-30. Write a routine to implement the polymarker function 

3-31. Write a program to display a bar graph using the p o l y l i n e  function. lnput to the 
program is to include :he data points and thc labeling reqi~ired for the x and y axes. 
The data points are to be scaled by the program so that the graph i s  displayed across 
the full screen area. 

3-32. Write a Drogram to d~splay a bar graph in any selected sclren area. Use the p o l y -  
l i n e  function to draw the bars. 

3-33 Write a procedure to display a line graph lor any input sel ol data points in any se- 
lected area of the scrrtn, with the input dam set scaled to f ~ t  the selected screen area. 
Data points are to be displayed as asterisks joined with straight line segments, and the 
x and y axes are to be labeled according to input speciiica~~ons. (Instead of asterisks. 
small circles or some orher symbols could be used to plot the data points.) 

3-34. Using d c i r c l e  function, write a routine todisplay a ple chart with appropriate label- 
ing. lnput to the routine is to include a data set giving the distribution of the data over 
some set of intervals, the name of the pie chart, and the names of the intervals. Each 
section label IS to be displayed outside the boundary of the pie chart near the corre- 
sponding pie section. 





I n general, any parameter that affects the way a primitive is to be displayed is 
referred to as an attribute parameter Some attribute parameters, such as 

color and size, determine the fundamental characteristics of a primitive. Others 
specify how the primitive is to be displayed under special conditions. Examples 
of attributes in this class include depth information for three-dimensional view- 
ing and visibility or detectability options for interactive object-selection pro- 
grams. These special-condition attributes will be considered in later chapters. 
Here, we consider only those attributes that control the basic display properties 
of primitives, without regard for special situations. For example, lines can be dot- 
ted or dashed, fat or thin, and blue or orange. Areas might be filled with one 
color or with a multicolor pattern. Text can appear reading from left to right, 
slanted diagonally across the screen, or in vertical columns. Individual characters 
can be displayed in different fonts, colors, and sizes. And we can apply intensity 
variations at the edges of objects to smooth out the raster stairstep effect. 

One way to incorporate attribute options into a graphics package is to ex- 
tend the parameter list associated with each output primitive function to include 
the appropriate attributes. A linedrawing function, for example, could contain 
parameters to set color, width, and other properties, in addition to endpoint coor- 
dinates. Another approach is to maintain a system list of current attribute values. 
Separate functions are then included in the graphics package for setting the cur- 
rent values in the attribute list. To generate an output primitive, the system 
checks the relevant attributes and invokes the display routine for that primitive 
using the current attribute settings. Some packages provide users with a combi- 
nation of attribute functions and attribute parameters in the output primitive 
commands. With the GKS and PHIGS standards, attribute settings are accom- 
plished with separate functions that update a system attribute list. 

4-1 
LINE ATTRIBUTES 

Basic attributes of a straight line segment are its type, its width, and its color. In 
some graphics packages, lines can also be displayed using selected pen or brush 
options. In the following sections, we consider how linedrawing routines can be 
modified to accommodate various attribute specifications. 

Line Type 

Possible selections for the line-type attribute include solid lines, dashed lines, 
and dotted lines. We modify a linedrawing algorithm to generate such lines by 
setting the length and spacing of displayed solid sections along the line path. A 
dashed line could be displayed by generating an interdash spacing that is equal 
to the length of the solid sections. Both the length of the dashes and the interdash 
spacing are often specified as user options. A dotted line can be displayed by 



generating very short dashes with the spacing equal to or greater than the dash 4-1 

size. Similar methods are used to produce other line-type variations. Lme Attributes 

To set line type attributes in a PHICS application program, a user invokes 
the function 

setLinetype ( I t )  
where parameter 1 t is assigned a positive integer value of 1,2,3, or 4 to generate 
lines that are, respectively, solid, dashed, dotted, or dash-dotted. Other values for 
the line-type parameter It could be used to display variations in the dotdash 
patterns. Once the line-type parameter has been set in a PHKS application pro- 
gram, all subsequent line-drawing commands p d u c e  lines with this Line type. 
The following program segment illustrates use of the linetype command to 
display the data plots in Fig. 4-1. 

Winclude <stdio.h> 
#include "graphics.h' 

#define MARGIN-WIDTH 0.05 ' WINDOW-WIDTH 

int readData (char ' inFile, float data) 
( 
int fileError = FALSE; 
FILE fp; 
int month; 

if ((fp = Eopen (inFile, 'r")) == NULL) 
fileError = TRUE; 

else t 
for (month=O; month<l2; month++) 
Escanf (fp, "%f" . &data[monthl) ; 

•’close (fp); 
) 
return (fileError1; 

1 

void chartData (float data, pLineType lineme) 
( 
wcpt2 pts [l21: 
float monthwidth = (WIh?X)W-WIDTH - 2 ' MARGIN-WIDTH) / 12; 
int i: 

Eor (i=O: i<12; i + + l  [ 
pts[i].x = MARGIN-WIDTH + i monthwidth + 0.5 ' monthwidth; 
ptslil .y = datali]; 

1 

int main (int argc, char * '  argv) 
( 
long windowIO = openGraphics ( 'arw,  WINDOWNDOWWIDTX. WINDOW-HEIGHT); 
float datatl21; 

setBackground (WHITE); 
setcolor (BLUE);  
readllata ("../data/datal960', data); 
chartData (data, SOLID) ; 
readData ('../data/datal970", data); 
chartData (data, DASHED) : 
readData ("../data/datal980", data); 
chartData (data, DOTTED) ; 
sleep (10) ; 
closeGraphics (windowlD) ; 

1 
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plbthng three data sets with three 
differenr line types, as output by the 
che r t  ca ta procedure. 

Raster line algor~thnis display line-type attr~butes by plotting pixel spans. 
For the various dashcxl, dotted, and dot-dashed pattern..,, the line-drawing proce- 
dure outputs sections of contiguous pixels along the line path, skipping over a 
number of intervening pixels between the solid spans. Pixel counts for the span 
length and interspan spacing can be specified in a pixel mask, which is a string 
containing the digits I and 0 to indicate which positions to plot along the line 
path. The mask 1111000, ior instance, could be used to display a dashed line with 
a dash length of four ptxels and an interdash spacing uf three pixels. On a bilevel 
system, the mask gives Ihe bit values that should be loaded into the frame buffer 
along the line path to display the selected line type. 

Plotting dashes I&-ith a fixed number of pixels t.aw~lts in unequal-length 
dashes for different lints orientations, as illustrated in Fig. 4-2. Both dashes shown 
are plotted with four pixels, but the diagonal dash is longer by a factor of fi. For 
precision drawings, dash lengths should remain approximately constant for any 
line orientation. To accomplish this, we can adjust the pxel counts for the solid 
spans and interspan spacing according to the line slope. In Fig. 4-2, we can dis- 
play approximately eyrld-length dashes by reducing the diagonal dash to three 

a pixels. Another method for maintaining dash length is tc) treat dashes as indi\.id- 
ual line segments. Endpoint coordinates for each dash are located and passed to 

l a )  the line routine, which then calcvlates pixel positions aloilg the dash path. 

.me. Line Width 

(b)  Implementation of line- width options depends on the mpabilities of the output 
-- - - - - - - device. A heavy line on ..I \kieo monitor could bc displayed as adjacent parallel 

r i p r e  4-2 lines, while a pen plotter mght  require pen changes. As with other PHIGS a t t i b  
Unequal-length dashes utes, a line-width coninlmd is used to set the current line-width value in the at- 
dis~layed with the sanic tribute list. This value 15 then used by line-drawing algorithms to ~ o n t r o l  the 
number of pixels. th~ckness of lines generated with subsequent output primitive commands 

We set the line-wdth attribute with the command: 

Line-width parameter lr. is assigned a positive number to indicate the relative 
width of the line to be d ~ y i a y e d .  A value of 1 specifies a .;tandard-width line. On 
n pen plotter, for instance, a user could set lw to a \.slue of 0.5 to plot a line 
whose width is half that of the standard line. Values greater than 1 produce lines 
thicker than the standard. 



For raster implementation, a standard-width line is generated with single %ion 4-1 

pixels at each sample position, as in the Bresenham algorithm. Other-width link l ine  Amibutes 

are displayed as positive integer multiples of the standard line by plotting addi- 
tional pixels along adjacent parallel line paths. For lines with slope magnitude 
less than 1, we can modify a line-drawing routine to display thick lines by plot- 
ting a vertical span of pixels at each x position along the line. The number of pix- 
els in each span is set equal to the integer magnitude of parameter lw.  In Fig. 4-3, 
we plot a double-width line by generating a parallel line above the original line 
path. At each x gmpling position, we calculate the corresponding y coordinate 
and plot pixels with screen coordinates ( x , ' y )  and (x ,  y+l). -We display lines with 
1w 2 3 by alternately plotting pixels above and below the single-width line path. 

For lines with slope magnitude greater than 1, we can plot thick lines with 
horizontal spans, alternately picking u p  pixels to the right and left of the line 
path. This scheme is demonstrated in Fig. 4-4, where a line width of 4 is plotted 
with horizontal pixel spans. 

Although thick lines are generated quickly by plotting horizontal or vertical 
pixel spans, the displayed width of a line (measured perpendicular to the line 
path) is dependent on its slope. A 45" line will be displayed thinner by a factor of 
1 / ~  compared to a horizontal or vertical line plotted with the same-length 
pixel spans. 

Another problem with implementing width options using horizontal or 
vertical pixel spans is that the method produces lines whose ends are horizontal 
or vertical regardless of the slope of the line. This effect is more noticeable with 
very thick lines. We can adjust the shape of the line ends to give them a better a p  
pearance by adding line caps (Fig. 4-5). One lund of line cap is the butt cap ob- 
tained by adjusting the end positions of the component parallel lines so that the 
thick line is displayed with square ends that are perpendicular to the line path. If 
the specified line has slope m, the square end of the thick line has slope - l / m .  
Another line cap is the round cap obtained by adding a filled semicircle to each 
butt cap. The circular arcs are centered on the line endpoints and have a diameter 
equal to the line thickness. A third type of line cap is the projecting square cap. 
Here, we simply extend the line and add butt caps that are positioned one-half of 
the line width beyond the specified endpoints. 

Other methods for producing thick Lines include displaying the line as a 
filled rectangle or generating the line with a selected pen or brush pattern, as dis- 
cussed in the next section. To obtain a rectangle representation for the line 

. . -- - 
Figure 4-3 
Double-wide raster line with slope I ml < 1 generated with 
vertical pixel spans. 



Figure 4-4 
Raster line with slope lm l > 1 
and line-width parameter lw = 4 
plotted wrth horizontal pixel spans. 

boundary, we calculate the posltion of the rectangle vertices along perpendicu- 
lars to the line path so that vertex coordinates are displaced from the line end- 
points by one-half the line width. The rectangular linc then appears as in Fig. 
4-5(a). We could then add round caps to the filled rectangle or extend its length to  
display projecting square caps. 

Generating thick polylines requires some additional considerations. In gen- 
eral, the methods we have considered for displaying a single line segment will 
not produce a smoothly connected series of line segments. Displaying thick lines 
using horizontal and vertical pixel spans, for example, leaves pixel gaps at the 
boundaries between lines of different slopes where there is a shift from horizon- 
tal spans to vertical spans. We can generate thick polylines that are smoothly 
joined at the cost of additional processing at the segment endpoints. Figure 4-6 
shows three possible methods for smoothly joining two line segments. A miter 
jo~n is accomplished by extending the outer boundaries of each of the two lines 
until they meet. A round join is produced by capping the connection between the 
two segments with a circular boundary whose diameter is equal to the line 

I'igure 4-5 
Thick lines drawn with (a! butt caps, (b) mund caps, and (c) projecting 
square caps 



Figure 4-6 
Thick line segments connected with (a) miter join, [b) round join, and (c) 
beveI join. 

width. And a bezlel join is generated by displaying the line segments with butt 
caps and filling in the triangular gap where the segments meet. If the angle be- 
tween two connected line segments is very small, a miter join can generate a long 
spike that distorts the appearance of the polyline. A graphics package can avoid 
this effect by switching from a miter join to a bevel join, say, when any two con- 
secutive segments meet at a small enough angle. 

Pen and Brush Options 

With some packages, lines can be displayed with pen or brush selections. Op- 
tions in this category include shape, size, and pattern. Some possible pen or 
brush shapes are given in Fig. 4-7. These shapes can be stored in a pixel mask 
that identifies the array of pixel positions that are to be set along the line path. 
For example, a rectangular pen can be implemented with the mask shown in Fig. 
4-8 by moving the center (or one corner) of the mask along the line path, as in 
Fig. 4-9. To avoid setting pixels more than once in the frame buffer, we can sim- 
ply accumulate the horizontal spans generated at each position of the mask and 
keep track of the beginning and ending x positions for the spans across each scan 
line. 

Lines generated with pen (or brush) shapes can be displayed in various 
widths by changing the size of the mask. For example, the rectangular pen line in 
Fig. 4-9 could be narrowed with a 2 X2 rectangular mask or widened with a 4 X 4  
mask. Also, lines can be displayed with selected patterns by superimposing the 
pattern values onto the pen or brush mask. Some examples of line patterns are 
shown in Fig. 4-10. An additional pattern option that can be provided in a paint 
package is the display of simulated brush strokes. Figure 4-11 illustrates some 
patterns that can be displayed by modeling different types of brush strokes. 

Cine Color 

When a system provides color (or intensity) options, a parameter giving the cur- 
rent color index is included in the list of system-attribute values. A polyline rou- 
tine displays a line in the current color by setting this color value in the frame 
buffer at pixel locations along the line path using the setpixel procedure. The 
number of color choices depends on the number of bits available per pixel in the 
frame buffer. 

We set the line color value in PHlCS with the function 
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Figr~w 4-7 
Penand brush shapes for linc display. 

Nonnegative integer values, corresponding to allowed color choices, are assigned 
to the line color parameter lc. A line drawn in the background color is invisible, 
and a user can erase a previously displayed line by respecifying it in the back- 
ground color (assuming the line does not overlap more than one background 
color area). 

An example of the uie of the various line attribute commands in an applica- 
'ions program is given by the following sequence of statements: 

setlinetns 12 1 ; 
setLinewiCthScaleFactor ( 2 : ;  
set~olylir.eColourIndex ( 5 )  ; 
polyline ( n l  , wcpolntsl) : 

set~olyline~:clourIndex ( 6 1  ; 
polyline in7 wcpoints?) : 

This program segment would d~splay two figures, dr'lwn with double-wide 
dashed lines. The first is displayed in a color corresponding to code 5, and the 
second in color 6. 



Figure 4-8 
(a) A pixel mask for a rectangular 
pen, and (b) the associated array of 
pixels displayed by centering the 
mask over a specified pixel 
position. 

Figure 4-9 
Generating a line with the pen 

I I I I I I  shape of Fig. 4-8. 

- 
Fipw 4-10 
C w e d  Lines drawn with a paint program using various shapes and 
patterns. From left to right, the brush shapes are square, round, 
diagonal line, dot pattern, and faded airbrush. 
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Figure 4-11 
A daruma doll, a symbol of good . 
fortune in Japan, drawn by 
computer artist Koichi Kozaki using 
a paintbrush system. Daruma dolls 
actually come without eyes. One 
eye is painted in when a wish is 
made, and the other is painted in 
when the wish comes hue. 
(Courtesy of Wacorn Technology, Inc.) 

4-2 
CURVE ATTRIBUTES 

Parameters for curve attributes are the same as those for line segments. We can 
display curves with varying colors, widths, dotdash patterns, and available pen 
or brush options. Methods for adapting curve-drawing algorithms to accommo- 
date attribute selections are similar to those for line drawing. 

The pixel masks di-ssed for implementing line-type options are also used 
in raster curve algorithms to generate dashed and dotted patterns. For example, 
the mask 11100 produces the dashed circle shown in Fig. 4-12. We can generate 
the dashes in the various odants using circle symmetry, but we must shift the 
pixel positions to maintain the correct sequence of dashes and spaces as we move 
from one octant to the next. Also, as in line algorithms, pixel masks display 
dashes and interdash spaces that vary in length according to the slope of the 
curve. If we want to display constant-length dashes, we need to adjust the num- 
ber of pixels plotted in each dash as we move around the circle circumference. ln- 
stead of applying a pixel mask with constant spans, we plot pixels along equal 
angular arcs to produce equal length dashes. 

Raster curves of various widths can be displayed using the method of hori- 
zontal or vertical pixel spans. Where the magnitude of the curve slope is less than 
1, we plot vertical spans; where the slope magnitude is greater than 1, we plot 
horizontal spans. Figurr 4-13 demonstrates this method for displaying a circular 
arc of width 4 in the first quadrant. Using circle symmetry, we generate the circle 
path with vertical spans in the octant from x = 0 to x = y, and then reflect pixel 
positions about thdine y = x to obtain the remainder of the curve shown. Circle 
sections in the other quadrants are obtained by reflecting pixel positions in the 



first quadrant about the coordinate axes. The thickness of curves displayed with k h n  4-2 

this method is again a function of curve slope. Circles, ellipses, and other curves Curve Attributes 

will appear thinnest where the slope has a magnitude of 1. 
Another method for displaying thick curves is to fill in the area between 

two parallel curve paths, whose separation distance is equal to the desired width. 
We could d o  this using the specdied curve path as  one boundary and setting up 
the second boundary either inside or outside the original curve path. This a p  
proach, however, shifts the original curve path either inward or outward, de- 
pending on which direction we choose for the second boundary. We can maintain 
the original curve position by setting the two boundary curves at a distance of 
one-half the width on either side of the speclfied curve path. An example of this 
approach is shown in Fig. 4-14 for a circle segment with radius 16 and a specified 
width of 4. The boundary arcs are then set at a separation distance of 2 on either 
side of the radius of 16. To maintain the proper dimensions of the cirmlar arc, as  
discussed in Section 3-10, we can set the radii for the concentric boundary arcs at 
r = 14 and r = 17. Although this method is accurate for generating thick circles, 
in general, it provides only an approximation to the true area of other thick 

- 
Figure 4-12 
A dashed circular arc displayed 
with a dash span of 3 pixels and an 
interdash spacing of 2 pixels. 

Figurc 4-13 
Circular arc of width 4 plotted with 
pixel spans. 
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Figure 4-14 
A circular arc of width 4 and radius 
16 displayed by filling the region 
between two concentric arcs. 

Figure 4- 13 
Circular arc displayed with 
rectangular pen. 

curves. For example, the inner and outer boundaries of a fat ellipse generated 
with this method d o  not have the same foci. 

Pen (or brush) displays of curves are generated using the same techniques 
discussed for straight line segments. We replicate a pen shape along the line path, 
as llustrated in Fig. 4-15 for a circrular arc in the first quadrant. Here, the center of 
the rectangular pen is moved to successive curve positions to produce the curve 
shape shown. Curves displayed with a rectangular pen in this manner will be 
thicker where the magnitude of the curve slope is 1. A uniform curve thickness 
can be displayed by rotating the rectangular pen to align it with the slope direc- 
tion as we move around the curve or by using a circular pen shape. Curves 
drawn with pen and bmsh shapes can be displayed in different sizes and with 
superimposed patterns or simulated brush strokes. 

- - 
COLOR A N D  GRAYSCALE LEVELS 

Various color and intensity-level options can be made available to a user, de- 
pending on the capabilities and design objectives of a particular system. General- 
purpose raster-scan systems, for example, usually provide a wide range of colors, 
while random-scan monitors typically offer only a few color choices, if any. Color 



options are numerically'coded with values ranging from 0 through the positive 
integers. For CRT monitors, these color codes are then converted to intensity- 
level settings for the electron beams. With color plotters, the codes could control 
ink-jet deposits or pen selections. 

In a color raster system, the number of color choices available depends on 
the amount of storage provided per pixel in the frame buffer Also, color-informa- 
tion can be stored in the frame buffer in two ways: We can store color codes di- 
rectly in the frame buffer, or we can put the color codes in a separate table and 
use pixel values as an index into this table. With the direct storage scheme, when- 
ever a particular color code is specified in an application program, the corre- 
sponding binary value is placed in the frame buffer for each-component pixel in 
the output primitives to be displayed in that color. A minimum number of colors 
can be provided in t h ~ ~  scheme with 3 bits of storage per pixel, as shown in Table 
41.  Each of the three bit positions is used to control the intensity level (either on 
or off) of the corresponding electron gun in an RGB monitor. The leftmost bit 
controls the red gun,- the middle bit controls the green gun, and the rightmost bit 
controls the blue gun. Adding more bits per pixel to the frame buffer increases 
the number of color choices. With 6 bits per pixel, 2 bits can be used for each gun. 
This allows four diffewnt intensity settings for each of the three color guns, and a 
total of 64 color values are available foreach screen pixel. With a G l u t i o n  of 
1024 by 1024, a full-color (24bit per pixel) RGB system needs 3 megabytes of 
storage for the frame buffer. Color tables are an alternate means for providing ex- 
tended color capabilities to a user without requiring large frame buffers. Lower- . - -  
cost personal computer systems, in particular, often use color tables to reduce 
frame-buffer storage requirements. 

Color Tables 

Figure 4-16 illustrates a possible scheme for storing color values in a color 
lookup table (or video lookup table), where frame-buffer values art- now used 
as indices into the color table. In this example, each pixel can reference any one of 
the 256 table positions, and each entry in the table uses 24 bits to spec* an RGB 
color. For the color code 2081, a combination green-blue color is displayed for 
pixel location ( x ,  y). Systems employing this particular lookup table would allow 

TABLE 4-1 
THE EIGHT COLOK CODES FOR A THKEE-BIT 
PER PIXEL FRAME BUFFER 

Stored Color Values Displayed 
Color in Frame Buffer Color 

Code RED GREEN BLUE 

0 Black 
1 Blue 
0 Green 
1 Cyan 
0 Red 
1 Magenta 
0 Yellow 
1 White 

Seawn 4-3 
Color and Cravscale Levels 



Charnerd a user to select any 256 colors for simultaneous display fmm a palette of nearly 
Attributes of Output Primitives 17 million colors. Comuared to a fullalor svstem. this scheme reduces the num- 

ber of simultaneous cdlors that can be dispiayed,. but it also reduces the frame- 
buffer storage requirements to 1 megabyte. Some graphics systems provide 9 bits 
per pixel in the frame buffer, permitting a user to select 512 colors that could be 
used in each display. 

A user can set color-table entries in a PHIGS applications program with the 
function 

setColourRepresentation (ws,  c i ,  colorptrl 

Parameter ws identifies the workstation output device; parameter c i  speclhes 
the color index, which is the color-table position number (0 to 255 for the ewm- 
ple in Fig. 4-16); and parameter colorptr points to a hio of RGB color values (r, 
g, b)  each specified in the range from 0 to 1. An example of possible table entries 
for color monitors is given in Fig. 4-17. 

There are several advantages in storing color codes in a lookup table. Use of 
a color table can pmvide a "reasonable" number of simultaneous colors without 
requiring Iarge frame buffers. For most applications, 256 or 512 different colors 
are sufficient for a single picture. Also, table entries can be changed at any time, 
allowing a user to be able to experiment easily with different color combinations 
in a design, scene, or graph without changing the attribute settings for the graph- 
ics data structure. Similarly, visualization applications can store values for some 
physical quantity, such as energy, in the frame buffer and use a lookup table to 
try out various color encodings without changing the pixel values. And in visual- 
ization and image-processing applications, color tables are a convenient means 
for setting color thresholds so that all pixel values above or below a specified 
threshold can be set to the same coldr. For these reasons, some systems provide 
both capabilities for color-code storage, so that a user can elect either to use color 
tables or to store color codes directly in the frame buffer. 

Color 
Lookup 

I I - To Eiur Gun 

-- 

Figure 4-16 
A color lookup table with 24 bits per entry accessed fmm a frame buffer with 8 bits per 
pixel. A value of 196 stored at pixel position (x ,  y) references the location in this table 
containing the value 2081. Each 8-bit segment of this entry controk the intensity level of 
one of the three electron guns in an RGB monitor. 
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Color and Graywale Levels 
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Figure 4-17 
Workstation color tables. 

Crayscale 

With monitors that have no color capability, color hmctions can be used in an ap- 
plication program to set the shades of gray, or grayscale, for displayed primi- 
tives. Numeric values over the range from 0 to 1 can be used to specify grayscale 
levels, which are then converted to appropriate binary codes for storage in the 
raster. This allows the intensity settings to be easily adapted to systems with dif- 
fering grayscale capabilities. 

Table 4-2 lists the specifications for intens~ty codes for a four-level gray- 
scale system. In this example, any intensity input value near 0.33 would be stored 
as the binary value 01 in the frame buffer, and pixels with this value would be 
displayed as dark gray. If additional bits per pixel are available in the frame 
buffer, the value of 0.33 would be mapped to the nearest level. With 3 bits per 
pixel, we can accommodate 8 gray levels; while 8 bits per pixel wbuld give us 256 
shades of gray. An alternative scheme for storing the intensity information is to 
convert each intensity code directly to the voltage value that produces this gray- 
scale level on the output device in use. 

When multiple output devices are available at an installation, the same 
color-table interface may be used for all monitors. In this case, a color table for a 
monochrome monitor can be set up  using a range o f  RGB values as in Fig. 4-17, 
with the display intensity corresponding to a given color index c i  calculated as 

intensity = 0.5[min(r, g, b) + max(r, g, b)]  

TABLE 4-2 
INTENSITY CODES FOR A FOUR-LEVEL 
GRAYSCALE SYSTEM 

Intensity Stored Intensity Displayed 
Codes Values In The Cra ysca k 

Frame Buffer (Binary Cod4 

0.0 0 (00) Black 
0.33 1 (01) Dark gray 
0.67 2 (1  0) Light gray 
1 .O 3 (11) White 



Hollow 
(a1 

Figirrc- 4-18 
Polygon fill styles. 

4-4 
AREA-FILL ATTRIBUTES 

Options for filling a defined region include a choice between a solid color or a 
patterned fill and choices for the particular colors and patterns. l3ese fill options 
can be applied to polygon regions or to areas defined with curved boundaries, 
depending on the capabilities of the available package. In addition, areas can be 
painted using various brush styles, colors, and transparency parameters. 

Fi l l  Styles 

Areas are displayed with three basic fill styles: hollow with a color border, filled 
with a solid color, or Wed with a specified pattern or design. A basic fill style is 
selected in a PHIGS program with the function 

Values for the fill-style parameter f s include hollow, solid, and pattern (Fig. 4-18). 
Another value for fill style is hatch, which is used to fill an area with selected 
hatching patterns-parallel lines or crossed lines--as in Fig. 4-19. As with line at- 
tributes, a selected fillstyle value is recorded in the list of system attributes and 
applied to fill the interiors of subsequently specified areas. Fill selections for pa- 
rameter f s  are normally applied to polygon areas, but they can also be imple- 
mented to fill regions with curved boundaries. 

Hollow areas are displayed using only the boundary outline, with the inte- 
rior color the same as the background color. A solid fill is displayed in a single 
color up to and including the borders of the region. The color for a solid interior 
or for a hollow area outline is chosen with 

where fillcolor parameter f c  is set to the desired color code. A polygon hollow 
fill is generated with a linedrawing routine as a closed polyline. Solid fill of a re- 
gion can be accomplished with the scan-line procedures discussed in Section 
3-11. 

Other fill options include specifications for the edge type, edge width, and 
edge color of a region. These attributes are set independently of the fill style or 
fill color, and they provide for the same options as the line-attribute parameters 
(line type, line width, and line color). That is, we can display area edges dotted or 
dashed, fat or thin, and in any available color regardless of how we have filled 
the interior. 

Diagonal 
Hatch Fill 

Diagonal 
Cross.Hatch Fill 

Figure 4-19 
Polygon fill using hatch patterns. 



Pattern Fi l l  

We select fill patterns with 

TABLE 4-3 
A WORKSTATION 

where pattern index parameter p i  specifies a table position. For example, the fol- PATTERN TABLE WITH 

lowing set of statements would fill the area defined in the f i l l n r e a  command US'NC 

with the second pattern type stored in the pattern table: T H E  COLOR CODES OF 
TABLE 4-1  

S e t I n t e r i o r S t y l e  ( p a t t e r n ) ;  
s e t ~ n t e r i o r S t y l e I n d e x  ( 2 ) ;  
f i l l A r e a  (n. p o i n t s ) ;  

Index Pattern 
(pi l ( cp )  

[: :] Separate tables are set up  for hatch patterns. I f  we had selected hatch fill for the 1 

interior style in this program segment, then the value assigned to parameter p i  is 
an index to the stored patterns in the hatch table. 

For fill style pattcm, table entries can be created on individual output de- 
vices with 2 

SetPatternRepresentatlon l w s ,  p . ,  nx, ny, cp)  

Parameter p i  sets the pattern index number for workstation code ws, and cp is a 
two-dimensional array of color codes with nx colunms and ny rows. The follow- 
ing program segment illustrates how this function could be used to set the first 
entry in the pattern table for workstation 1. 

setPatcernRepresentatian ( 3 ,  1. ;. 2 ,  cp); 

Table 4-3 shows the first two entries for this color table. Color array cp in this ex- 
ample specifies a pattern that produces alternate red and black diagonal pixel 
lines on an eight-color system. 

When a color array cp is to be applied to hll a region, we need to specify 
the size of the area that is to be covered by each element of the array. We d o  this 
by setting the rectangular coordinate extents of the pattern: 

s e t p a t t e r n s i z e  (dx ,  dy) 

where parameters dx and dy give the coordinate width and height of the array 
mapping. An example of the coordinate size associated with a pattern array is 
given in Fig. 4-20. If the values for dx and dy in t h ~  figure are given in screen co- 
ordinates, then each element of the color array would be applied to a 2 by 2 
screen grid containing four pixels. 

A reference position for starting a puttern fill 1s assigned with thestatement I-- ~ X = B  -I 

- - - - - . -. . 
setPatcernReferencePoint (positicn) I i ,q111~ 4 -20  

A pattern array with 4 
Parameter posi t  i o n  is a pointer to coordinates ( x p ,  yp) that fix the lower left columns and 3 rows mappd 
comer of the rectangular pattern. From this starting position, the pattern is then to an 8 by 6 coordinate 
replicated in the x and y directions until the defined area is covered by nonover- rectangle 159  



Chapter 4 lapping copies of tlie pattern array. The process of filling an area with a rectangu- 
Attributes of Output Primitives lar pattern is called tiling and rectangular fill patterns are sometimes referred to 

as tiling patterns. Figure 4-21 demonstrates tiling of a triangular fill area starting 
from a pattern reference point. 

To illustrate the use of the pattern commands, the following program exam- 
ple displays a black-and-white pattern in the interior of a parallelogram fill area 
(Fig. 422). The pattern size in this program is set to map each array element to a 
single pixel. 

void patternFil1 0 

wcpta p t s ~ 4 1 ;  
intbwPattern[3][31 = ( 1 ,  0. 0, 0, 1, 1, 1, 0, 0 1 ;  

~SetPatternRepresentation (WS, 8, 3, 3, bwPattern); 

~SetFillAreaInteriorStyle (PATTERN); 
pSetFillAreaPatternIndex (8); 
pSetPatternReferencePoint (14, 11); 

Pattern fill can be implemented by modifying the scan-line procedures dis- 
cussed in Chapter 3 so that a selected pattern is superimposed onto the scan 
lines. Beginning from a specified start position for a pattern fill, the rectangular 
patterns would be mapped vertically to scan lines between the top and bottom of 

Start the fill area and horizontally to interior pixel positions across these scan lines. 
Position Horizontally, the pattern array is repeated at intervals specified by the value of 

size parameter dx. Similarly, vertical repeats of the pattern are separated by inter- 
vals set with parameter dy. This scan-line pattern procedure applies both to poly- 
gons and to areas bounded by curves. 

Ftgure 4-21 
Xlmg an area from a 
designated start position . . ,+ 

Nonoverlapping adjacent 
patterns are laid out to cover 

Plxel 
all scan lines passing through GL.. ,. j :--& $%:+, 

the defined area Posmon * L 4 1 ,  

er 
6 

I 0 1  , !7 1 

Figure 4-22 
A pattern array (a) superimposed on a paraIlelogram fill area to 
produce the display (b). 



IHatcL lill is applied to regions by displaying sets of parallel lines. The fill section4-4 

procedures are implemented to draw either sinfile hatching or cross hatching. S\wa-F~ll A t t d ~ ~ l t . 3  

Spacing and slope for the hatch lines can be set as parameters in the hatch table. 
o n  raster systems, a hatch fill can be specified as a pattern array that sets color 
values for groups of diagonal pixels. 

In many systems, the pattern reference point :'xp, !//I) IS assigned by the sys- 
tem. For instance, the reference point could be set automatically at a polygon ver- 
tex. In general, for any fill region, the reference p n t  can be chosen as the lower 
left corner of the bounding rerlar~gle (or bounding box) determined by the coordi- 
nate extents of the region (Fig. 4-23). To simplify selection of the reference coordi- 
nates, some packages always use the screen coordinate origin as the pattern start 
position, and window systems often set the reference point at the coordinate ori- 
gin of the window. Always setting ( x p ,  yp) at the coordinate origin also simplifies 
the tiling operations when each color-array element of a pattern is to be mapped 
to a single pixel. For example, if the row positions in the pattern array are refer- 
enced in reverse (that is, from bottom to top starting at I), a pattern value is then 
assigned to pixel position (1, y) in screen or window coordinates as 

s e t p i x e l  ( x, y ,  cp(y mod ny + 1 ,  x mod nx + 1) i 

where ny and nx specify the number of rows and number of columns in the pat. 
tern array. Setting the pattern start position at the coordinate origin, however, ef- 
fectively attaches the pattern fi l l  to the screen or window backgmund, rather 
than to the fill regions. Adjacent or overlapping areas filled with the same pattern 
would show no apparent boundary between the areas. Also, repositioning and 
refilling an object with the same pattern can result In a shift in the assigned pixel - .  
values over the object interior. movlng object would appear to be transparent 
against a stationary pattern background, instead oi moving with a fixed interior 
pattern. 

It is also possible tc combine a fill pattern ivith background colors (includ- 
ing grayscale) in various ways. With a b~tmap pattern containing only the digits 1 
and 0, the 0 values could be used as transparency indicators to let the back- 
ground show through. Alternatively, the 1 and 0 digits can be used to fill an inte- 
rior with two-color patterns. In general, color-fill patterns can be combined in 
several other ways with background colors. The pattern and background colors 
can be combined using Boolean operations, or the pattern colors can simply re- 
place the background colors. Figure 4-24 demonstrates how the Boolean and re 
place operations for a 2 by 2 fill pattern would set pixel values on a binary (black- 
and-white) system against a particular background pattern. 

rJJ -. Bounding frxurc 4-2.3 rectangle for a region 
- - -  - - 1  with coordinate extents x,, x,,, 

x y ,,,,, and y,,, in the x and y 
x rn ,h Xma. directions. 
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Pattern Background 

Pixel Values 
. - 

F i p ~  4-24 
Combining a fiJi pattern with a backgrouna pattern using 
Boolean operations, and, or, and ror lexclusiw or), and using 
simple replacement. 

Soft Fill 

Modified boundary-fill and flood-~III procedures that are applied to repaint areas 
so that the fill color is combined with the background colors are referred to as 
soft-till or t i n t 4  algorithms. One use for these fill methods is to soften the fill 
colors at object borders that have been blurred to antialias the edges. Another is 
to allow repainting of a color area that was originally filled with a semitranspar- 
ent brush, where the current color is then a mixture of the brush color and the 
background colors "behind" thearea. In either case, we want the new fill color to 
have the same variations over the area as the current fill color. 

As an example of this type of fill, the linear soft-fill algorithm repaints an 
area that was originally painted by merging a foreground color F with a single 
background color 8, where F + B. Assuming we know the values for F and 8, we 
can determine how these colors were originally combined by checking the cur- 
rent color contents of the frame buffer. The current RGB color P of each pixel 
within the area to be refilled is some linear combination of F and B: 

where the "transparency" factor t has a value between 0 and 1 for each pixel. For 
values of t less than 05, the background color contributes more to the interior 
color of the region than does the fill color. Vector Equation 4-1 holds for'each 



RGB component of the colors, with Section 4-5 

Character Attributes 

P = ( P R ,  PC, PR), F = (FR, Fc, FR), B = (BR, Bc, BB) (4-2)  

We can thus calculate the value of parameter f using one of the RGB color com- 
ponents as 

where k = R,  G, or B; and Fk * Bk. Theoretically, parameter t has the same value 
for each RCB component, but roundoff to integer codes can result in different 
values of f for different components. We can minimize this roundoff error by se- 
lecting the component with the largest difference between F and B. This value of 
I is then used to mix the new fill color NF with the background color, using either 
a modified flood-fill or boundary-fill procedure. 

Similar soft-fill procedures can be applied to an area whose foreground 
color is to be merged with multiple background color areas, such as a checker- 
board pattern. When two background colors B, and B, are mixed with fore- 
ground color F, the resulting pixel color P is 

P = 1•‹F t tlB, t (1 - f, ,  -- tJB2 (4-4; 

where the sum of the coefficients to, t,, and (1 - 1, - t,) on the color terms must 
equal 1. We can set up  two simultaneous equations using two of the three RGB 
color components to solve for the two proportionality parameters, to  and f ,  
These parameters are then used to mix the new fill color with the two back- 
ground colors to obtain the new pixel color. With three background colors and 
one foreground color, or with two background and two foreground colors, we 
nccd all thrcc RCB cquations to obtain the relative amounts of the four colors. 
For some foreground and background color combinations, however, the system 
of two or three RCB equations cannot be solved. This occurs when the color val- 
ucs are all very similar or when they are all proportional to each other. 

CHARACTER ATTRIBUTES 

The appearance of displayed characters is controlled by attributes such as font, 
size, color, and orientation. Attributes can be set Ooth for entire character strings 
(text) and for individual characters defined as  marker symbols. 

There are a great many text options that can be made available to graphics pro- 
grammers. First of all, there is the choice of font (or typeface), which is a set of 
characters with a particular design style such as New York, Courier, Helvetica, 
London, 'Times Roman, and various special symbol groups. The characters in a 
selected font can also be displayed with assorted underlining styles (sox, d,ot- 
ted, double), in boldface, in italics. and in outline or shadow styles. A particular . , . . . . . - 



Chapwr 4 font and associated stvle is selected in a PHlCS program by setting an integer 
.411rihutrsoi Output Pr~nimves code for the text font parameter t f in the function 

Font options can be made a\~ailable a s  predefined sets of grid patterns or as char- 
acter sets designed with polylines and spline curves. 

Color settings for ,displayed text are stored m the system attribute list and 
u s e d  by the procedures that load character definitions into the frame buffer. 
When a character string is to be displayed, the current (color i; used to set pixel 
values in the frame hufier corresponding to the character shapes and positions. 
Control of text color (or intensity) is managed from an application program with 

where text color piramcter t c  specifies an  allowable color code. 
We can a d j ~ ~ s t  text size by scaling theoverall dimensions (height and  width) 

of characters or by scaling only the character width. Character size is specified by 
printers and con7positors in poirrls, where 1 point is 0.013837 inch (or approxi- 
mateJy 1/72 inch). For example, the text you are now reading is a 10-point font 
Point measurements specify the size of the body of a character (Fig. 4-25), hut dif- 
ferent fonts with the same p i n 1  specifications can have different character sirc.5, 
depending on the design of the typeface. The distance between the bottorrrlirie and 
the lopline of the character body is the same for all characters in a particular size 
and typeface, but thr body width may vary. Proportior~olly spaced for~ts assign J 
smaller body width to narrow characters such as i, j, 1, and f compared to hroad 
characters such as W or M. Character heigk: is defined as the distance between thc 
baseline and the cuplint- of characters. Kerned characters, such as f and j in Fig. 
4-25, typically extend beyond the character-body limits, and letters with descend- 
ers (g, j, p, q, y) extend below the baseline. Each character is positioned within 
the character body by ;I font designer to allow suitable spacing along and h~ 
tween print lines when text is displayed with character hodies touching. 

Text size can be adjusted without changing the width-to-height ratio of 
characters with 

character 

kern 

kern 

- , character 

I' body 



Height 1 wctior 4-5 

Height 2 
Character Anr~butes 

H i h 3 l ' i p r c  4-26 
The effect of different character- 
height settings an displayed text 

Parameter ch is assigned a real value greater than 0 to set the coordinate height 
of capital letters: the distance between baseline and capline in user coordinates. 
This setting also affects character-body size, so that the width and spacing of 
characters is adjusted to maintam the same text proportions. For instance, dou- 
bling the height also doubles the character width and the spacing between char- 
acters. Figure 4-26 shows a character string disulaved with three different charac- 
ter heights. 

The width only of text can be set wlth the function 

where the character-width parameter cw IS set ton positive real value that scales 
the body width of characters. Text height is unaffected by this attribute setting. 
Examples of text displayed with different character expansions is given in Fig. 
4-27. 

Spacing between characters is controlled separately with 

where the character-spacing parameter cs can he asslgned any real value. The 
value assigned to cs determines the spacing between character bodes along 
print lines. Negative values for cs  overlap character bodies; positive values in- 
sert space to spread out the displayed characters. Assigning the value 0 to c s  
causes text to be displayed with no space between character bodies. The amount 
of spacing to be applied is determined by mult~plying the value of cs by the 
character height (distance between baseline and capline). In Fig. 4-28, a character 
string is displayed with three different settings for the character-spacing para- 
meter. 

The orientation for a displayed character string is set according to the direc- 
tion of the character up vector: 

setcharacterupvector (upvect ) 

Parameter upvec t in this function is asslgned two vdlues that specify the x and y 
vector components Text is then displayed so that the orientation of characters 
from baseline to capline is in the direction of the up vector. For example, with 
upvect = (I, I), the direction of the up  vector is 45" and text would bedisplayed 
as shown in Fig. 4-29. A procedure for orienting text rotates characters so that the 
sides of character bodies, from baseline to capline, are aligned with the up vector. 
The rotated character shapes are then scan converted into the frame buffer. 

width 1.0 

width 2.0 

Figwe 4-27 
The effect of different 
character-width settingson 
displayed text. 

Spacing 0.0 

S p a c i n g  0 . 5  

S p a c i n g  1 . 0  

Figure 4-28 
The effect of different 
character spacings on 
displayed text. 
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F l g ~ r p  11-30 
Text path alt~ibuks LIII he set 

to produce horuontai or 
vertical arrangement\ of 
character strings. 

- - --- - - .- -. -. - 

F i g ~ t r c  1-31 
Text displayed with tile four 
trxt-path options. 

controls the orientation of 
displayed text (b). 

It is useful in many ~pplications to be able to arrange character strings verti- 
cally or horizontally (Fig. 4-30). An attribute parameter for this option is set with 
the statement 

where the text-path par;lmeter tp can be assigned the value: right, left, u p ,  or 
down Examples of text d~splayed with these four options are shown in Fig. 4-31. 
A procedure for implementing this option must transform the character patterns 
into the specified orientation before transferring them to the frame buffer. 

Character strings can also be oriented using a combination of up-vector and 
text-path specifications to produce slanted text. Figure 4-32 shows the directions 
of character strings generated by the various text-path settings for a 45" up vec- 
tor. Examples of text generated for text-path values dmw and right with this u p  
vector are illustrated in Fig. 4-33. 

Another handy attribute for character strings is alignment. This attribute 
specifies how text is to bt. positioned with respect to the $tart coordinates. Aligtl- 
ment attributes arc set ~ i t h  

serTextAl Lg~unent ( h ,  v )  

where parameters h and -I control horizontal and vertical alignment, respectively. 
Horizontal alignment is set by assigning h a value of left,  centrc, or righhl. Vertical 
alignment is set by assigning v a value of top, cap, hnff, hase, or bottom. The inter- 
pretation of these alignnient values depends on the current setting for the text 
path. Figure 4-34 shows the position of-the alignment settings when text is to be 
displayed hori~ontally to the right or vertically down. Similar interpretations 
apply to text path value5 of left and u p .  The "most naturid" alignment for a par- 
ticular text path is chosen by assigning the value norm01 to the h and v parame- 
ters. Figure 4-35 illustrntcs cAmmon alignment positions for horizontal and verti- 
cal text labels. 

A precision specifici~tion for text display is given with 

where text precis~on parameter t p r  1s ass~gned one of the values: string, char, or 
stroke. The highest-quality text is displayed when the precision parameter is set to 
the value strokc. For this precision setting, greater detail would be used in defin- 
ing the character shapes, and the processing of attribute selections and other 



string-manipulation procedures would be carried out to the highest possible ac- section 4-5 

curacy. The lowest-quality precision setting, strinp, is used for faster display of Character Anributes 
character strings. At this precision, many attribute selections such as text path are 
ignored, and string-manipulation procedures are simplified to reduce processing 

J 

time. / 
Marker Attribute: 

, 
Direction of 

Character up Vector 
A marker symbol is a single character that can he displayed in different colors (a) 
and in different sizes. Marker attributes are implemented bv procedures that load , . 
the chosen character into the raster at the defined positions with the specified 
color and size. +,-A 

We select a particular character to be the marker symbol with 

where marker type parameter m t  is set to an integer code. Typical codes for O N  '4 

marker type are the integers 1 through 5, specifying, respectively, a dot (.I, a ver- Oh+ % '% 
tical cross (+), an asterisk (*), a circle (o), and a diagonal cross (X). DispIayed Text Path Direction 
marker types are centered on the marker coordinates. I b) 

We set the marker size with 

setMarkerSizeScaleFactor (ms) 
Fgrrre 4-32 
An up-vector specification (a) 
controts the direction of the 

with parameter marker size m s  assigned a positive number. This scaling parame- text (b), 
ter is applied to the nominal size for the particular marker symbol chosen. Values 
greater than 1 produce character enlargement; values less than 1 reduce the 
marker size. 

o0 ,+ 
1 sTI<ING 1::z; half 

I--- bottom 

lefl center righr 

--top 
-- cap 

. - - - - . . -. half 

N 

left j right 

center 

I rgurr 4-33 
The 45" up vector in Fig. 4-32 
produces the display (a) for a 
down psth and the display (b) 
for a right path. 

Figure 4-34 
Alignment attribute values for 
horizontal and vertical strings. 



Marker color is spv~~l ' ied  with 

setPo Lymdrk~~rColour Index (mc  i 

A srlected color c ~ d t l  101 parameter m c  is stored in the current attribute list and 
used to display srtbsrqu~~ntly specified marker primitives. 

ri N I I F '  , . 1 , :  4-6 

. - 
BUNDLED ATTRIBUTES 

I yrrc 4 -  15 
C.harartrr-strint! al,g,lmc.l,ts With the procedures \\.t have comidered so far, each function references a single 

attribute that specifies e,.actly how a primitive is to be displayed with that at- 
tribute settir.g. Thew qxclfications are called individual (or unbundled\ attrib- 
utes, and they are meant to be used with an output device that is capable of dis- 
playing primitives in thtt way specified. If an  application program, employing 
individual attributes, is interfaced to several output deviws, some of the devices 
may not have thc capability to display the intended attributes. A program using 
individual color 'lttributi,~, for example, may have to be modified to produce ac- 
ceptable output on a monochromatic monitor. 

Individual attributt commands provide a simple and direct niethod for 
specifying attributes whiw ,i single output device is used When several kinds of 
output devices are avaihhlz at a graphics installation, it is convenient for a user 
to be able to say how attributes are to be interpreted on trach of the different de- 
vices. This is accomplis1ic.d by setting up  tables for each output device that lists 
sets of attribute values that are to be used on that devict, to display each primi- 
t i w  tvpe. A part~cular s t t  of attribute values tor a primitive on each output de- 
\.irt. is then chosen bv sp:iiiying the appropriate table index. Attributes speciiied 
in this manner called bundled attributes. The table for each primitive that de- 
fines groups of attribute \.slues lo be used when d i sp la~ ing  that primitive on a 
particular output devtcc 15 called a bundle table. 

Attributes that niav b r  bundled into the workstation table entries are those 
that d o  rwt involve coordinate specifications, such as cl>lor and line type. The 
choice between a bundltd or an unbundled specification is madc by se t t~ng  a 
switch called the aspect source flag for each of these attributes: 

set1r:dlvid-ilASF (attributeptr, flagptr) 

where parameter a t t r ; .Ddtept r  points to a list of attributes, and parameter 
f lagptr  points to the corresponding list of aspect source flags. Each aspect 
source flag can be assigned a value of individual or  bundled. Attributes that may 
be bundled are listed in the following sections. 

Bundled l i r e  Attrihurc+ 

Entries in the bundle Inble for line attributes on a speciiied workstation are set 
with the function 

set~olylin+iepresentation (ws, 11, I t ,  lw, l c l  



Parameter ws is the workstation identifier, and line index parameter li defines section 4-6 

the bundle table position. Parameters It, lw, and lc are then bundled and as- Bundled Attributes 

signed values to set the line type, line width, and line color specifications, respec- 
tively, for the designated table index. For example, the following statements de- 
fine groups of line attributes that are to be referenced as index number 3 on two 
different workstations: 

A polyline that is assigned a table index value of 3 would then be displayed 
using dashed lines at half thickness in a blue color on workstation 1; while on 
workstation 4, this same index generatessolid, standard-sized white lines. 

Once the bundle tables have been set up, a group of bundled line attributes 
is chosen for each workstation by specifying the table index value: 

Subsequent polyline commands would then generate lines on each worksta- 
tion according to the set of bundled attribute values defined at the table position 
specified by the value of the line index parameter 1 i. 

Bundled Arca-Fill Attributes 

Table entries for bundled area-fill attributes are set with 

set1nteriorRepresentation ( w s ,  fi, fs, pi, ic) 

which defines the attribute list corresponding to fill index f i on workstation ws. 
Parameters f s, pi ,  and fc  are assigned values for the fill style, pattern index, 
and fill color, respectively, on the designated workstation. Similar bundle tables 
can also be set up  for edge attributes of polygon fill areas. 

A particular attribute bundle is then selected from the table with the func- 
tion 

Subsequently defined fill areas are then displayed on each active workstation ac- 
cording to the table entry specified by the fill index parameter f i. Other fill-area 
attributes, such as pattern reference point and pattern size, are independent of 
the workstation designation and are set with the functions previously described. 

Bundled Text Attributes 

The function 

setText~epresentation ( V S ,  ti, t i ,  tp, te, ts, tc) 

bundles values for text font, precision, expansion factor, size, and color in a table 
position for workstation ws that is specified by the value assigned to text index 
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parameter ti. Other text attributes, including character up vector, text path, 
character height, and text alignment are set individually. 

A particular text index value is then chosen with the function 

setText Index (ti) 

Each text function that is then invoked is displayed on each workstation with the 
set of attributes wferenced by this table position. 

Bundled Marker Attr~butes 

Table entries for bundled marker attributes are set up with 

setPolymarkerRepresentation (ws, mi, mt, ms, mc) 

This defines the marker type, marker scale factor, and marker color for index m i  
on workstation w s .  Bundle table selections are then made with the function 

4-7 
INQUIRY FUNCTIONS 

Current settings for attributes and other parameters, such as workstation types 
and status, in the systcm lists can be retrieved with mquiry functions. These 
functions alIow current values to be copied into specified parameters, which can 
then be saved for later reuse or used to check the current state of the system if an 
error occurs. 

We check current attribute values by stating the name of the attribute in the 
inquiry function. For example, the functions 

and 

copy the current values tor line index and fill color into parameters l a s t l i  and 
lastfc. The following program segment ~llustrates reusing the current 11ne type 
value after a set of lines are drawn with a newq line type. 
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ANTIALIASING Antialiasing 

Displayed primitives generated by the raster algorithms discussed in Chapter 3 
have a jagged, or stairstep, appearance because the sampling process digitizes co- 
ordinate p i n t s  on an object to discrete integer pixel positions. This distortion of 
information due to low-frequency sampling (undersampling) is called aliasing. 
We can improve the appearance of displayed raster lines by applying antialias- 
ing methods that compensate for the undersampling process. 

An example of the effects of undersampling is shown in Fig. 4-36. To avoid 
losing information from such periodic objects, we need to set the sampling fre- 
quency to at least twice that of the highest frequency occurring in the object, re- 
ferred to as the Nyquist sampling frequency (or Nyquist sampling rate) fs: 

Another way to state this is that the sampling interval should be no larger than 
one-half the cycle interval (called the Nyquist sampling interval). For x-interval 
sampling, the Nyquist sampling interval Ax, is 

where Axqck = l/fm,,. In Fig. 4-36, our sampling interval is one and one-half 
times the cycle interval, so the sampling interval is at least three times too big. If 
we want to recover all the object information for this example, we need to cut the 
sampling interval down to one-third the size shown in the figure. 

One way to increase sampling rate with raster systems is simply to display 
objects at higher resolution. But even at the highest resolution possible with cur- 
rent technology, the jaggies will be apparent to some extent. There is a limit to 
how big we can make the frame buffer and still maintain the refresh rate at 30 to 
60 frames per second. And to represent objects accurately with continuous para- 
meters, we need arbitrarily small sampling intervals. Therefore, unless hardware 
technology is developed to handle arbitrarily large frame buffers, increased 
screen resolution is not a complete solution to the aliasing problem. 

+ - Sampling 
Positions 

(a) 

Figure 4-36 
Sampling the periodic shape in (a) at 
the marked positions produces the 
aliased lower-frequency 
representation in (b). 



With raster systems that are capable of displaying more than two intensity 
levels (color or gray sc,lle), we can apply antialiasing methods to modify pixel in- 
tensities. By appropriatelv varving the intensities oi pixels along the boundaries 
of primitives, we can s~nooth the edges to lessen the jagged appearance. 

A straightforward antialiasing method is to increase sampling rate by treat- 
ing the screen as if it were covered with a finer grid than is actually available. We 
can then use multiple sample points across this finer grid to determine an appro- 
priate intensity level for each screen pixel. This technique of sampling object 
characteristics at a high resolution and displaying the results at a lower resolu- 
tion is called supersampling (or postfiltering, since the general method involves 
computing intensities ,it subpixel grid positions, then combining the results to 
obtain the pixel intensities). Displayed pixel positions are spots of light covering 
a finite area of the screen, and not infinitesimal mathematical points. Yet in the 
line and fill-area algorlrhms we have discussed, the intcnsity of each pixel is de- 
termined by the location of a single point on the object boundary. By supersani- 
pling, we obtain intensity information from multiple points that contribute to the 
o\-erall intensitv of a pixel. 

An alternative to qxrsampl ing  is to determine pixel intensity by calculat- 
ing the areas of overlak% of each pixel with the objects to be displayed. Antialias- 
in): by computing overlap areas is referred to as area sampling (or prefiltering, 
since the intensity of th* pixel as a whole is determined without calculating sub- 
pixel intensities). Pixcl o\.erlap areas are obtained 5y dctermining where object 
boundaries intersect ind i\*idual pixel boundaries. 

Raster objects can also be antialiased by shiftinl; the display location of 
pixel are'ls. This techni~quc, called pixel phasing, is applied by "microposition- 
ing" the electron beam In relation to object geometry. 

Supersampling Straight Line Segments 

Supersampling straight lines can be performed in several wavs. Fnr the gray- 
scale display of a straight-line segment, we can divide cach pixel into a number 
of subpixels and count the number of subpixels that are along the line path. The 
intensity level for each pixel is then set to a value that ib proportional to this sub- 
p~xel count. An example of this method is given in Fig 4-37. Each square pixel 
area is divided into nine cqual-sized square subpixels, and the shaded regions 
show the subpixels t h ~ t  would be selccted by Brescnhani's algorithm. This 
scheme provides for three intensity settings abovc zero, since the maximum 
number of subpixels that can be selected within any pixcl is three. For t h ~ s  exam- 
ple, the pixel at position (10. 20) is set to the maximum :ntmsity (level 3); pixels 
at (11, 21) and (12,Zl) are each set to the next highest intensity (level 2); and pix- 
els at (11, 20) and (12, 221 are each set to the lowest inten4ty above zero (level 1). 
Thus the line intensity IS  spread out over a greater nuniber of pixels, and the 
stairstep effect i.; smoothed by displaying A somewhat blurred line path in the 
vicinity of the stair step. (between horizontal runs). li w want to use more inten- 
sity levels: to antialiase tbt. line with this method, we increase the number of sam- 
pling positions across e x h  pixel. Sixteen subpixels gives 11s four intensity le\,els 
above zero; twenty-five subpixels gives us five levels; a d  so on. 

In the supersampling example of Fig. 4-37, we considered pixel areas of fi-  
nite size, but we treated the line as a mathematical entit) with zero width. Actu- 
ally, displayed lines habe a width approximately equal to that of a pixel. I f  we 
take the.finile width of the line into account, we can perform supersampling by 
setting each pixel intenbity proportional to the nuniber of subpixels inside the 
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Figure 4-37 
Supersampling subpixel positions 
along a straight line segment whose 
left endpoint is at screen 
coordinates (10,20), 

polygon representing the line area. A subpixel can be considered to be inside the 
line if its lower left comer is inside the polygon boundaries. An advantage of this 
supersampling p r o d u w  is that the number of possible intensity levels for each 
pixel is equal to the total number of subpixels within the pixel area. For the ex- 
ample in Fig. 4-37, we can represent this line with finite width by positioning the 
polygon boundaries parallel to the line path as in Fig. 4-38. And each pixel can 
now be set to one of nine possible brightness levels above zero. 

Another advantage of supersampling with a finite-width line is that the 
total line intensity is distributed over more pixels. In Fig. 4-38, we now have the 
pixel at grid position (10,21) tumed on (at intensity level 21, and we also pick up 
contributions from pixels immediately below and immediately to the left of posi- 
tion (10,21). Also, if we have a color display, we can extend the method to take 
background colors into account. A particular line might cross several different 
color areas, and we can average subpixel intensities to obtain pixel color settings. 
For instance, if five subpixels within a particular pixel area are determined to be 
inside the boundaries for a red line and the remaining four pixels fall within a 
blue background area, we can calculate the color for this pixel as 

pixek, = (5 . red + 4 . blue)/9 

The trade-off for these gains from supersampling a finite-width line is that 
idenhfying interior subpixelsrequires more calcul&o& than simply determining 
which subpixels are along the line path. These calculations are also complicated 
by the positioning of theline bounharies in relation to the line path. 'Il;is posi- 

Figure 4-38 
Supersampling subpixel positions 
in relation to the interior of a line of 
finite width. 
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tioning depends on the slope of the line. For a 45" line, the line path is centered 
on the polygon area; but lor either a horizontal or a vertic.11 line, we want the line 
path to be one of the pol~~gon boundaries. For instance, a horizontal line passing 
through grid coordinates (10,201 would be represented as the polygon bounded 
by horizontal grid lines y = 20 and y = 21. Similarly, the polygon representing a 
vertical line through (10, LO) would have vertical boundaries along grid lines x = 
10 and x = 1 1 .  For lines with slope I " 1 1  < 1 ,  the mathematical line path is posi- 
tioned propcrtionately closer to the lower polygon boundary; and for lines with 
slope I m I > 1 ,  this line path is placed closer to the upper polygon boundary. 

Pixel-Weighting Masks 

Supersampling algorithms are often implemented by giving more weight to sub- 
pixels near the center of a pixel area, since we would expect these subpixels to be 
more important in determining the overall intensity of a pixel. For the 3 bv 3 
pixel subdivisions we have considered so far, a weighting scheme as in Fig. 4-39 
could be used. The center subpixel here is weighted four times that of the corner 
subpixels and twice that of the remaining subpixels. Intensit~es calculated for 
each grid of nine subpixels would then be averaged so that the center subpixel is 
weighted by a factor or 1/4; the top, bottom, and side subpixels are each 
weighted by a factor of 1 !8; and the corner subpixels are each weighted by a fac- 
tor of 1 /16. An atray of values specifying the relative im-sortancc of subpixels is 
sometimes referred to as a "mask" of subpixel weights. Similar masks can be set 
up for larger subpixel grids. Also, these masks are often extended to include con- 
tributions from subpixels belonging to neighboring pixels, so that intensities can 
be averaged over adjacent pixels. 

Area Sampling Straight Line Segments 

We perform area sampling for a straight line by setting each pixel intensity pro- 
portional to the area of overlap of the pixel with the finite-width line. The line 
can be treated as a rectangle, and the section of the line area between two adja- 
cent vertical (or two adjacent horizontal) screen grid lines is then a trapezoid. 
Overlap areas for pixels are calculated by determining hob' much of the trape- 
zoid o"erlaps e a ~ h - ~ i x e l  In that vertical column (or ho&ontal row). In Fig. 4-38, 
the pixel with screen grid coordinates (10,20) is about 90 percent covered by the 
line area, so its intensitv would be set to 90 percent of the maximum intensity. 
Similarly, the pixel at (10 21) would be set to an intensity of about 15-percent of  
maximum. A method tor estimating pixel overlap areas is illustmted"by the su- 
persampling example in Fig. 4-38. The total number of si~bpixek within the line 
boundaries is approxirnatelv equal to the overlap area, and this estimation is im- 
proved by using iiner subpixel grids. With color displavs, the areas of pixel over- 
lap with different color regions is calculated and the final pixcl color is taken as 
the average color of the various overlap areas. 

1 2 1  
1 .- 

Filtering Techniques 

figure 4-39 A more accurate method for antialiasing lines is to use filtering techniques. The 
Relative weights for a grid of method is similar to applying a weighted pixel mask, but now we imagine a con- 
3 by 3 subpixels tinuous weighting surfrtcc, (or filter function) covering the pixel. Figure 4-40 shows 

examples of rectangular. conical, and Gaussian filter functions. Methods for ap- 
plying the filter function are similar to applying a weighting mask, but now we 
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integrate over the pixel surface to obtain the weighted average intensity. l o  re- section 4-8 

duce computation, table lookups are commonly used to evaluate the integrals. Anl~aliasing 

Pixel Phasing 

On raster systems that can address subpixel positions within the screen grid, 
pixel phasing can be used to antialias obpcts. Stairsteps along a line path or ob- 
ject boundary are smodthed out by moving (micropositioning) the electron beam 
to more nearly approximate positions specific by the object geometry. Systems 
incorporating this technique are designed so that individual pixel positions can 
be shifted by a fraction of a pixel diameter. The electron beam is typically shifted 
by 1/4, 1/2, or 3/4 of a pixel diameter to plot points closer to the true path of a 
line or object edge. Some systems also allow the size of individual pixels to be ad- 
justed as an additional means for distributing intensities. Figure 4-41 illustrates 
the antialiasing effects of pixel phasing on a variety of line paths. 

Compensating for Line Intensity Differences 

Antialiasing a line to soften the stairstep effect also compensates for another 
raster effect, illustrated in Fig. 4-42. Both lines are plotted with the same number 
of pixels, yet the diagonal line is longer than the horizontal line by a factor of fi. 
The visual effect of this is that the diagonal line appears less bright than the hori- 
zontal line, because the diagonal line is displayed with a lower intensity per unit 
length. A linedrawing algorithm could be adapted to compensate for this effect 
by adjusting the intensity of each line according to its slope. Horizontal and verti- 
cal lines would be displayed with the lowest intensity, while 45O lines would be 
given the highest intensity. But if antialiasing techniques are applied to a display, 

A----- 
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Fiptrr 4-40 
Common filter functions used to antialias h e  paths. The volume of 
each filter is normalized to I ,  and the height gives the relative weight at 
any subpixel position. 



Chaper 4 intensities alp automatically compensated. When the f i ~ t e  width of lines is taken 
AItribules of Outpu~ Primitivs into account, pixel intensities are adjusted so that Lines display a total intensity 

proportional to their length. 

Antialiasing Area Boundaries 

The antialiasing concepts we have discussed for lines can also be applied to the 
boundaries of areas to remove their jagged appearance. We can incorporate these 
procedures into a scan-line algorithm to smooth the area outline as the area is 
generated. 

If system capabilities permit the repositioning of pixels, area boundaries can 
be smoothed by adjusting boundary pixel positions so that they are along the line 
defining an area boundary. Other methods adjust each pixel intensity at a bound- 
ary position according to the percent of pixel area that is inside the boundary. In 
Fig. 4-43, the pixel at position (x,  y) has about half its area inside the polygon 
boundary. Therefore, the intensity at that position would be adjusted to one-half 
its assigned value. At the next position ( x  + 1, y + 1) along the boundary, the in- 
tensity is adjusted to about one-third the assigned value for that point. Similar 
adjustments, based on the percent of pixel area coverage, are applied to the other 
intensity values amllnA the boundary. 

Figure 4-41 
Jagged l ies (a), plotted on the Merlin in system, are smoothed 
(b) with an antialiasing technique called pixel phasing. This techmque 
increases the number of addressable points on thesystem from 768 x 
576 to 3072 X 2304. (Courtesy of Megatek Corp.) 



Figure 4-42 
Unequal-length lines displayed 
with the same number of pixels in 
each line. 

Supersampling methods can be applied by subdividing the total area and 
determining the number of subpixels inside the area boundary. A pixel partition- 
ing into four subareas is shown in Fig. 4-44. The original 4 by 4 grid of pixels is 
turned into an 8 by 8 grid, and we now process eight scan lines across this grid 
instead of four. Figure 4-45 shows one of the pixel areas in this grid that overlaps 
an object boundary. Along the two scan lines we determine that three of the sub- 
pixel areas are inside the boundary. So we set the pixel intensity at 75 pexent of 
its maximum value. 

Another method for determining the percent of pixel area within a bound- 
ary, developed by Pitteway and Watkinson, is based on the midpoint line algo- 
rithm. This a1 orithm selects the next pixel along a line by detennining which of 
two pixels is c 7 oser to the line by testing the location of the midposition between 
the two pixels. As in the Bresenham algorithm, we set up a decision parameter p 
whose sign tells us which of the next two candidate pixels is closer to the line. By 
slightly modifying the form of p, we obtain a quantity that also gives the percent 
of the current pixel area that is covered by an object. 

We first consider the method for a line with slope rn in the range from 0 to 1. 
In Fig. 4-46, a straight line path is shown on a pixel grid. Assuming that the pixel 
at position (xi, y3 has been plotted, the next pixel nearest the line at x = xk+ 1 is 
either the pixel at yk or the one at y, + 1. We can determine which pixel is nearer 
with the calculation 

This gives the vertical distance from the actual y coordinate on the line to the 
halfway point between pixels at position yt and yt + 1. If this difference calcula- 
tion is negative, the pixel at yk is closer to the line. lf the difference is positive, the 
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pixel at yk + 1 is closer. We can adjust this calculation so that it produces a posi- 
Anributes of O u W  Primitives tive number in the range from 0 to 1 by adding the quantity 1 - m: 

Figure 4-44 
A 4 by 4 pixel section of a 
raster display subdivided into 
an 8 by 8 grid. 

Figure 4-45 
A subdivided pixel area with 
three subdivisions inside an 
object boundary l ie.  

Now the pixel at yk is nearer if p < 1 - m, and the pixel at yk + 1 is nearer if 
p > 1  - m .  

Parameter p also measures the amount of the current pixel that is over- 
lapped by the area. For the pixel at (x,, yk) in Fig. 4-47, the interior part of the 
pixel has an area that can be calculated as 

area = mxk + b - y, + 0.5 (4-9) 

This expression for the overlap area of the pixel at (x, y,) is the same as that for 
parameter p in Eq. 4-8. Therefore, by evaluating p to determine the next pixel po- 
sition along the polygon boundary, we also determine the percent of area cover- 
age for the current pixel. 

We can generalize this algorithm to accommodate lines with negative 
slopes and lines with slopes greater than 1. This calculation for parameter p could 
then be incorporated into a midpoint line algorithm to locate pixel positions and 
an obpd edge and to concurrently adjust pixel intensities along the boundary 
lines. Also, we can adjust the calculations to reference pixel coordinates at their 
lower left coordinates and maintain area proportions as discussed in Section 3-10. 

At polygon vertices and for very skinny polygons, as shown in Fig. 4-48, we 
have more than one boundary edge passing through a pixel area. For these cases, 
we need to modify the Pitteway-Watkinson algorithm by processing all edges 
passing through a pixel and determining the correct interior area. 

Filtering techniques discussed for line antialiasing can also be applied to 
area edges. Also, the various antialiasing methods can be applied to polygon 
areas or to regions with curved boundaries. Boundary equations are used to esti- 
mate area ov&lap of pixel regions with the area to b;! displayed. And coherence 
techniques are used along and between scan lines to simplify the calculations. 

SUMMARY 

F i p r e  4-46 
Boundary edge of an area 
passing through a pixel grid 
section. 

In this chapter, we have explored the various attributes that control the appear- 
ance of displayed primitives. Procedures for displaying primitives use attribute 
settings to adjust the output of algorithms for line-generation, area-filling, and 
text-string displays. 

The basic line attributes are line type, line color, and line width. Specifica- 
tions for line type include solid, dashed, and dotted lines. Line-color speclfica- 
tions can be given in terms of RGB components, which control the intensity of 
the three electron guns in an RGB monitor. Specifications for line width are given 
in terms of multiples of a standard, one-pixel-wide line. These attributes can be 
applied to both straight lines and curves. 

To reduce the size of the frame buffer, some raster systems use a separate 
color lookup table. This limits the number of colors that .can be displayed to the 
size of thelookup table. Full<olor systems are those that provide 24 bits per pixel 
and no separate color lookup table. 
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Figure 4-47 
Overlap area of a pixel rectangle, centered at position (xb yk), with the 
interior of a polygon area. 

Fill-area attributes include the fill style and the nU color or the fill pattern. 
When the fill style is to be solid, the fill color specifies the color for the solid fill of 
the polygon interior. A hollow-fill style produces an interior in the background 
color and a border in the fill color. The third type of fill is patterned. In this case, a 
selected array pattern is used to fill the polygon interior. 

An additional fill option provided in some packages is soft fill. This fill has 
applications in antialiasing and in painting packages. Soft-fill procedures provide 
a new fill color for a region that has the same variations as the previous fill color. 
One example of this approach is the linear soft-fill algorithm that assumes that 
the previous fill was a linear combination of foreground and background colors. 
This same linear relationship is then determined from the frame-buffer settings 
and used to repaint the area in a new color. 

Characters, defined as pixel grid patterns or as outline fonts, can be dis- 
played in different colors, sizes, and orientation~. To set the orientation of a char- 
acter string, we select a direction for the character up vector and a direction for 
the text path. In addition, we can set the alignment of a text string in relation to 
the start coordinate position. Marker symbols can be displayed using selected 
characters of various sizes and colors. 

Graphics packages can be devised to handle both unbundled and bundled 
attribute specifications. Unbundled attributes are those that are defined for only 
one type of output device. Bundled attribute specifications allow different sets of 
attributes to be used on different devices, but accessed with the same index num- 
ber in a bundle table. Bundle tables may be installation-defined, user-defined, or 
both. Functions to set the bundle table values specify workstation type and the 
attribute list for a gwen attribute index. 

To determine current settings for attributes and other parameters, we can 
invoke inquiry functions. In addition to retrieving color and other attribute infor- 
mation, we can obtain workstation codes and status values with inquiry func- 
tions. 

Because scan conversion is a digitizing process on raster systems, displayed 
primitives have a jagged appearance. This is due to the undersampling of infor- 
mation which rounds coordinate values to pixel positions. We can improve the 
appearance of raster primitives by applying antialiasing procedures that adjust 
pixel intensities. One method for doing this is to supersample. That is, we con- 

Figure 4-48 
Polygons with more than one 
boundary line passing 
through individual pixel 
regions. 

sider each pixel to be composed of subpixels and we calculate the intensity of the 



Chapter 4 

Attributes of Output Primitives 
subpixels and average the values of al l  subpixels. Alternatively, we can perform 
area sampling and determine the percentage o f  area coverage for a screen pixel, 
then set the pixel intensity proportional to this percentage. We can also weight 
the subpixel contributions according fo position, giving higher weights to the 
central subpiiels. Another method for antialiasing is to build special hardware 
configurations that can shift pixel positions. 

Table 4-4 lists the attributes discussed in this chapter for the output primi- 
tive classifications: line, fill area, text, and marker. The attribute functions that 
can be used in graphics packages are listed for each category. 

TABLE 4-4 
SUMMARY OF ATTRIBUTES 

Output Bundled- 
Primitive Associated A~ibute-Setting Attribute 

Type Attributes Functions Functions 

Line TYP 
Width 
Color 

F i l l  Area F i l l  Style 
Fi l l  Color 
Pattern 

Text Font 
Color 
Size 

Orientation 

Marker Type 
Size 
Color 

setLinetype 
setLineWidthScaleFactor 
set Pol ylineColourIndex 
setInteriorStyle 
setInteriorColorIndex 
setInteriorStyleIndex 
setPatternRepresentation 
setpatternsize 
setPatternReferencePoint 
setTextFonr 
setTextCo1ourIndex 
setcharacter~eight 
setCharacterExpansionFactor 
setCharaccerUpVector 
setTextPath 
setTextAlignment 
setMarkeirype 
setMarkerSizeScalePactor 
setPolyrnarkerColourIndex 

setPolymarkerIndex 
set PolymarkerRepresentation 
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EXERCISES 

4-1. Implement the line-type function by modifying Bresenham's linedrawing algorithm to 
display either solid, dashed, or doned lines. 



4 2 .  Implernrni tlw line-type function with ,I mitlpoinl I ~ n c  algtirilhm to d~splay either 
solid, dashed, o~ dotted lines. Exercrses 

4-3 .  Ilevibr a pardllel method for implenirnting the Imc. Ivpe tunct~on 

4-4 I3c>v1sr. d paralld method for ~rnplementing the line-w~dth function 

4-5 .  A line spec~lied by two endpoints and a width (.an be converted to a rectangular poly- 
gon with four vertices and then displayed usmg a sc.an-lme method. Develop an effi- 
cient algorithm for computing thr four vertires nethded to define such a rectangle 
using the l ~ n r  endpoints and line width 

4-6. lmpler~ient tile i~ne-width function in a line-drawing xogram so that any one of three 
line iwdths can be displayed. 

4 . 7 .  Writr a prograrn to output a line graph o i  threr data wts defined ovel the same x coor- 
d~nate range. lnput to the program is to include the three sets of data values, labeling 
for the axes, m d  the coordinates for the display ate'l on the screen. The data sets arr 
to be scaled to iit the specified area, each ploned line is to be displayed In a differert 
line type (solid, dashed, dotted), and the axrs are to be labeled. (Instead of changing 
the line type. the three data sets can be piotted in d~iierent colors. ) 

4 -8 .  Set up an algorithm for displaying thick lines with e~ther bun caps, round caps, or prc- 
jccting square caps. These optlons can be provided 11.1 an option menu. 

4-9. Devise an algwithm for drsplay~ng thlck polyl~nes wrth either a miter join, a round 
jo~n, or a bevel join. These options can be provided 1'1 an option menu. 

4-10, Implement pen and brush menu options for a line-drawing procedure, including at 
leas: two options: round and square shapes. 

4- I I. Modity a Iiric-drawing algorithm so that the ~ntensit). of the output line is set according 
to its slope. That is, by adjusting pixel ~ntensities according to the value of the slope, 
all lnes are displayed with the same intensity per unlt length. 

4 . 1 2  Define and ~mplement a function for controlling the line type  solid, dashed, dotted) of 
d~splaved ellipses. 

4.13. Define and implement a function for setting the w~dtti of displayed ellipses 

4 14. Write a routlne to display a bar graph in anv specfled screen area. Input is to include 
Ihc data set, labeling for the coordmate ,ixes, and th,' coordinates for the screen area. 
The data set is to be scaled to fit the designdted wrwn area, and the bars are to be dis- 
played In drsignated colors or patleriis. 

4 - 1  5 .  Write d proc-edure to display two data sets defined wer  the same xcoordmate range, 
with rhe data values scaled lo  f ~ t  a specified regioi of the d~splay screen. The bars for 
one of the data sets are to be displaced horcrontally to produce an overlapping bar 
pattern for easy cornparison of the two scts of d a t ~  i!sc d different color or J different 
fill pattern for the two sets of bars. 

4-1 h.  Devise an algorithm for implementingd color lookup table and the setColourRep- 
resenta t ion operation. 

4-1 7. Suppwe you have d system with an %inch bv 10 irich video screen that can display 
100 pixels per inch. If a color lookup table with 64 positions is  used with th~s system, 
what is the smallest possible size (in bytes) ior the frame buffer? 

4-18 .  Consider an RGB raster system that has a 5 1 2 - b y 5 1 2  irame buffer with a 20 bits per 
pixel and a color lookup table with 24 bits per pixe . (a) How many dibtinct gray lev- 
els can be displayed with this system? (b) How many distinct colors (including gray 
levels) can be displayed? (c) How many c.olors c a i  be displayed at any one time? 
(J) What is the total memory size? (e) Explain two methods for reducing memory size 
while maintaining the same color capabilities. 

4-19. Modify the scan-line algorithm to apply any speciiied rectangular fill pattern to a poly- 
gon interior, starting from a designated pattern pos~tion. 

4-20. Write a procedure to fill the interior oi a given ellipse with a specified pattern. 

4-21. Write a procedure to implement the serPa:ternR.epresentation function. 



C1uplt.r 4 4-22. Ddine and implerne~lt ,i procedure for rhanging the sizr r ~ t  an exlstlng rectangular id1 

.411r1bu!cs 01 Outpirt Prtmitives pattern. 
4-23. Write a procedure to iniplement a soft-fill algorithm. Caretully def~ne what the soh-iill 

algorithm is to accon~plish and how colors are to be conib~ned. 

4.24. Dev~se an algorithm -or adjusting the height and width of r haracters defined as rectan- 
gular grid patterns 

4-25. Implement routines tor setting the character up vector and the text path for con troll in^ 
the display of characler strings. 

4.26. Write a program to align text as specified by input valuec for the alignment parame- 
ters. 

4.27. Dkvelop procedures ior implementing the marker attribute functions. 

4.28. Compare attribute-implementation procedures needed by systems that employ bun- 
dled anrihutes to tho5e needed by systems using unbundled anrlbutes. 

4-29. Develop procedures for storing and accessing attributes in unbundled system attribute 
tables. The procedures are to be designed (o store desbgnated attribute values in the 
system tables, to pass attributes to the appropriate output routines, and to pass attrlh- 
Utes to memory locations specified in inq~iry commands. 

4-30. Set up the same procedures described In the previou, exercise for bundled system at- 
tribute tables. 

4-31. Implement an antial~~rsing procedure by extending Bresenham's lhne algorithm to ad- 
just pixel intensities in the vicin~ty of a line path. 

4-32. Implement an antialiasing procedure for the midpoint line >lgorithrn. 

4-3 3 .  Develop an algorithn- for antialiasing elliptical boundarie!. 

4-35 )Modify the scan-line algorithm for area fill to incorporate antialiasing lJse coherence 
techniques to reduce calculations on successive scan lines 

4-35. Write d program to implement the Pitteway-Watkinwn arbaliasing algorithm 
as a scan-line procedure to fill a polygon interior. Use the routlne 
se tp ixe l  ( x ,  y, intensity) to load the inlensit), ~ q l u e  inlo the frame buifer at 
location ( x ,  y) .  





w ith the procedures for displaying output primitives and their attributes, 
we can create variety of pictures and graphs. In many applications, 

there is also a need for altering or manipulating displays. Design applications 
and facility layouts are created by arranging the orientations and sizes of the 
component parts of the scene. And animations are produced by moving the 
"camera" or the objects in a scene along animation paths. Changes in orientation, 
size, and shape are accomplished with geometric transformations that alter the 
coordinate descriptions of objects. The basic geometric transformations are trans- 
lation, rotation, and scahng. Other transformations that are often applied to ob- 
jects include reflection and shear. We first discuss methods for performing geo- 
metric transformations and then consider how transformation functions can be 
incorporated into graphics packages. 

Here, we first discuss general procedures for applying translation, rotation, and 
scaling parameters to reposition and resize two-dimensional objects. Then, in 
Section 5-2, we consider how transformation equations can be expressed in a 
more convenient matrix formulation that allows efficient combination of object 
transformations. 

A translation is applied to a n  object by repositioning it along a straight-line path 
from one coordinate location to another. We translate a two-dimensional point by 
addlng translation distances, f, and t,, to the original coordinate position (x, y) to 
move the point to a new position ( x ' ,  y') (Fig. 5-1). 

x'  = x + t , ,  y '  = y + t, (.i 7 )  

The translat~on distance pair (t,, t,) is called a translation vector or shift vector. 
We can express the translation equations 5-1 as a single matrix equation by 

usng  column vectors to represent coordinate positions and the translation vec- 
tor: 



This allows us to write the two-dimensional translation equations in the matrix 
form: 

Sometimes matrix-transformation equations are expressed in terms of coordinate 
row vectors instead of column vectors. In this case, we would write the matrix 
representations as  P = [ x  y] and T = [ k ,  $1. Since the column-vector representa- 
tion for a point is standard mathematical notation, and since many graphics 
packages, for example, GKS and PHIGS, also use the column-vector representa- 
tion, we will follow this convention. 

Translation is a rigid-body transformution that moves objects without defor- 
mation. That is, every point on the object is translated by the same amount. A 
straight Line segment is translated by applying the transformation equation 5-3 to 
each of the line endpoints and redrawing the line between the new endpoint po- 
sitions. Polygons are translated by adding the translation vector to the coordinate 
position of each vertex and regenerating the polygon using the new set of vertex 
coordinates and the current attribute settings. Figure 5-2 illustrates the applica- 
tion of a specified translation vector to move an object from one position to an- 
other. 

Similar methods are used to translate curved objects. To change the position 
of a circle or ellipse, we translate the center coordinates and redraw the figure in 
the new location. We translate other curves (for example, splines) by displacing 
the coordinate positions defining the objects, then we reconstruct the curve paths 
using the translated coordinate points. 

- 
tigr~rc 5 - 1  
Translating a point from 
position P to'position P' with 
translation vector T. 

-. . . - ., .- . -. - - - . . - -- - - 

r iprrv  5 - 2  

0 
Moving a polygon from position (a) 

5 10 IS 20 to position (b) with the translation 
(b) vector (-5.W, 3.75). 



Figure 5-3 
Rotation of an o b j t  through 
angle 0 about the pivot point 
(x,, y,). 

Figure 5-4 
Rotalion of a point from 
position (x,  y) to position 
( x ' ,  y ') through an angle 8 
relative to thecoordinate 
origin. The original angular 
displacement of the point 
from the x axis is 6. 

Rotation 

A two-dimensional rotation is applied to an object by repositioning it along a cir- 
cular path in the xy plane. To generate a rotation, we specify a rotation angle 0 
and the position (x, ,  y,l of the rotation point (or pivot point) about which the ob- 
ject is to be rotated (Fig. 5-3). Positive values for the rotation angle define coun- 
terclockwise rotations about the pivot point, as  in Fig. 5-3, and negative values 
rotate objects in the clockwise direction. This transformation can also be de- 
scribed as a rotation about a rotation axis that is perpendicular to the xy plane 
and passes through the pivot point. 

We first determine the transformation equations for rotation of a point posi- 
tion P when the pivot point is at the coordinate origin. The angular and coordi- 
nate relationships of the original and transformed point positions are shown in 
Fig. 5-4. In this fijyre, r is the constant distance of the poinl from the origin, angle 
4 is the original angular position of the point from the horizontal, and t3 is the ro- 
tation angle. Using standard trigonometric identities, we can express the trans- 
formed coordinates in terms of angles 0 and 6 as 

The original coordinates of the point in polar coordinates are 

x = r cos 4, y = r sin & (5 .5 )  

Substituting expressions 5-5 into 5-4, we obtain the kansiormation equations for 
rotating a point at position (x ,  y) through an angle 9 about the origin: 

x ' = x c o s O - y s i n 0  

y'= xsin 0 + y cos 0 

With the column-vector representations 5-2 for coordinate positions, we can write 
the rotation equations in the matrix form: 

where the rotation matrix is 

cos 0 -sin 0 
R = [  

sin t3 cos 8 1 
When coordinate positions are represented as row vectors instead of col- 

umn vectors, the matrix product in rotation equation 5-7 is transposed so that the 
transformed row coordinate vector Ix' y'l iscalculated as 

where PT = (x y], and the transpose RT of matrix R is obtained by interchanging 
rows and columns. For a rotation matrix, the transpose i s  obtained by simply 
changing the sign of the sine terms. 



Rotatton of a point about an arbitrary pivot position is iltustrated in Fig. 5-5. 
Using lhc trigonometric relationships in this figure, we can generalize Eqs. 5-6 to 
obtain the transformation equations for rotation of a point about any specified m- 
tation position (x,,!~,): 

X ' = X  , + (  a - x,) cos V - (y - y,) sin 0 

y = , + ( 1  - v , )  sin H + (y - y,) cos B (5-9) 

These general rotation equations differ from Eqs. 5-6 by the inclusion of additive 
terms, as well as the multiplicative factors on the coordinate values. Thus, the 
matrix expression 5-7 could be modified to includt: pivot coordinates by matrix 
addition of a column vector whose elements contain the additive (translational) 
terms In Eqs. 5-9. There are better ways, however, to formulate such matrix equa- 
tions, and we discuss in Section 5-2 a more consistent scheme for representing the 
transformation equations. 

A s  with translations, rotations are rigid-body transformations that move 
objects without deformation. Every point on an object is rotated through the 
same anglc. A straight line segment is rotated by applying the rotation equations 
5-9 to each ot tht' line endpoints and redrawing the line between the new end- 
point positions. Polygons are rotated by displacing each vertex through the speci- 
fied rotation angle and regenerating the polygon using the new vertices. Curved 
lines arc rotatcd by repositioning the defining p ~ r ~ t s  and redrawing the curves. 
A circle k>r ,117 ellipse, for instance, can be rotated about a noncentral axis by mov- 
ins the center position through the arc that subtcncs thc sprcified rotation angle. 
An ellipse can be rotated about its center coordinates by rotating the major and 
minor axes. 

Scaling 

A scaling transformation alters the size of an object. This operation can be car- 
ried out for polygons by multiplying the coordinate values ( x ,  y) of each vertex 
by scaling factors s, and s, to produce the transformed coordinates (x', y'): 

Scaling factor s, scales objects in the x direction, while sy scales in they direction. 
The transformation equations 5-10 can also be written in the matrix form: 

Section 5-1 

liasuc Trans(orma1ions 

-- 
.'r,qu rr 5-5 
Kotating a poinl from 
position ( x ,  y) to position 
11: y ') through an angle 8 
about rotation point ( x ,  . y,). 

whew S is the 2 by 2 scaling matrix in Eq. 5-11. 
,Any positive numeric values can be assigned to the scaling factors s, and sy. 

Values less than 1 reduce the size of objects; values greater than 1 produce an en- 
largement. Specifying a value of 1 for both s, and s, leaves the size of objects un- 
changed. When s, and s, are assigned the same value, a uniform scaling is pro- 
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Two.D~mens~onal Geometric 
Trdnsformalions 

F ~ p r e  5-6 
Turnmg a square (a) Into a 
rectangle (b) wlth scaling 
factors s, = 2 and by - 1. 

- - - - - . . . - - - . - . . . -. . - -, - - 
F i g ~ ~ r c  5 - 7  
A line scaled with Eq 5-12 
using s, - 3 .  = 0.5 is reduced 
in size and moved closer to 
the coordinate ongin. 

Figurr 5-8 
Scaling relatwe to a chosen 
fixed point (I,, y,) Distanm 
from each polygon vertex to 
the fixed point are scaled by 
transformation equations 
5-13. 

duced that maintains relative object proportions. Unequai values for s, and s, re- 
sult in a differential scaling that is often used in design applications, whew pic- 
tures are constructed from a few basic shapes that can be adjusted by scaling and 
positioning transformations (Fig. 5-6). 

Objects transformed with Eq. 5-11 are both scaled and repositioned. Scaling 
factors with values less than 1 move objects closer to the coordinate origin, while 
values greater than 1 move coordinate positions farther irom the origin. Figure 
5-7 illustrates scaling a line by assigning the value 0.5 to both s, a t ~ d  sr in Eq. 
5-11. Both the line length and the distance from the origin are reduced by a 
factor of 1 /2. 

We can control the location of a scaled object by choosing a position, called 
the fixed point, that is to remain unchanged after the scaling transformation. Co- 
ordinates for the fixed point (xl, y,) can be chosen as one of the vertices, the object 
centroid, or any other position (Fig. 5-8). A polygon is then scaled relative to the 
fixed point by scaling the distance from each vertex to the fixed point. For a ver- 
tex with coordinates (x: y.i, the scaled coord~nates ( x ' ,  y ') are calculated as 

We can rewrite these scaling transformations to separate. the mdtiplicative and 
additive terms: 

where the additive terms r,(l - s,) and y,(l - s,) are constant for all points in the 
object. 

Including coordinat~?~ for a hxed point in the scalin~: equations is similar to 
including coordinates for a pivot point in the rotation equations. We can set up  a 
column vector whose elements are the constant terms in Eqs. 5-14, then we add 
this column vector to the product S P in Eq. 5-12. In the next section, we discuss 
a matrix formulation for the transformation equations that involves only matrix 
mu1 tiplication. 

Polygons are scaled by applying transformations ,514 to each vertex and 
then regenerating the polygon using the transformed vertices. Other objects are 
scaled by applylng the scaling transformation equations to the parameters defin- 
ing the objects. An ellipse in standard position is resized by scaling the semima- 
jor and semiminor axes and redrawing the ellipse about the designated center co- 
ordinates. Uniform scaling of a circle is done by simply adjusting the radius. 
Then we redisplav the circle about the center coordinates using the transformed 
radius. 

5-2 
MATRlX  RFPRESENtATlONS A N D  HOMOGENEOUS 
C O O R D I N A T E S  

Many graphics applications involve sequences of geometric transformations. An 
animation, for example, might require a n  obpct to be translated and rotated at 
each increment of the motion. In design and picture construction applications, 



we perform translations, rotations, and scalings to tit the picture components into 5-2 

their proper posihons. Here we consider how the matrix representations dis- Matrix Rewesentations and 

cussed in the previous sections can be reformulatej so that such transformation iOmo~eneous Coordinates 

sequences can be efficiently processed. 
We have seen in Section 5-1 that each of the basic transformations can be ex- 

pressed in the general matrix form 

with coordinate positions P and P' represented as c..dumn vectors. Matrix MI is a 
2 by 2 array containing multiplicative factors, and M, is a two-element column 
nratrix containing translational terms. For translation, MI is the identity matrix. 
For rotation or scaling, M2 contains the translational terms associated with the 
pivot pornt or scaling fixed point. To produce a sequence of hansformations with 
these equations, such as scaling followed by rotation then translation, we must 
calculate the transformed coordinates one step at i1 time. First, coordinate posi- 
tions are scaled, then these scaled coordinates are rotated, and finally the rotated 
coordinates are translated. A more efficient approxh would be to combine the 
transformations so that the final coordinate pnsitions are obtained directly from 
the initial coordinates, thereby eliminating the calculation of intermediate coordi- 
nate values. To he able to d o  this, we need to reformulate Eq. 5-15 to eliminate the 
matrix addition associated with the translation terms in M2. 

We can combine the multiplicative and translational terms for two-dimen- 
sronal geometric transformations into a single nratrix representation by expand- 
ing the 2 by 2 matrix representations to 3 by 3 matrices. This allows us to express 
all transformation equations as matrix multiplications, providing that we also ex- 
pand the matrix representations for coordinate positions. To express any two-di- 
mensional transformation as a matrix multiplication, we represent each Cartesian 
coordinate pos~tion ( 1 .  y )  with the homogeneous coordinate triple (x , ,  y,,, h), 
where 

 IS, a general lroniogeneous coordinate representation can also be written as ( h .  
r-, h .y. ! I ) .  For two-dimensional geomctric transformations, we can choose the ho- 
mogencous parameter h to be any nonzero value. Thus, there is an infinite num- 
ber of tsquivalent homogeneous representations i o ~  each coordinate point (x ,  y). 
A co~ivtwicnt choice is simply to set h = 1. Each txcl-d~nrensional position is then 
represented with homogeneous coordinates ( x ,  y, 1 ) .  Other values for parameter h 
are needed, for example, in matrix formulations of threedimensional viewing 
transformations 

The term I~or~;c~g~i~eorts  co,~rdrrmh~s is used in mathematics to refer to the ef- 
fect of this representation on Cartesian equations. \%hen a Cartesian point ( x ,  y) is 
convrrted to a homogeneous representahon (x , ,  y,,, h), equations containing x 
and I/, such as  I i x ,  y) = 0, become homogeneous tytations in the three parame- 
ters x,, y,, and 11. 'This just means that if each of thtl three parameters is replaced 
b y  any value n times that parameter, the value 7; c,ln he factored out of the equa- 
tions. 

Exp1-esSing positions in homogeneous rmrdin.ltes allows us to represent all 
geometric transformation equations as matrix multiplications. Coordinates are 



Chapter 5 represented with three-element column vectors, and transformation operations 
Two-Dimensional Geometric are written as 3 bv 3 matrices. For Wanslation. we have 

Transformations 

which we can write in the abbreviated form 

with T(t,, 1,) as the 3 by 3 translation matrix in Eq. 5-17. The inverse of thc trans- 
lation matrix is obtained by replacing the translation parameters 1,  and 1, with 
their negatives: - t ,  and -1,. 

Similarly, rotation transformation equations about the coordinate origin are 
now written as 

The rotation transformation operator R(8) 1s the 3 by 3 matrix in Eq. 5-19 with 
rotation parameter 8. We get the inverse rotation matr~x when 8 is replaced 
with -8. 

Finally, a scaling transformation relative to the coordinate or~gin is now ex- 
pressed as the matrix multiplication 

where Sk,, s,) is the 3 by 3 matrix in Eq. 5-21 with piirameters s, and sy. Replac- 
ing these parameters w ~ t h  their multiplicative inverses ( l i s ,  and I/sJ yields the 
inverse scaling matrix. 

Matrix representations are standard methods for implementing transforma- 
tions in graphics systems. In many systems, rotation and scaling functions pro- 
duce transformations with respect to the coordinate origin, as in Eqs. 5-19 and 
5-21. Rotations and scalings relative to other reference positions are then handled 
as a succession of transformation operations. An alternate approach in a graphics 
package is to provide parameters in the transformation functions for the scaling 
fixed-point coordinates and the pivot-point coordinates General rotation and 
scaling matrices that include the pivot or fixed point are then set u p  directly 
without the need to invoke a succession of transformation functions. 



5-3 Section 5-3 

COMPOSITE TRANSFORMATIONS Compo~ire Transformal1on5 

With the matrix representations of the previous sei:tion, we can set up a matrix 
for any sequence of transformations as a composite transformation matrix by 
calculating the matrix product of the individual transformations. Fonning prod- 
ucts of transformation matrices is often referred to as a concatenation, or compo- 
sition, of matrices. For column-matrix representation of coordinate positions, we 
form composite transformations by multiplying matrices in order from right to 
left. That is, each successive transformation matrix premultiplies the product of 
the preceding transformation matrices. 

Translatons 

I f  two successive translation vectors (t,,, tyl)  and (I,,, ty2) are applied to a coordi- 
nate position P, the final transformed location P' is calculated as 

where P and P are represented as homogeneous-coordinate column vectors. We 
can verify this result by calculating the matrix product for the two associative 
groupings Also, the composite transformat~on matrix for thls sequence of trans- 
lations is 

which demonstrates that two successive translatiolr:; are additive. 

Kota t~ons  

Two successive rotations applied to pomt p product. the transformed position 

P' = R(B2) . IR(0 , )  . P' 

= {R(&) . R(0, )I  1' (.i Z r  1 

By multiplying the two rotation matrices, we can vl?rify that two successive rota- 
tions are additive: 

so that the final rotated coordinates can be calculated with the composite rotation 
matrix as 
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Two-Dimensional Geometric 
Transformations 

Scaling 

Concatenating transformation matrices for two successive scaling operations pro- 
duces the following composite scaling matrix: 

The resulting matrix in this case indicates that successive scaling operations are 
multiplicative. That is, if we were to triple the size of an object twice in succes- 
sion, the final size would be nine times that of the original. 

General Pivot-Point Rotation 

With a graphics package that only provides a rotate function for revolving objects 
about the coordinate origin, we can generate rotations about any selected pivot 
point (x, y,) by performing the following sequence of translate-rotatetranslate 
operations: 

1. Translate the object so that the pivot-point position is moved to the coordi- 
nate origin. 

2. Rotate the object about the coordinate origin. 
3. Translate the object so that the pivot point is returned to its original posi- 

tion. 

This transformation sequence is illustrated in Fig. 5-9. The composite transforma- 

TranNmnon of 
ObiSaramM 
tha Pivor Point 

IS RsturMld 
to Position 

I x,. v.) 

Figurc 5-9 
A transformation sequence for rotating an objed about a specified pivot mint using the 
rotation matrix R(B) of transformation 5-19. 



tlon ni,ltr~x for thls sequence is obtained with the cc.mcatenation 

cos H -sin tJ x , ( l  - ros 9) t y, sin 9 

9 y.(l - cos @) - x,sin 8 

I I 
which can be expressed in the form 

ivhere 'r( -x , ,  - y,) = T '(x,, y,). In general, a rotate function can be set up to ac- 
cept parameters for pivot-point coordinates, as well as the rotation angle, and to 
generate automatically the rotation matrix of Eq. 5-31 

Gentval Fixed-Po~nt Scaling 

Figure 5-10 illustrates a transformation sequence tcs produce scaling with respect 
tu a selected fixed position (x!, y,) using a scaling hmction that can only scale rela- 
lve to the coordinate origin. 

1. Translate object so that the fixed point coincichrs with the coordinate origin. 
2. Scale the object with respect to the coordinate origin. 
3. Use the inverse translation of step 1 to return the object to its original posi- 

tion. 

Concatenating the matrices for these three operations produces the required scal- 
ing matrix 

T h ~ s  transiormation is automatically generated on systems that provide a scale 
function that accepts coordinates for the fixed point 

Genw '11 Scal~ng Directions 

Section 5-3 

Cc~rnpusite Transformallons 

Parameters s, and s, scale objects along the x and y directions. We can scale an ob- 
ject in other directions by rotating the object to align the desired scaling direc- 
tions with the coordinate axes before applying the scaling transformation. 

Suppose we want to apply scaling factors with values specified by parame- 
ters sl and S2 in the directions shown in Fig. 5-11. TCI accomplish the scaling with- 



Tranmlab O b j d  
m that Ihe Fired Pdnl 

Is R e t u r d  to 
Pcnitim (x,. v,) 

Figure 5-10 
A transformation sequence for &g an object with =pea to a specified fixed position 
using the scaling matrix S(s,, s,) of transformation 5-21. 

out changing the orientation of the object, we first perform a rotation so that the 
directions for s, and s2 coincide with the x and y axes, respectively. Then the scal- 
ing transformation is applied, followed by an opposite rotation to return points 
to their original orientations. The composite matrix resulting from the product of 
these three transformations is 

s, cos2 8+ s2 sin2 8 (s2 - s,) cos 8 sin 8 0 
@sin 8 sl sin2 8+ s2 cos28 (5-35) 

0 01 1 

Figure 5-11 As an example of this scahg transformation, we turn a unit square into a 
paam- sl and parallelogram (Fig. 512)  by shttching it along the diagonal from (0, 0) to (1, 1). 

s, am to be applied in We rotate the diagonal onto they axis and double its length with the transforma- 
orthogonal directions 
defined by the angular tion parameters 8 = 4 5 O ,  s, = 1, and s2 = 2. 

displacement 6. In Eq. 535, we assumed that scaling was to be performed relative to the ori- 
gin. We could take this scaling operation one step further and concatenate the 
matrix with translation operators, so that the composite matrix would include 
parameters for the specification of a scaling fixed position. 

Concatenation Properties 

Matrix multiplication is associative. For any three matrices, A, B, and C, the ma- 
trix product A - B . C can be performed by first multiplying A and B or by first 
multiplying B and C: 

Therefore, we can evaluate matrix products using either a left-to-right or a right- 
teleft associative grouping. 

On the other hand, transformation products may not be commutative: The 
matrix product A. B is not equal to B - A, in general. This means that if we want 



Figure 5-12 
A square (a) is converted to a parallelogram (b) using the composite 
transformation matrix 5-35, with s, = 1, s2 = 2, and 0 = 45". 

to translate and rotate an object, we must be careful aboc! the order in which the 
composite matrix is evaluated (Fig. 5-13). For some special cases, such as a se- 
quence of transformations ali of the same kind, the multiplication of transforma- 
tion matrices is commutative. As an example, two successive rotations could be 
performed in either order and the final position would be the same. This commu- 
iative property holds also for two succ&sive translations or two successive scal- 
ings. Another commutative pair of operations is rotation and uniform scaling 

General Composite Transformations and Computational Efficiency 

A general two-dimensional transformation, representing a combination of trans- 
lations, rotations, and scalings, can be expressed as 

The four elements rs,, are the multiplicative rotation-scaling terms in the transfor- 
mation that involve only rotation angles and scaling factors. Elements trs, and 
trs, are the translational terms containing combinations of translation distances, 
pivot-point and fixed-point coordinates, and rotation angles and scaling parame- 
ters. For example, if an object is to be scaled and rotated about its centroid coordi- 
nates (x, y,) and then translated, the values for the elements of the composite 
transformation matrix are 

TUX, t,) . Nx,, y,, 9) . S(x,, y,, s,, s,) 

s, cos 0 -s, sin 0 x,(l - s,cos 0) + y,s, sin 0+ t, 
0 y,(l - sy cos 9) - x,s, sin t, I (5-38) 

1 

Although matrix equation 5-37 requires nine multiplications and six addi- 
tions, the explicit calculations for the transformed coordinates are 

Composite Transformations 
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Final 

- - - - - - - . . . . . . . - . . . . - - - - - - - - - - - - - -. - 
Figure 5-13 
Reversing the order in which a sequence of transformation> IS 

performed may affect the transformed position of an object. In (r ) ,  an 
object is first translated, then rotated In (b), the o b j t  is mtated first, 
then translated. 

Thus, we actually only need to perform fbur multiplications and four additions 
to transform coordinate positions, This is the maximum number of computation., 
required for any translormation sequence, once the individual n~atricps h a w  
been concatenated and the elements of the composite matrix cvaluatcd. Withour 
concatenation, the md~c:dual transformations would bt applied one at a time 
and the number of calnrlations could be significantly rncrrascd. Ail cff~c~ent in: 
plementation for the trar~sformatiun operations, therefor*, is to formulate trans- 
formation matrices, concatenate any transformation sequence, and calculnt~ 
transformed coordinates using Eq. 5-39. On parallei systems, direct matrix multi 
plications wlth the composite transformation matrix of Eq. 5-37 can be equally cf- 
ficient. 

A general rigid-body transformation matrix, in\dving onlv t r a n s l a t i ~ ~ ~ i ~  
and rotations, can be expressed in the form 

where the four elements r,, are the multiplicative rotation terms, and elements tr ,  
and t ry  are the translatior~al terms. A rigid-body change in coordinate position is 
also sometimes referred to as a rigid-motion transformation. All angles and dis- 
tances between coordinate positions are unchanged by the transformation. In ad- 
dition, matrix 5-40 has the property that its upper-left 2-bv-2 submatrix is an or- 
thogonal matrix. This means that i f  we consider each rot< of the submatrix as a 
vector, then the two vectors (r,,, r,,) and (r,,, r,) form an orthogonal set of unit 
vectors: Each vector has unit length 

and the vectors are perpendicular (their dot product is 0): 



Therefore, if these unit vectors are transformed by the rotatign submatrix, (r,,, r,) sech15-3 

is converted to a unit vector along the x axis and (ryl, rW) is transformed into a Composite Transformations 

unit vector along they axis of the coordinate system: 

As an example, the following rigid-body transformation first rotates an object 
through an angle %about a pivot point (I,, y,) and then translates: 

T(t,, t,). R(x,, y,, 0) 

cos 0 -sin 0 x,(l - cos 0) + y, sin 6 + t ,  

8 y,(l - cos 0) - x, sin 6 + t, 
1 I 

Here, orthogonal unit vectors in the upper-left 2-by-2 submatrix are (cos 0, 
-sin %) and (sin 0, cos 6), and 

Similarly, unit vector (sin 0, cos 0) is converted by the transformation matrix in 
Eq. 5-46 to the unit vector (0,l) in they direction. 

The orthogonal property of rotation matrices is useful for constructing a ro- 
tation matrix when we know the final orientation of an obpct rather than the 
amount of angular rotation necessary to put the object into that position. Direc- 
tions for the desired orientation of an obpct could be determined by the align- 
ment of certain ob* in a scene or by selected positions in the scene. Figure 5-14 
shows an object that is to be aligned with the unit direction vectors u' and v'. As- 
suming that the original object orientation, as shown in Fig. 5-14(a), is aligned 
with the coordinate axes, we construd the desired transformation by assigning 
the elements of u' to the first row of the rotation matrix and the elements of v' to 
the second row. This can be a convenient method for obtaining the transfonna- 
tion matrix for rotation within a local (or "object") coordinate system when we 
know the final orientation vectors. A similar transformation is the conversion of 
object descriptions from one coordinate system to another, and in Section 5-5, we 
consider how to set up transformations to accomplish this coordinate conversion. 

Since rotation calculations q u i r e  trignometric evaluations and several 
multiplications for each transformed point, computational efficiency can become 
an important consideration in rotation hansfonktions. In animations and other 
applications that involve many repeated transformations and small rotation an- 
gles, we can use approximations and iterative calculations to reduce computa- 
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Figure 5-14 
The rotahon matrn for revolving an object from position (a) to position 
(b) can be constmcted with the values c.f thp unlt orientation vectors u' 
and v' relative tc the original orientation 

tions in the composite transformation equations. Whcn the rotation angle is 
small, the trigonometric functions can be replaced with approximation values 
based on the first few ttrrms of their power-series expansions. For small enough 
angles (less than lo0), cos 0 is approximately 1 and sln 0 has a value very close to 
the value of 8 in radians. If we are rotating in small angular steps about the ori- 
gin, for instance, we can set cos 8 to 1 and reduce transformation calculations at 
each step to two multiplications and two additions for each set of coordinates to 
be rotated: 

where sin 6 is evaluated once lor all steps, assuming the rotation angle does not 
change. The error introduced by this approximation at each step decreases as the 
rotation angle decreases. But even with small rotat~on angles, the accumulated 
error over many steps can become quite large. We can control the accumulated 
error by estimating the error in x' and y '  at each step and resetting object posi- 
tions when the error accumulation becomes too great. 

Composite transformations often involve inverse matrix calculations. Trans- 
formation sequences for general scaling directions and for reflections and shears 
(Section 5-9, for example, can be described with inverse rotation components. As 
we have noted, the inverse matrix representations for the basic geometric Erans- 
formations can be generated with simple procedvres. An inverse translation ma- 
trix is obtained by changing the signs of the translation distances, and an i n v e w  
rotation matrix is obtained by performing a matrix transpose (or changing the 
sign of the sine terms). These operations are much simpler than direct inverse 
matrix calculations. 

An implementation of composite transformations is given in the following 
procedure. Matrix M is initialized to the identity matrix. As each individual 
transformation is specified, it is concatenated with the total transformation ma- 
trix M. When all transformations have been specified, this composite transforma- 
tion is applied to a given object. For this example, a polygon is scaled and rotated 
about a given reference point. Then the object is translated. Figure 5-15 shows the 
original and final positions of the polygon transformed by this sequence. 
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Figure 5-15 
A polygon (a) is transformed ~nto 
(b) by the composite operations in 
the following procedure. 

Winclude <math.h> 
Yinclude 'graphics.hm 

typedef float Matrix3x3 131 131 : 
Matrix3x3 thenatrix: 

void matrix3~3SetIdentity (Matrix3x3 rn) 
( 
int ;, j; 

Composite Transformalions 

for li=O; ic3; i++) for lj=O: j<3; j + r )  n[il[j] = (i == j); 
) 

/ *  Multiplies matrix a times b, putting result in b ' /  
void matrix3~3PreMultiply (Matrix3x3 a. Matrix3x3 b) 
i 
int r,c: 
Matrix3x3 tmp: 

for [r = 0; r < 3: r++) 
for (C = 0; c < 3; c++) 
tm~Irllcl = 
alrlIOl'bI0l[cI t a[rlIlltbllllcl + alrlI21'bl211cl: 

for (r = 0: r < 3: r++) 
for Ic = 0; c < 3: c + + )  
blrl Icl - tmplrl lcl: 

1 

void translate2 (int tx, int ty) 
( 
Matrix3x3 m: 

rnatrix3~3SetIdentity (n) : 
m[01[21 = tx; 
m111121 = ty: 
matrix3~3PreMultiply (m, theMatrix): 



vold scale2 (float sx.  rloat sy, wcPt2 refpL: 
( 
Macrix3xl m. 

matrix3~3SetIdentity (ml: 
m101 [OI = sx; 
m[0][2] = ( 1  - sx) ' refpt.x; 
mll] Ill = sy; 

void rotate2 (float a, wcPt2 refPc) 
i 
Matrix3x3 m; 

matrix3~3SetIdentity (m): 
a = pToRadians La); 
m[Ol L O !  z cosf (a); 
m[01 111 = sin: (a) ; 
m[0] [21 = rcfPt.x - (1 - cosf (a)) + refPt.y sinf (a); 
m[1] ( 0 1  = sinf (a); 
m[ll Ill = cosf (a]; 
m[l] [Z] = refPt.y (1 - cosf (a) - refPt.x ' sinf ( a ) ;  
matrix3~3PreMultiply (m, theMatrix); 

) 

void transformPoints2 (int npts, wcPt2 'ptsl 
( 
int k: 
float tmp ; 

for (k = 0; k npts: kt+) i 
trnp = ehcMatrix101 I01 ' ptsrk] . x  * theMatrix[O) lll ' 
pts1kl.y t theMatrix[0][21; 

pts(k1.y =. theMatrix[ll [O] * ptsikl .X + theMatrixl1) I11 
pts[kl .y r theMatrix[l] 121; 

pts(k1 .x tmp;  

1 

void main (int argc, char " argv) 
( 
wcPt2 ptsi31 : { 50.0, 50.0, 150.0, 50.0, 100.0, 150.0); 
wcPt2 refPt :. (100.0. 100.0); 
long windowID -; openGraphics (*a~gv, 200, 350); 

set8ac:iground ('NHITE) ; 
setcolor (BLUE); 
pFillArea 13, prs): 
matrix3~3SetIdentity LtheMatrix); 
scale2 (0.5, 0.5, refPt): 
rotate2 (90.0, refPt); 
translate2 (0, 1 5 0 ) ;  
transformpoints2 ( 3 ,  pts) 
pFillArca (3.pts) ; 
sleep !lo); 
closeGraphics (window1D) ; 

I 
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OTHER TRANSFORMATIONS Uther Transformations 

Basic transformations such as translation, rotation, and scaling are included in 
most graphics packages. Some packages provide a few additional transforma- 
tions that are useful in certain applications. Two such transformations are reflec- 
tion and shear. 

Reflection 

Y 

A reflection is a transformation that produces a mimr image of an obpct. The 
mirror image for a two-dimensional reflection is generated relative to an axis of 
reflection by rotating the object 180" about the reflection axis. We can choose an 
axis of reflection in the xy plane or perpendicular to the xy plane. When the re- 
flection axis is a line in the xy plane, the rotation path about this axis is in a plane 
perpendicular to the xy plane. For reflection axes that are perpendicular to the xy 
plane, the rotation path is in the xy plane. Following are examples of some com- 
mon reflections. 

Reflection about the line y = 0, the x axis, is accomplished with the transfor- 
mation matrix 

14\ 

/I \\\ Original 
/ \\ Position 
: '  2 L ------- 

I \ 3  

This transformation keeps x values the same, but "flips" the y values of coordi- 
nate positions. The resulting orientation of an object after it has been reflected 
about the x axis is shown in Fig. 5-16. To envision the rotation transformation 
path for this reflection, we can think of the flat object moving out of the xy plane 
and rotating 180" through three-dimensional space about the x axis and back into 
the xy plane on the other side of the x axis. 

A reflection about the y axis flips x coordinates while keeping y coordinates 
the same. The matrix for this transformation is 

Figure 5-17 illustrates the change in position of an object that has been reflected 
about the line x = ,O. The equivalent rofation in this case is 180" through threedi- 
mensional space about they axis. 

We flip both the x and y coordinates of a point by reflecting relative to an 
axis that is perpendicular to the xy plane and that passes through the coordinate 
origin. This transformation, referred to as a reflection relative to the coordinate 
origin, has the matrix representation: 

Reflected 
Position '7'' I ' 

Figure ,516 
Reflection of an object about 
the x axis. 

Original I Refleded 
Position Position 

- 
Figuw 5-1 7 
Reflection of an object about 
they  axis. 



Original 
Position 

Reflected 
Position 

3' 

Figure 5-18 
Reflection of an object relative 
to an axis perpendicular to 
the ry plane and passing 
through the coordinate origin. 

,,;3 Original /' 
I \ Position / 

,/ \ 
/ '. 1 

2 // \'A1 // Reflected 

/ 3 ' 
/ 

/ 
/ 

-- - - - -- 
Figure 5-19 
Refledion of an object relative to an axis perpendicular to 
the xy plane and passing through point P,,,. 

An example of reflection about the origin is shown in Fig. 5-18. The reflection ma- 
tnx 5-50 is the rotation matrix R(9) with 6 = 180'. We are simply rotating the ob- 
ject in thc ry plane half a revolution about the origin. 

Reflection 5-50 can be generalized to any reflecticm point in the ry plane 
(Fig. 5-19). This reflection is the same as a 180" rotation in the xy plane using the 
reflection point as the pivot point. 

If we chose the reflection axis as  the diagonal line y = x (Fig. 5-20), the re- 
flection matrix is 

We can derive this matrix by concatenating a sequence of rotation and coordi- 
nate-axis reflection matrices. One possible sequence is shown In Fig. 5-21. Here, 
we first perform a clockwise rotation through a 45" angle, which rotates the line y 
= x onto the x axis. Next, we perform a rcflcction with respect to the x axis. The 
final step is to rotate the line y = x back to its original position with a counter- 
clockwise rotation through 45". Ar. equivalent sequence of transformations is first 
to reflect the object about the x axis, and then to rotate counterclockwise 90". 

To obtain a transfonnation matrix for reflection about the diagonal y = -x, 
we could concatenate matrices for the transformation sequence: (1) clockwise ro- 
tation by 45', (2) reflection about the y axis, and (3) counterc~ockwise rotation by 
45". The resulting transformation matrix is 

- - - - . - .. . - - - - . - . - - 
/.iprc3 .i-20 

Reflection of an obpct with 
mpect to the line y = x. 



Figure 5-22 shows the original and final positions for an object transformed with section 5-4 

thls reflection matrix. Other Transformalions 

Reflections about any line y = rnx t h in the ry plane can be accomplished 
with a combination of translatcrotate-reflect transfor~nations. In general, we first 
translate the Line so that it passes through the origin. Then we can rotate the line 
onto one of the coordinate axes and reflect about that axis. Finally, we restore the 
line to its original position with the inverse rotation and translation transforma- 
lions. 

We can implement reflections with respect to the coordinate axes or coordi- -- 
nate origin as scaling transformations with negative scaling factors. Also, ele- , 
ments of the reflection matrix can be set to values other than tl. Values whose 
magnitudes are greater than 1 shift the mirror image farther from the reflection (a) 

axis, and values with magnitudes less than 1 bring the mirror image closer to the 
reflection axis. 

Shear 
L - - J  

A transformation that distorts the shape of an object such that the transformed 
shape appears as if the object were composed of internal layers that had been -*-- 
caused to slide over each other is called a shear. Two common shearing transfor- 
mations are those that shift coordinate w values and those that shift y values. 

An x-direction shear relative to the x axis is produced with the transforma- 
tion matrix 

w 
(b) 

which transforms coordinate positions as 

Any real number can be assigned to the shear parameter sh,. A coordinate posi- 
tion (.u, y) is then shifted horizontally by an amount proportional to its distance (y 
value) from the x axis (y = 0). Setting sh, to 2, for example, changes the square in 
Fig. 5-23 into a parallelogram. Negative values for sh, shift coordinate positions 
to the left. 

We can generate x-direction shears relative to other reference lines with 

with coordinate positions transformed as 

F~gurc 5-21 
S~quence of transformations 
to produce reflection about 
the line y = x: (a) clockwise 
rotation of 4S0, (b) reflection 
about the x axis;and (c) 
counterclockwise rotation 
by 45". 

An example of this shearing transformation is given In Fig. 5-24 for a shear para- 
meter value of 1 /2  relative to the line yd = -1. 



Figure 5-23 
A unit square (a) is converted to a parallelogram (b) using the x- 
direction shear matrix 5-53 with sh, = 2. 

A y-direction shear relative to the line x = x,,+ is generated with the trans- 
Frgwe 5-22 formation matrix 
Reflection with respect to the 
line y = -x. 

which generates transformed coordinate positions 

This transformation sh~f t s  a coordinate position vertically by an amount propor- 
tional to its distance from the reference line x = x,,. Figure 5-25 illustrates the 
conversion of a square into a parallelogram with shy = 1 i'2 and x, = -1. 

Shearing operations can be expressed as sequences of basic transfomatio-. 
The x-direction shear matrix 5-53, for example, can be written as a composite 
transformation involv~ng a serles of rotation and scaling matrices that would 
scale the unit square of Fig. 5-23 along its diagonal, while maintaining the origi- 
nal lengths and orientations of edges parallel to thex axis. Shifts in the positions 
of objects relative to shearing reference lines are equivalent to translations. 

-- - - .  - 
Figure 5-24 
A unit square (a) is transformed to a shifted parallelogram (b) 
with sh, = 1!2 and y,, = - 1 in the shear matrix 5.55. 
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Fipre 5-25 
A unit square (a) is turned into a shifted parallelogram (b) with 
parameter values shy = 1 /2  and x,, = - 1 in the y d i i o n  using 
shearing transformation 5-57. 

5-5 
TRANSFORMATIONS BETWEEN COORDINATE SYSTEMS 

Graphics applications often require the transformation of object descriptions 
from one coordinate svstem to another. Sometimes obieas are described in non- 
Cartesian reference frames that take advantage of o b p a  symmetries. Coordinate 
descriptions in these systems must then be converted to Cartesian device coordi- 
nates for display. Some examples of twedimensional nonCartesian systems are 
polar coordinates, elliptical coordinates, and parabolic coordinates. In other 
cases, we need to transform between two Cartesian systems. For modeling and 
design applications, individual obpds  may be d e h e d  in their own local Carte- 
sian references, and the local coordinates must then be transformed to position 
the objects within the overall scene coordinate system. A facility management 
program tor office layouts, for instance, has individual coordinate reference de- 
scriptions for chairs and tables and other furniture that can be placed into a floor 
plan, with multiple copies of the chairs and other items in different positions. In 
other applications, we may simply want to reorient the coordinate reference for 
displaying a scene. Relationships between Cartesian reference systems and some 
c%mrnon non-Cartesian systems are given in Appendix A. Here, we consider 
transformations between two Cartesian frames of reference. 

Figure 5-26 shows two Cartesian systems, with the coordinate origins at (0, 
0) and (xO, yo) and with an orientation angle 8 between the x and x '  axes. To trans- 
form object descriptions from xy coordinates to x'y' coordinates, we need to set 
up a transformation that superimposes the x'y' axes onto the xy axes. This is 
done in two steps: 

1. Translate so that the origin (x, yo) of the x'y' system is moved to the origin 
of the xy system. 

2. Rotate the x '  axis onto the x axis. 

Translation of the coordinate origin is expressed with the matrix operation 
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y axis 1 

A Cartesian x'y' system positioned 
at (rb y,,) with orientation 0 in an x.v 4' XD cirtesian system. 

and the orientation of the two systems after the translation operation would a p  
pear as  in Fig. 5-27. To get the axes of the two systems into coincidence, we then 
perform the clockwise rotation 

Concatinating these two transformations matrices gives us the complete compos- 
ite matrix for transforming object descriptions from the ry system to the x'y' sys- 
tem: 

An alternate method for giving the orientation of the second coordinate sys- 
tem is to specify a vector V that indicates the direction for the positive y' axis, a s  
shown in Fig. 5-28. Vector V is specified as a point in the xy reference Frame rela- 
tive to the origin of the xy system. A unit vector in the y '  direction can then be 
obtained as 

And we obtain the unit vector u along the x '  axis by rotating v 90" clockwise: 

-- 

4 Figure 5-27 
Position of the reference frames 
shown in Fig. 5-26 after translating 
the origin of the x'y' system to the 

X XaXiS coordinate origin of the xy system. 



y axis,  Section 5-5 

Transformarions beIween 
Coordinate Systems 

v , Yo \ Figure 5-28 
Cartesian system x'y'  with origin at 

. . .. - - . - - . -- : Po = (x, yo) and y' axis parallel to 
O ]  Xo xaxis vector V. 

In Section 5-3, we noted that the elements of any rotation matrix could be ex- 
pressed as elements of a set of orthogonal unit vectors. Therefore, the matrix to 
rotate the r'y' system into coincidence with the xy system can be written as 

As an example, suppose we  choose the orientation for they' axis as V = (- 1,0), 
then the x' axis is in the positive y direction and the rotation transformation ma- 
trix is 

Equivalently, we  can obtain this rotation matrix from 5-60 by setting the orienta- 
tion angle as  8 = 90". 

In an interactive application, it may be more convenient to choose the direc- 
tion for V relative to position Po than it is to specify it relative to the xy-coordi- 
nate origin. Unit vectors u and v would then be oriented as shown in Fig. 5-29. 
The components of v are now calculated as 

and u is obtained as the perpendicular to v that forms a right-handed Cartesian 
system. 

v axis 

K F i p r r  5-29 
Yo 7 A Cartesian x'y' system defined 

Po with two coordinate positions, Po 
i 

. .., -- .. --... +- ---- and P,, within an xy reference 
0 I 

Xo x axis frame. 
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A coordinate transfomation of the form 

is called a two-dimensional affine transformation. Each of the transformed coor- 
dinates x' and y ' is a linear fundion of the original coordinates x and y, and para- 
meters a,, and bk are constants determined by the transformation type. Affine 
transformations have the general properties that parallel lines are transformed 
into parallel lines and finite points map to finite points. 

Translation, rotation, scaling, reflection, and shear are exampks of two-di- 
mensional affine transformations. Any general two-dimensional affine transfor- 
mation can always be expressed as  a composition of these five transformations. 
Another affine transformation is the conversion of coordinate descriptions fmm 
one reference system to another, which can be described as a combination of 
translation and rotation An affine transformation involving only rotation, trans- 
lation, and reflection preserves angles and lengths, as  well as parallel lines. For 
these three transformations, the lengths and angle between two lines remains the 
same after the transformation. 

5-7 
TRANSFORMATION FUNCTIONS 

Graphics packages can be structured so that separate commands are provided to 
a user for each of the basic transformation operations, as in p r o c e d u r e  trans- 
fo rmobjec t .  A composite transformation is then set up  by referencing individ- 
ual functions in the order required for the transfomtion sequence. An alternate 
formulation is to provide users with a single transformation hnction that in- 
cludes parameters for each of the basic transformations. The output of this func- 
tion is the composite transformation matrix for the specified parameter values. 
Both options are useful. Separate functions are convenient for simple transfoma- 
tion operations, and a composite function can provide an expedient method for 
specifying complex transfomation sequences. 

The PHIGS library provides users with both options. Individual commands 
for generating the basic transformation matrices are 

translate (trans-atevector, matrixTranslate) 
rotate (theta, matrixRotate) 
scale (scalevector, matrixscale) 

Each of these functions produces a 3 by 3 transformation matrix that can then be 
used to transform coordinate positions expressed as homogeneous column vec- 
tors. Parameter translatevector is a pointer to the pair of translation dis- 
tances 1, and ty. Similarly, parameter scalevector specifies the pair of scaling 
values s, and s,. Rotate and scale matrices ( m a t r i x T r a n s l a t e  and m a t r i x -  
Scale) transform with respect to the coordinate origin. 



We concatenate transformation matrices that have been previously set up kt ion5-7  

with the function rransformation Functions 

composeMatrix (matrix2, matrixl, matr~xout)  

where elements of the composite output matrix are calculated by postmultiply- 
ing matrix2 by matr ix l .  A composite transfornation matrix to perform a com- 
bination scaling, rotation, and translation is produced with the function 

buildTransformationMatrix (referencepoint, translatevector, 
theta, scalevector, matrix) 

Rotation and scaling are canied out with mpect to the coordinate position speci- 
fied by parameter r e f  erencepoint .  The order for the transformation sequence 
is assumed to be (1) scale, (2) rotate, and (3) translate, with the elements for the 
composite transformation stored in parameter matrix.  We can use this function 
to generate a single transformation matrix or a composite matrix for two or three 
transformations (in the order stated). We could generate a translation matrix by - 
setting sca levec to r  = (1, I), t h e t a  = 0, and assigning x and y shift values to 
parameter t r ans la t evec to r .  Any coordinate values could be assigned to pa- 
rameter r e f  erencepoint ,  since the transformation calculations are unaffected 
by this parameter when no scaling or rotation takes place. But if we only want to 
set up a translation matrix, we can use function t r a n s l a t e  and simply specify 
the translation vector. A rotation or scaling transfonnation matrix is specified by 
setting t r a n s l a t e v e c t o r  = (0,O) and assigning appropriate values to parame- 
ters referencepoint ,  the ta ,  and scalevector.  To obtain a rotation matrix, 
we set s ca levec to r  = (1,l); and for scaling only, we set t h e t a  = 0. If we want 
to rotate or scale with respect to the coordinate origin, it is simpler to set up the 
matrix using either the r o t a t e  or s c a l e  function. 

Since the function buildTransformationMatrix always generates the 
transfonnation sequence in the order (1) scale, (2) rotate, and (3) translate, the fol- 
lowing function is provided to allow specification of other sequences: 

composeTransformationMatrix (matrixIn, referencepoint, 
translatevector, theta, scalevector, matrixout) 

We can use this function in combination with the bu i  ldTransf ormationMa- 
t r i x  function or with any of the other matrix-constmction functions to compose 
any transformation sequence. For example, we could set up a scale matrix about 
a fixed point with the buildTransf o r m a t i o m a t r i x  function, then we could 
use the composeTransformationMatrix function to concatenate this scale 
matrix with a rotation about a specified pivot point. The composite rotate-scale 
sequence is then stored in matrixout.  

After we have set up a transformation matrix, we can apply the matrix to 
individual coordinate positions of an object with the function 

transfonnPoint (inpoint, matrix, outpoint) 

where parameter inpo in t  gives the initial xy-coordinate position of an object 
point, and parameter ou tpo in t  contains the corresponding transformed coordi- 
nates. Additional functions, discussed in Chapter 7, are available for performing 
two-dimensional modeling transformations. 
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Trandrmnalion~ RASTER METHODS F O R  TRANSFORMATIONS 

F-I~SIIIV .5-.%0 
Translating an object from 
screen positlon (a) to pos~tion 
(b) by nroving a rectangular 
block oi pixel values. 
Coordinate positions P,,,,, 
and P,,,, specify the limits 
of the rectangular block to 
be moved, and P, is the 
destination reference 
poslllon. 

The particular capabilities of raster systems suggest an alternate method for 
transforming objects. Raster systems store picture information as pixel patterns 
in the frame buffer. Therefore, some simple transformations can be carried out 
rapidly by simply moving rectangular arrays of stored pixel values from one lo- 
cat~on to another within the frame buffer. Few arithmetic operations are needed, 
so the pixel transformations are particularly efficient. 

Raster functions that manipulate rectangular pixel arrays are generally re- 
ferred to as raster ops. Moving a block of pixels from one location to another is 
also called a block transfer of pixel values. On a bilevel svstem, this operation is 
called a bitBlt (bit-block transfer), particularly when the function is hardware 
implemented. The term pixBlt is sometimes used for block transfers on multi- 
level systems (multiple bits per pixel). 

Figure 5-30 illustrates translation performed as a block transfer of a raster 
area. All bit settings in the rectangular area shown are copied as a block into an- 
other part of the raster. We accomplish this translation by first reading pixel in- 
tensities fmm a specified rectangular area of a raster into an array, then we copv 
the array back into the raster at the new location. The original object could be 
erased by filling its rectangular area with the background ~ntensity (assuming the 
object does not overlapother objects in the scene). 

Typical raster functions often provided in graphics packages are: 

COW - move a pixel block from one raster area to anothcr. 
rend - save a pixel block in a designated array. 
write - transfer a pixel array to a position in the frame buffer. 

Some implementations provide options for combining pixel values. In re~~ki r .~~  
mode, pixel values are simply transfered to the destination positions. Other OF 

tions for combining ptxd values include Boolean operations (mid, or, and t w l ~ t -  

sivc or) and b i n a ~  arithmetic operations. With the e x c l ~ l s i w  or mode, two succes- 
sive copies of a block to the same raster area restores the values that were 
originally present in that area. This technique can be u3ed to move an object 
across a scene without destroying the background. Another option for adjusting 
pixel values is to combine the source pixels with a specified mask. This alloris 
only selected positions within a block to be transferred or shaded by the patterns 

-- 

Figrtrc 5-31 
Rotating an array of pixel values. Thc original array 
orientation I S  shown in (a), the array orientation after a 
90" counterclockwise rotation IS shown in (b), and the 
array orient,~tion after a 180' rotation is shown i n  (c). 
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Figure 5-32 
A raster rotation for a rectangular 
block of pixels is accomplished by 
mapping the destination pixel areas 
onto the rotated block. 

Rotations in 90-degree increments are easily accomplished with block trans- 
fers. We can rotate an object 90" counterclockwise by first reversing the pixel val- 
ues in each row of the array, then we interchange rows and columns. A 180" rota- 
tion is obtained by reversing. the order of the elements in each row of the array, 
then reversing the order of the rows. Figure 5-31 demonstrates the array manipu- 
lations necessary to rotate a pixel block by 90" and by 180". 

For array rotations that are not multiples of 90•‹, we must perform more 
computations. The general p m e d u m  is illustrated in Fig. 5-32. Each destination 
pixel area is mapped onto the rotated array and the amount of overlap with the 
rotated pixel areas is calculated. An intensity for the destination pixel is then 
computed by averaging the intensities of the overlapped source pixels, weighted 
by their percentage of area overlap. 

Raster scaling of a block of pixels is analogous to the cell-array mapping 
discussed in Section 3-13. We scale the pixel areas in the original block using 
specified values for s, and s, and map the scaled rectangle onto a set of destina- 
tion pixels. The intensity of each destination pixel is then assigned according to 
its area of overlap with the scaled pixel areas (Fig. 5-33). 

. . . .  
L--L--l--{-~-;--+--~--+-~ I I I  Destination 
I I I I I 1  I I -PixelArray 
L - - L - J - - d - - A - - A - - L - - L - A  
I l l  1 1 1 1  
I I I ~ 1 1 1 1 !  

Figure 5-33 
Mapping destination pixel areas onto a waled array of 
pixel values. Scaling factors s, = s, = 0.5 am applied 
relative to fixed point (x,, y,). 



Chapter 5 

Two-Dimensional Ceomelric 
SUMMARY 

Trmsiurrnations 
The basic geometric transformations are translation, rotation, and scaling. Trans- 
lation moves a n  object in a straight-line path from one position to another. Rota- 
tion moves an object from one position to another in a circular path around a 
specified yivot point (rotation point). Scaling changes the dimensions of an object 
relative to a specified fixed point. 

We can express two-dimensional geometric transforn~ations as 3 by 3 ma- 
trix operators, so that sequences of transformations can be concatenated into a 
single con~posite matrix. This is an efficient formulation, since it allows us to re- 
duce computations by applying the composite matrix to the initial coordinate po- 
sitions of an object to obtain the final transformed pos~tions. To d o  this, we also 
need to express two-dimensional coordinate positions as three-element column 
or row matrices. We choose a column-matrix representation for coordinate points 
because this is the standard mathematical convention and because many graph- 
ics packages also follow this convention. For two-dimensional transformations, 
coordinate positions arc: then represented with three-element homogeneous coor- 
dinates with the third (homogeneous) coordinate assigned the value I. 

Composite transformations are formed as multiplications of any combina- 
tion of translation, rotation, and scaling matrices. We can use combinations of 
translation and rotation for animation applications, and we can use combinations 
of rotation and scaling to scale objects in any specified direction. In general, ma- 
trix multiplications are not commutative We obtain different results, for exam- 
ple, if we change the order of a translate-rotate sequence. A transformation se- 
quence involving only translations and rotations is a rigid-body transformation, 
since angles and distances are unchanged. Also, the upper-left submatrix of a 
rigid-body transformation is an orthogonal matrix. Thus, rotation matrices can be 
formed by setting the upper-left 2-by-2 submatrix equal to the elements of two 
orthogonal unit vectors. Computations in rotationgl transformations can be re- 
duced by using approx~mations for the sine and cosine functions when the rota- 
tion angle is small. Over many rotational steps, however, the approximation error 
can accumulate to a significant value. 

Other transformations include reflections and shears. Reflections are trans- 
formations that rotate an object 180" about a reflection axis. This produces a mir- 
ror image of the object with respect to that axis. When the reflection axis is per- 
pendicular to the xy plane, the reflection is obtained as a rotat~on in the xy plane. 
When the reflection axls is in the xy plane, the reflection is obtained as a rotation 
in a plane that is perpendicular to the xy plane. Shear transformations distort the 
shape of an object by shifting x or y coordinate values by an amount 
to the coordinate distance from a shear reference line. 

Transformations between Cartesian coordinate sys tem are accomplished 
with a sequence of translaterotate transformations. One way to specify a new co- 
ordinate reference frame is to give the position of the new coordinate origin and 
the direction of the new y axis. The direction of the new x axis is then obtained by 
rotating they direction vector 90' clockwise. Coordinate descriptions of objects in 
the old reference frame <Ire transferred to the new reference w ~ t h  the transforma- 
tion matrix that superimposes the new coordinate axes onto the old coordinate 
axes. This transformatmn matrix can be calculated as the concatentation of a 
translation that moves the new origin to the old coordinate origin and a rotation 
to align the two sets of axes. The rotation matrix is obtained from unit vectors in 
the x and y directions tor the new system. 



Two-dimensional geometric transformations are a t h e  transformations. 
That is, they can be expressed as a linear function of coordinates x and y. Affine Fxercises 
transformations transform parallel lines to parallel lines and transform finite 
points to finite points. Geometric transformations that d o  not involve scaling or 
shear also preserve angles and lengths. 

Transformation functions in graphics packages are usually provided only 
for translation, rotation, and scaling. These functions include individual proce- 
dures for creating a translate, rotate, or scale matrix. and functions for generating 
a composite matrix given the parameters for a transformation sequence. 

Fast raster transformations can be performed by moving blocks of pixels. 
This avoids calculating transformed coordinates for an object and applying scan- 
conversion routines to display the object at the new position. Three common 
raster operations (bitBlts or pixBlts) are copy, read, and write. When a block of 
pixels is moved to a new position in the frame buffer, we can simply replace the 
old pixel values or we can combine the pixel values using Boolean or arithmetic 
operations. Raster translations are carried out by copying a pixel block to a new 
location in the frame buffer. Raster rotations in multiples of 90' are obtained by 
manipulating row and column positions of the pixel values in a block. Other 
rotations are performed by first mapping rotated pixel areas onto destination po- 
sitions in the frame buffer, then calculating overlap areas. Scaling in raster trans- 
formations is also accomplished by mapping transformed pixel areas to the 
frame-buffer destination positions. 

REFERENCES 

For additional information on homogeneous coordinates in computer graphics, see Blinn 
(I977 and 1978). 

Transformation functions in PHlGS are dixusscd in  Hopgood and Duce (1991), I loward et 
al. (1991), Caskins (1992), and Blake (1993). For information on GKS transformation funr- 
lions, see Hopgood et al. (1983) and Enderle, Kansy, and Pfaff (19841. 

EXERCISES 

5-1 Write a program to continuously rotate an object about a pivot point. Small angles are 
to be used for each successive rotation, and approximations to the sine and cosine 
functions are to be used to speed up the calculations. The rotation angle for each step 
is to be chosen so that the object makes one complete revolution in Ien than 30 sec- 
onds. To avoid accumulation of coordinate errors, reset the original coordinate values 
for the object at the start of each new revolution. 

5-2 Show tha~ the composition of two rotations is additive by concatiridting the matrix 
representations for R(0,) and R(Oz) to obtain 

5 -3  Write a sel of procedures to implement the buildT~ansformationMatrix and the 
composeTransformat~onMatrix functions to produce a composite transforma- 
tion matrix for any set of input transformation parameters. 

5-4 Write a program that applies any specified sequence of transformat~ons to a displayed 
object. The program is to be designed so that a user selects the transforniation se- 
quence and associated parameters from displayed menus, and the composite transfor- 



Chapter 5 matlon is then calculated and used to transform the object. Display the original object 

Two-Dimens~onal Ce~rne:~-c and thetransformed object in different colors or d~fferent iill patterns. 
TransfOrna gns 5-5  Modify the transformation matrix (5-35), ior scaling In an arbitrary dlrection, to In- 

clude coordinates for m y  specified scaling fixed point h, y o .  
5-6 Prove that the multiplication d transformation matrices (or each o i  the following se- 

quence of operations is commutative: 
(a) Two successive rotations. 
(b) Two successive translations. 
(c) Two successjve scalings. 

5-7 Prove that a uniform scaling (5, = 5,) and a rotation form a commutative pair of opera- 
tions but that, in general, scaling and rotation are not commutativeoperations. 

5-8 Multiply the individual scale, rotate, and translate matrices in Eq. 5-38 to verify the el- 
ements in the composite transformation matrix. 

5-9 Show that transformation matrix (5-511, for a reflection about the line y = x, is equtva- 
lent to a reflection relative to the x axis followed by 2 counterclockwise rotation of 
90'. 

5-10 Show that transformat~on matrix (5-52), for a reflection about the line y = - x ,  is 
equivalent to a reflection relatibe to they axis followed by a counterclockwise rotation 
of 90" 

5-1 1 Show that twtrzucces~ive reflections about either of,the coordinate axes is equivalent 
to a single rotation about the coordinate origin. 

5-1 2 Determine the form oi the transfonnation matrix for a reflection about an arbitrary line 
with equation y = m + b. 

5-1 .( Show that two successive reflections about any line passi-tg through the coordinate 
orig~n isequivalent to a single rotation about the origin 

5-14 Delermine a sequence of basic transformatrons that are equivalent to the x-direction 
shearing matrix (5-53). 

5-15 Determine a sequence of basic transformations that are equivalent to the ydirection 
shearing matrix (5-571 

5-10  Set up a shearing procedure to display italic characters, given a vector font definitior. 
That is, all character shapes in this font are defined with straight-line segments, and 
italic characters are formed with shearing transformations. Determine an appropriat* 
value for the shear parameter by comparing italics and plain text in some mailable 
font. Define a simple vector font for input to your routine. 

5-17 Derive the following equations for transforming a coordinate point P = (x, y : ~  in one 
Cartwan system to the coordinate values (x',  y ' )  in another C~rteslan system that is  ro- 
tated by an angle 0, as In Fig. 5-27. Project point P onto each of the four axe< and 
analyse the resulting right triangles. 

5-18 Writc a procedure to compute the elements of the matrix for transforming object de- 
scriptions from one C.~rtesian coordinate system to another. The second coordindtr 
system i s  to be deficed with an origin point Po and a vector V that gives the directton 
for the positive y'axis ot  this system. 

5-19 Set up procedures for mplementing a block transfer ol a rectangular area of a iramr 
buffer, using one i u ~ c t ~ o n  to read the area into an array and another function to cop\ 
the array into the designated transfer area. 

5-20 Determine the results cf perforn~~ng two successive block trmsfers Into the same area 
o i  a frame buffer usin): !he various Boolean operations. 

5-21 What are the results o i  performing two successive block transfers into the same area oi 
a frame buffer using the binary arithmetic operations! 



5-22 lrnplemcnt A routine to perform block 1r.7nsicvs in '1 tr,lne buiter using any sprcified 
Boolcan operation or a replacement (copy) operation E.<ercisrz 

5 - 2 3  Write a routine lo ~rnplemenl rotations In ~ntrrnients of 90" in frame-buffer block 
transfers. 

5 2 4  Write a routine to implement rotations by any specified angle in a frame-buffer block 
transier. 

5-25 Write a routine lo implement scaling as a raster lransforrnation of a pixel block. 
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w e now consider the formal mechanism for displaying views of a picture 
on an output device. Typically, a graphics package allows a user to 

specify which part of a defined pi&ke is to be display& and where that part is 
to be placed on the display device. Any convenient Cartesian coordinate system, 
referred to as the world-coordinate reference frame, can be used to define the pic- 
ture. For a two-dimensional pidure, a view is selected by specifying a subarea of 
the total picture area. A user can select a single area for display, or several areas 
could be selected for simultaneous display or for an animated panning sequence 
across a scene. The pidure parts within the selected areas are then mapped onto 
specified areas of the device coordinates. When multiple view areas are selected, 
these areas can be placed in separate display locations, or some areas could be in 
serted into other, larger display areas. Transformations from world to device co 
ordinates involve translation, rotation, and scaling operations, as well as proce- 
dures for deleting those parts of the picture that are outside the limits of a 
selected display area. 

6- 1 
THE VIEWING PIPELINE 

A world-coordinate area selected for display is called a window. An area on a 
display device to which a window is mapped is called a viewport. The window 
defines whnt is to be viewed; the viewport defines where it is to be displayed. 
Often, windows and viewports are rectangles in standard position, with the rec- 
tangle edges parallel to the coordinate axes. Other window or viewport geome- 
tries, such as general polygon shapes and circles, are used in some applications, 
but these shapes take longer to process. In general, the mapping of a part of a 
world-coordinate scene to device coordinates is referred to as a viewing transfor- 
mation. Sometimes the two-dimensional viewing transformation is simply re- 
ferred to as the window-to-viewport transformation or the windowing transformation. 
But, in general, viewing involves more than just the transformation from the win- 
dow to the viewport. Figure 6-1 illustrates the mapping of a pidure section that 
falls within a rectangular window onto a designated &angular viewport. 

In computer graphics terminology, the term wrndow originally referred to an 
area of a picture that is selected for viewing, as defined at the beginning of this 
section. Unfortunately, the same tern is now used in window-manager systems 
to refer to any rectangular screen area that can be moved about, resized, and 
made active or inactive. In this chapter, we will only use the term window to 
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Ficyrrrc 6-1 
A viewing transformation using standard rectang~es lor the window and viewport. 

refer to an area of a world-coordinate scene that has btvn selected for display 
When we consider graphical user interfaces in Chapter F, we will discuss screen 
wmdows and window-manager systems. 

Some graphics packages that provide window and viewport operations 
allow only standard rectimgles, but a more general approach is to allow the rec- 
tangular window to haw any orientation. In this case, we carry out the viewing 
transformation in several steps, as indicated in Fig. 6-2. First, we construct the 
scene in world coordinates using the output primitives and attributes discussed 
in Chapters 3 and 4. Next. to obtain a particular orientation for the window, w e  
can set up a two-dimensional viewing-coordinate system in the world-coordi- 
nate plane, and define a tvindow In the viewing-coordinate system. The viewing- 
coordinate reference frame is used to provide a method for setting up arbitrary 
orientations for rectangular windows. Once the viewing reference frame is estah- 
lishcd, we can transforw descr~ptions in world coordinntes to viewing coordi- 
nates. We then define a \.iewport in normalized coordinates (in the range from O 
to I )  and map the viewing-coordinate description of the scene to normalized co- 
ordinates. At the final step, .11I parts of the picture that he outside the viewport 
are clipped, and the contents of the viewport are transierred to device coordi- 
nates. Figure 6-3 i1lustratt.s a rotated viewing-coordinate reference frame and the 
mapping to normalized coordinates. 

By changing the position of the viewport, we can view objects at different 
positions on the display area of an output device. Also, by varying the size of 
viewports, we can change the size and proportions of displayed objects. We 
achieve zooming effects by successively mapping different-sized windows on a 
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The two-dimensional viewing-transformation pipeline. 
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Figure 6-3 
Setting up  a rotated world window in viewing coordmates and the 
corresponding normalized-coordinate viewport. 

fixed-size viewport. As the windows are made smaller, we zoom in on some part 
of a scene to view details that are not shown with larger windows. Similarly, 
more overview is obtained by zooming out from a section of a scene with succes- 
sively larger windows. Panning effects are produced by moving a fixed-size win- 
dow across the various objects in a scene. 

Viewports are typically defined within the unit square (normalized coordi- 
nates). This provides a means for separating the viewing and other transforma- 
tions from specific output-device requirements, so that the graphics package is 
largely device-independent. Once the scene has been transferred to normalized 
coordinates, the unit square is simply mapped to the display area for the particu- 
lar output device in use at that time. Different output devices can be used by pro- 
viding the appropriate device drivers. 

when iil &ordinate transformations are completed, viewport clipping can 
be performed in normalized coordinates or in device coordinates. This allows us 
to reduce computations by concatenating the various transformation matrices. 
Clipping procedures are of fundamental importance in computer graphics. They 
are used not only in viewing transformations, but also in window-manager sys- - .  
tems, in and drawkg packages to eliminate parts of a picture inside or 
outside of a designated screen area, and in many other applications. 

6-2 
VIEWING COORDINATE REFERENCE FRAME 

This coordinate system provides the reference frame for speafying the world- 
coordinate window We set up the viewing coordinate system using the procc 
dures discussed in Section 5-5. First, a viewing-coordinate origin is selected at 
some world position: Po = (x,, yo). Then we need to establish the orientation, or 
rotation, of this reference frame. One way to do this is to spec~fy a world vector V 
that defines the viewing y, direction. Vector V is called the view up vector. 

Given V, we can calculate the components of unit vectors v = (v,, VJ and 
u = (u,, UJ for the viewing y, and x, axes, respectively. These unit vectors are 
used to form the first and second rows of the rotation matrix R that aligns the 
viewing r,,y,. axes with the world x,y,, axes. 
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Figure 6 4  
A viewing-coordinate frame is moved into coincidence with the world 
frame in two steps: (a) translate the viewing origin to the world origin, 
then (b) rotate to align the axes of the two systems. 

We obtain the matrix for converting worldcoordinate positions to viewing 
coordinates as a two-step composite transformation: First, we translate the view- 
ing origin to the world origin, then we rotate to align the two coordinate refer- 
ence frames. The composite twc-dimensional transformation to convert world 
coordinates to viewing coordinate is 

where T is the translation matrix that takes the viewing origin point Po to the 
world origin, and R is the rotation matrix that aligns the axes of the two reference 
frames. Figure 6-4 illustrates the steps in this coordinate transformation. 

6-3 
WINDOW-TO-VIEWPORT COORDINATE TRANSFORMATION 

Once object descriptions have been transferred to the viewing reference frame, 
we choose the window extents in viewing coordinates and select the viewport 
limits in normalized conrdinates (Fig. 6-31. Object descriptions are then trans- 
ferred to normalized device coordinates. We do this using a transformation that 
maintains the same relative placement of objects in normalized space as they had 
in viewing coordinates. If a coordinate position is at the center of the viewing 
window, for instance, it will be displayed at the center of the viewport. 

Figure 6-5 illustrates the window-to-viewport mapping. A point at position 
(m, yw) in the window 1s mapped into position (xv, yv) in the associated view- 
port. To maintain the same relative placement in the viewport as in the window, 
we q u i r e  that 
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Figure 6-5 
A point at position (xw, yro) in a designated window is mapped to 
viewport coordinates (xu, yv) so that relative positions in the two areas 
are the same. 

Solving these expressions for the viewport position (XU,  yv), we have 

XU = XU,,, + (xw - XW,,,)SX 

where the scaling factors are 

Equations 6-3 can also be derived with a set of trnnsformtions that converts the 
window area into the viewport area. This conversion is performed with the fol- 
lowing sequence of transformations: 

1. Perform a scaling transformation using a fixed-point position of (xw,,, 
yw,,,) that scales the window area to the size of the viewpdrt. 

2. Translate the scaled window area to the position of the viewport. 

Relative proportions of objects are maintained if the scaling factors are the 
same ( s x  = s y ) .  Otherwise, world objects will be stretched or contracted in either 
the x or y direction when displayed on the output device. 

Character strings can be handled in two ways when they are mapped to a 
viewport. The simplest mapping maintains a constant character size, even 
though the viewport area may be enlarged or reduced relative to the window. 
Tt.is method would be employed when text is formed with standard character 
fonts that cannot be changed. In systems that allow for changes in character size, 
string definitions can be windowed the same as other primitives. For characters 
formed with line segments, the mapping to the viewport can be carried out as a 
sequence of line transformations. 

From normalized coordinates, object descriptions are mapped to the vari- 
ous display devices. Any number of output devices can be open in a part'cular 
application, and another window-to-viewport transformation can be performed 
for each open output device. This mapping, called the workstation transforma- 

Tranriormation 
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Figrtrc 6-6 
Mapping selected parts of a scene in normalized coord~nates to 
different video monitors with workstation transformations. 

tion, IS accomplished by selecting a window area in normalized space and a 
viewport area in the coordinates of the display device. With the workstation 
transformation, we gain some additional control over the positioning of parts of 
a scene on individual output devices. As illustrated in Fig. 1,-6, we can use work- 
station transformations to partition a view so that different parts of normalized 
space can bc displaycd on diffcrcnt output dcvices. 

6-4 
TWO-DIMENSIONAL \/IEWING FUNCTIONS 

We define a viewing reference system in a PHIGS application program with the 
following function: 

evaluateViewOrient~tionMatrix (xO, y o ,  xV,  yi ' .  
error, viewMatrixl 

where parameters xO and yo are the coordinates of the viewing origm, and para- 
meters xV and yV are the world-coordinate positions for the view up  vector. An 
integer error code is generated if the input parameters are in error; otherwise, the 
viematrix for the world-to-viewing transformation is calculated. Any number 
of viewing transformation matrices can be defined in anapplication. 

To set up  the elements of a window-to-viewport mapping matrix, we in- 
voke the fknction 

-.valuate~iewMap~inyMatrix (xwmin, M a x ,  v i n ,  Y?maX. 
-in, =ax. .pmin, yvmax, error,  view~zpping~atrix) 

Here, the window limits in viewing coordinates are chosen with parameters 
-in, -ax, ywmin, and ywmax; and the viewport limit> are set with the nor- 



niahzed coordinate positions xvmin, xvmax, w i n ,  yvmax. .4s with the W i o n 6 - 4  
viewing-transformation matrix, we can construct several window-viewport pairs Two-D~mensional Mewing 

and use them for projecting various parts of the scene to different areas of the FUnCL'OnS 

unit square. 
Next, we can store combinations of viewing and window-viewport map- 

pings for various workstations in a viruing tablr with 

setVlewRepresentation (ws, viewIndex, viewMatrlx, 
viewMappingMatrix, xclipmin, xclipmax, yclipmin, 

yclipmax, clipxy) 

where parameter ws designates the output device (workstation), and parameter 
viewIndex sets an integer identifier for this particular window-viewport pair. 
The matrices viewMatrix and viewMappingWatrix can be concatenated and 
referenced by the viewIndex. Additional clipping limits can also be specifled 
here, but they are usually set to coincide with the viewport boundaries. And pa- 
rameter c l  ipxy is assigned either the value rroclrp or the value clip. This allows 
us to turn off clipping if we want to view the parti of the scene outside the view- 
port. We can also select rloclip to speed up processing when we know that all of 
the scene is included within the viewport limits 

The function 

selects a particular set of options from the viewing table. This view-index selec- 
tion is then applied to subsequently specified output primitives and associated 
attributes and generates a display on each of the active workstations. 

At the find stage, we apply a workstation transformation by selecting a 
workstation window-viewport pair: 

setWorkstationWindow (WS, xwswindmir.. xwswixlmax, 
ywswindrnin. ywswindmax) 

setworksrationviewport (ws xwsVPortmin, xwsVPortmax, 
ywsVPortmin, ywsVPortmax) 

where parameter ws gives the workstation number. Windowioordinate extents 
are specified in the range from 0 to 1 (normalized space), and viewport limits are 
in integer devicecoordinates. 

If a workstation viewport is not specified, the unit squaxv of the normalized 
reference frame is mapped onto the largest square area possible on an output de- 
vice. The coordinate origin of normalized space is mapped to the origin of device 
coordinates, and the aspect ratio is retained by transforming the unit square onto 
a square area on the output device. 

Example 6-1 Two-Dimensional Viewing Example 

As an example of the use of viewing functions, the following sequence of state- 
ments sets up  a rotated window in world coordinates and maps its contents to 
the upper right comer of workstation 2. We keep the viewing coordinate origin at  
the world origin, and we choose the view u p  direction for the window as (1,1). 
This gives us  a viewingtoordinate system that is rotated 45" clockwise in the 
world-coordinate refemnce frame. The view index is set to the value 5. 



Chapter b evaluate~iew0rientatlonMatrix (0, 0,  1, 1. 

Two-Oiwenrional V~ewing viewError, viewMat) ; 
evaluate~~ewMappingMatrix ( - 6 0 . 5 ,  4 1 . 2 4 ,  -20 .75 ,  82.5, 0.5. 

0 . 8 .  C.7,  1 . 0 .  viewMapError, viewMapMat); 
setviewRepresentation ( 2 ,  5, viewMat, viewMapMat, 0 . 5 ,  0.8, 

0.7, 1.0, clip); 
setviewlndex L 5 )  : 

Similarly, we could set up an additional transformation with view index 6 that 
would map a specified window into a viewport at the lower left of the screen. 
Two graphs, for example, could then be displayed at opposite screen corners 
with the following statements. 

setViewIndex ( 5 ) ;  
polyline ( 3 ,  axes); 
polyline (15, data11 : 
setVievIndex ( 6 ) ;  
polyline ( 3 ,  axes); 
polyline (25, datz2): 

V~ew index 5 selects a viewport in the upper right of the screen display, and view 
index 6 selects a viewport in the lower left corner. The function p o l y l i n e  ( 3  , 
axes) produces the horizontal and vertical coordinate reference for the data plot 
in each graph. 

6-5 
CLIPPING OPERATIONS 

Generally, any procedure that identifies those portions of a picture that are either 
inside or outside of a specified region of space is referred to as a clipping algo- 
rithm, or simply clipping. The region against which an object is to clipped is 
called a clip window. 

Applications of clipplng include extracting part of a detined scene for v i e w  
ing; identifying visible surfaces in three-dimensiona1 vlews; antialiasing line seg- 
ments or object boundaries; creating objects using solid-modeling procedures; 
displaying a multiwindow environment; and drawing and painting operations 
that allow parts of a picture to be selected for copying, moving, erasing, or dupli- 
cating. Depending on the application, the clip window can be a general polygon 
or it can even have curved boundaries. We first consider clipping methods using 
rectangular clip regions, then we discuss methods for other &p-Agion shapes. 

- 

For the viewing transformation, we want to display only those picture parts 
that are within the window area (assuming that the clipping flags have not been 
set to noclip). Everything outside the window is discarded. Clipping algorithms 
can be applied in world coordinates, so that only the contents of the window in- 
terior are mapped to device coordinates. Alternatively, the ccimplete world-coor- 
dinate picture can be mapped first to device coordinates, or normalized device 
coordinates, then clipped against the viewport boundaries. World-coordinate 
clipping removes those primitives outside the window from further considera- 
tion, thus eliminating the processing necessary to transform those primitives to 
device space. Viewport clipping, on the other hand, can reducd calculations by al- 
lowing concatenation of viewing and geometric transforn>ation matrices. But 



viewport clipping does require that the transformation to device coordinates be section 6-7 

performed for all objects, including those outside the window area. On raster L~neCllpp~ng 

systems, clipping algorithms are often combined with scan conversion. 
In the following sections, we consider algorithms foi clipping the following 

primitive types 

Point Clipping 
Line Clipping (straight-line segments) 
Area Clipping (polygons) 
Curve Clipping 
Text Clipp~ng 

Line and polygon clipping routines are standard components of graphics pack- 
ages, but many packages accommodate curved objects, particularly spline curves 
and conics, such as circles and ellipses. Another way to handle curved objects is 
to approximate them with straight-line segments and apply the line- or polygon- 
clipping procedure. 

6-6 
POINT CLlPPlkG 

Assuming that the clip window is a rectangle in standard position, we save a 
point P = ( x ,  y) for display if the following inequalities are satisfied: 

where the edges of the clip window (numi,, mum,, yw,,, yiu,,,) can be either the 
world-coordinate window boundaries or viewport boundaries. If any one of 
these four inequalities is not satisfied, the point is clipped (not saved for display). 

Although point clipping is applied less often than line or polygon clipping, 
some .applications may require a pointclipping procedure. For example, point 
clipping can be applied to scenes involving explosions or sea foam that are mod- 
eled with particles (points) distributed in some region of the scene. 

LINE CLIPPING 

Figure 6-7 illustrates possible relationships between line positions and a standard 
rectangular clipping region. A lineclipping procedure involves several parts. 
First, we can test a given line segment to determine whether it lies completely in- 
side the clipping window. If it does not, we try to determine whether it lies com- 
pletely outside the window. Finally, if we cannot identify a line as completely in- 
side or completely outside, we must perform intersection calculations with one 
or  more clipping boundaries. We proc&s lines through the "inside-outside'' tests 
by checking the line endpoints. A line with both endpoints inside all clipping 
boundaries, such as the line from P, to P,, i sxved .  A line with both endpoints 
outside any one of the clip boundaries (line P,P, in Fig. 6-7) is outside the win- 



adore Clipping 

(a) 
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Fiprre 6-7 
Line clipping against a rectangular shp window. 

After Cl~pping 

lbi 

dow. All other lines cross rwe or more clipping boundaries, and may require cal- 
culation of multiple intmstution points. TCI minimize calculations, we try to de- 
vise clipping algorithms that can efficiently identify ockside lines and redow in- 
tersection calculations. 

For a line segment with endpoints (x,, yl) and (x , .  y:! nnd one o r  both end- 
points outside the clipping rectangle, the parametric reprcwntation 

could be used to determine values of parameter 11 for intersections with the clip- 
ping boundary coordinates. If the value of u for an intersection with a rectangle 
boundary edge is outside the range 0 to 1 ,  the line does not enter the interior of 
thr window ~t that boundarv. I f  the value ol u is witkin the range from 0 to 1 ,  the 
line segment does ~ndeed cross into the clipping area. T h ~ s  method can be ap- 
plied to each clipping boundary edge in turn to determine whether any part of 
the line segment is to be displayed. Line segments that are parallel to window 
edges can be handled as spt-cia1 cases. 

Clipping line segmenls with these parametric tesls requires a good deal of 
computation, and faster approaches to clippng are pms~hle. A number oi effi- 
cient line clippers have been developt,d, and J\,e survey the major algorithms in 
the next sectiim. Some all;orithrns are desipeci explicitl>. for two-dimensional 
pictures and some arc e a d t  adapted to threedimensional applicatiims. 

This is one of the oldest and most popular linc-clipping prcmdures. Generally, 
the method speeds up the pn)cessiug of line segnwnts t;? pvrforming initial tests 
that reduce the nun~hcr (11 intc.rscctions that must he calculated. Everv line end- 



point in a picture is assigned a four-digit binary code, called a region code, that 
identifies the location of the point relative to the boundaries of the clipping rec- 
tangle. Regions are set up in referehce to the boundaries as shown in Fig. 6-8. 
Each bit position in the region code is used to indicate one of the four relative co- 
ordinate positions of the point with respect to the clip window: to the left, right, 
top, or bottom. By numbering the bit positions in the region code as 1 through 
4 from right to left, the coordinate regions can be correlated with the bit posi- 
tions as  

bit 1: left 
bit 2: right 
bit 3: below 
bit 4: above 

A value of 1 in any bit position indicates that the point is in that relative position; 
otherwise, the bit position is set to 0. If a point is within the clipping rectangle, 
the region code is 0000. A point that is below and to the left of the rectangle has a 
region code of 0101. 

Bit values in the region code are determined by comparing endpoint coordi- 
nate values (x, y) to the clip boundaries. Bit 1 is set to 1 if x < nomi,. The other 
three bit values can be determined using similar comparisons. For languages in 
which bit manipulation is possible, region-code bit values can be determined 
with the following two steps: (1) Calculate differences between endpoint coordi- 
nates and clipping boundaries. (2) Use the resultant sign bit of each difference 
calculation to set the corresponding value in the region code. Bit 1 is the sign bit 
of x - bit 2 is the sign bit of xw,,, - x; bit 3 is the sign bit of y - yw,,; and 
bit 4 is the sign bit of yw,, - y. 

Once we have established region codes for all line endpoints, we can 
quickly determine which lines are completely inside the clip window and which 
are clearly outside. Any lines that are completely contained within the window 
boundaries have a region code of 0000 for both endpoints, and we trivially accept 
these lines. Any lines that have a 1 in the same bit position in the region codes for 
each endpoint are completely outside the clipping rectangle, and we trivially re- 
ject these lines. We would discard the line that has a region code of 1001 for one 
endpoint and a code of 0101 for the other endpoint. Both endpoints of this line 
are left of the clipping rectangle, as indicated by the 1 in the first bit position of 
each region code. A method that can be used to test lines for total clipping is to 
perform the logical and operation with both region codes. If the result is not 0000, 
the line is completely outside the clipping region. 

Lines that cannot be identified as completely inside or completely outside a 
clip window by these tests are checked for intersection with the window bound- 
aries. As shown in Fig. 6-9, such lines may or may not cross into the window in- 
terior. We begin the clipping process for a line by comparing an outside endpoint 
to a clipping boundary to determine how much of the line can be discarded. 
Then the remaining part of the Line is checked against the other boundaries, and 
we continue until either the line is totally discarded or a section is found inside 
the window. We set up our algorithm to check line endpoints against clipping 
boundaries in the order left, right, bottom, top. 

To illustrate the specific steps in clipping lines against rectangular bound- 
aries using the Cohen-Sutherland algorithm, we show how the lines in Fig. 6-9 
could be processed. Starting with the bottom endpoint of the line from P, to P,, 
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Line Clipping 

Figure 6-8 
Binary region codes assigned 
to line endpoints according to 
relative position with respect 
to the clipping rectangle. 
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Two-D~mensional Wewing 
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Figure 6-9 
Lines extending from one 
coordinate region to another may 
pass through the clip window, 
or they may intersect clipping 
boundaries witho~t entering the 
window. 

we check P, against the left, right, and bottom boundaries in turn and find that 
this point is below the clipping rectangle. We then find the intersection point Pi 
with the bottom boundary and discard the line section from PI to Pi. The line 
now has been reduced to the section from Pi to P,. Since P, is outside the clip 
window, we check this endpoint against the boundaries and find that it is  to the 
left of the window. Intersection point P; is calculated, but this point is above the 
window. So the final intersection calculation yields I"', and the line from Pi to P; 
is saved. This completes processing for this line, so we save this part and go on to 
the next line. Point P3 in the next line is to the left of the clipping rectangle, so we 
determine the intersection P, and eliminate the line section from P3 to P' By 
checking region codes for the line section from Pi to P,, we find that the remain- 
der of the line is below the clip window and can be discarded also. 

Intersection points with a clipping boundary can be calculated using the 
slope-intercept form of the line equation. For a line w ~ t h  endpoint coordinates ( x , ,  
y,) and (x2, y2) ,  they coordinate of the intersection pomt with a vertical boundary 
can be obtained with the calculation 

where the x value is set either to numi, or to XIU,,, and the slope of the line is cal- 
culated as  m = (y2 - y , ) / ( x ,  - x,).  Similarly, if we are looking for the intersection 
with a horizontal boundary, the x coordinate can be calculated as 

with y set either to yw,, or to ywm,. 
The following procedure demonstrates the Cohen-Sutherland line-clipping 

algorithm. Codes for each endpoint are stored as bytes and processed using bit 
manipulations. 

i '  B i t  masks encode a p o i n t ' s  p o s i t i o n  r e l a t i v e  t o  t h e  c l i p  e d g e s .  A 
p o i n t ' s  s ta t .us  is encoded by OR'ing toge ther  a p p r o p r i a t e  b i t  masks 

/ 
Cdefine LEFT-EWE 0x1 



Xdeh~~c RIGH'T EDGE 0x2 
Xdefins BOTTOM-EKE 0x4 
Udefins TOP EDGE 0x8 

, *  Po~ncs encoded as 0000 are completely Inside the clip rectangle; 
all others ere outside at least one edge. If OR'ing two codes is 
FALSE (no bits are set in either code), the line can be Accepted. If 
the .WD operation between two codes is TRUE, the llne defuled by tiose- 
endpoints is completely outside the cllp reqion and can be Rejected. 

./ 
Ydehne INSIDE(a1 (!a) 
Ydcfine REJECT(a, b) (ahb) 
#define ACCEPTIa, b) ( ! (alb) ) 

un:,lyned char encode IwcPti pt, dcPt wlnMln. dcPt winMax) 

unsigneu char code=OxCO: 

i f  ( p t . x  winMin.x) 
<-ode = code / LEFT-EDGE; 

if 1 p t . x  > winMax.x) 
code : code I RIGHT-EKE; 

if (pt .y < winMin. yl 
code = code I BOTTOM-EDGE: 

if (pc .y > winMax. y )  
code = code 1 TOP-EDGE; 

.-eturn icode) ; 
) 

votd swapPts lwcPt2 pl, wcPt2 ' p2) 
( 

wept :  tmp; 

vo-d  swdyi'udcs (unsigned char ' c ? .  cnslgrec char ' c21 

t.mp = 'cl; *c1 = 'c2; *c2 = tmp; 
> 
vo;d clipLlnr IdcPt w i n M i n ,  JcPt winMax, wcFc2 pl, wcPcZ pZ1 
( 
unsigned char codel, code?; 
int done = FALSE, draw = FALSE: 
float m; 

while (!done) ( 
codel = encode ( p l ,  widin, winMax); 
code2 = encode (p2, win~in, winMax); 
if (ACCEPT (codel, code21 ) ( 
done = TRUE; 
draw = TRUE: 

I 
else 

i f  (REJEC T lcodel, code2)) 
done : TRUE; 

else ( 

2' Ensure that pl is outside window ' /  
i f  (INSIDE (codei)) [ 



swapPts (hpl, &p2) ; 
swapcodes (&code:, ccode2); 

1 
/' Use slope (m) to find line-clipEdge intersections * /  
if (p2.x != p1.x) 
m = (p2.y - p1.y: / (p2.x - p1.x); 

if (codel & LEFT-EDGE) ( 
p1.y + =  (winI4in.x - p1.x) m; 
p1.x = v8inMin.x; 

1 
else 

i f  (codel & RIGHT-.EDGE) ( 
p1.y 4: (winMax.x - p1.x) m; 
p1.x = wirG4ax.x; 

) 
else 

i f  (codel & BOTTOMKEDCE) L 
/ *  Need to updace p1.x for non-vertical llnes only * /  

else 
i f  (codel h TOP-EDGE) { 

if (p2.x ! -  p1.x) 
p1.x += ;winMax.y - p1.y) 1 n, 

p1.y = winf4ax.y; 
1 

) 
1 
if (draw) 

lineFDA 
1 

Liang-Barsky Line Clipping 

Faster line clippers have been developed that are based on analysis of the para- 
metric equation of a line segment, which we can write in the form 

x = X, + UAX 

y = y, + uby, 0 l u  5 1  

where Ax .= x2 - X,  and h y  = yz - y,. Using these parametric equations, Cyrus 
and Beck developed an algorithm that is generally more efficient than the 
Cohen-Sutherland algorithm. Later, Liang and Barsky independently devised an 
even fister parametric line-clipping algorithm. Following the Liang-Barsky ap- 
proach, we first write the point-clipping conditions 6-5 in the parametric form: 

Each of these four inequalities can be expressed as  



where parameters p and q are defined as 

p1 = - Ax, 9, = x, - x u .  ,,,,, 
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Lme Clipping 

Any line that is parallel to one oi the clipping boundaries haspk = 0 for the value 
of k  corresponding to that boundary ( k  = 1, 2, 3, and 4 correspond to the left, 
right, bottom, and top boundaries, respectively). If, for that value of k, we also 
find qk < 0, then the line is completely outside the boundary and can be elimi- 
nated from furthcr consideration. If  9, r 0, the line is inside the parallel clipping 
boundary. 

When p, *- 0, the infinite extension of the line proceeds from the outside to 
the ins~de of thc infinite extension of this particular clipping boundary If p, > 0, 
the line proceeds from the inside to the outside. For a nonzero value of pk, we can 
calculate the value of u that corresponds to the ptxnt where the infinitely ex- 
tended line intersects the extension of boundary k as 

For each line, we can calculate values fur parameters u, and u2 that define 
that part of the lint. that lies within the clip rectangle. The value of u, is deter- 
mined by looking at the rectangle edges for which the line proceeds from the out- 
side to the inside (p < 0).  For these edges, we calculnle rk = q , / p , .  The value of u, 
is taken as the largest of the set consisting of 0 and the various values of r. Con- 
versely, the value of u2 is delerrnined by examining the boundaries for which the 
line proceeds from inside to outside ( p  > 0). A vAue ~ ) f  r, is calc-dated for each of 
these boundaries, and the value nf u, is the minimum of the set cons~sting of 1 
and the calculated r  values. I f  u ,  > u2, the line is conrpletely outside the clip win- 
dow and it can be rejected. Otherwise, the endpoints of the chpped line are calcu- 
lated from the two values of parameter 11. 

This algorithm is presented in the following prc~edure. Line intersection 
parameters arc. initialized to the values r r ,  = 0 an6 u 2  = 1. For each clipping 
boundary, the appropriate values for 1) and q are calculated and used by the func- 
tion clipTr~t to determ~ne whether the line can be rejected or whether the intersec- 
tion parameters are tc).be adjusted. When / I  < 0, the p(3rameter r  is used to update 
2 , ;  when p 0, parameter r is used to update u,. I f  updating u ,  or u2 results in 
u, > II?, we reject the line. Otherwise, we update the appropriate u parameter 
only i f  the new value results in a shortening of the line. When p = 0 and q < 0, 
wc can discard the l ~ n c  since i t  is parallel to and out~jide of this boundary. I f  the 
line has not been rejected after all four values of y and q have been tested, the 
endpoints of the clipped line are determined from values of u, and u,. 

- 

lnt clipTest (flodt p,  float q. flodt u!,  fli-a. ' 112) I 



( 
float r ;  
i n t  r e t v a l  = TRUE; 

i f  ( p  < 0 . 0 )  ( 

r  : q i ~ 2 ;  

i f  l r  > ' ~ 2 1  
r e t V a l  = FALSE; 

else 
i t  (1 .  > * ~ 1 )  

'ul = r ,  
1 
e l s e  

i f  ( p  > 0.01 ( 

r = q / p ;  
i f  ( r  < ' ~ 1 )  

r e t V a l  = FALSE; 
e l s e  i f  l r  < * u 2 )  

.u2 = r ;  
1 
else 

/ *  p  = 0, s o  l i n e  is p a r a l l e l  GO c h i s  r i l p p i n g  edge * /  
i f  (q < 0 . 0 )  

/ *  L i n e  is o u t s i d e  c l i p p i n g  edge ' 
r e t V a l  = FALSE; 

r e t u r n  ( r e c v a l )  ; 
h 

void c l i p L i n e  (dcPt  wirNin,  dcPt winMax, w c ~ l 2  p l ,  wcPt2 p2) 
( 

float u l  = 0 0 ,  u2 = 1 . 0 ,  a x  = p2 .x  - p 1 . x  d y ;  

i f  I c l i p T e s t  (-dx, p 1 . x  - winMin.x, hu!, &u>iI 
i f  ( c l i p T e s t  (dx,  wint4ax.x - p l . x ,  h u l ,  h 1 . 1 2 ) )  ( 

p2.x = p 1 . x  + u2 dx: 
p2 .y  = p 1 . y  + u2 * dy;  

1 

In general, the Liang-Barsky algorithm is more efficient than the 
Cohen-Sutherland algorithm, since intersection calculations are reduced. Each 
update of parameters r r ,  and u, requires only one division; and window intersec- 
tions of the line are computed only once, when the final values of u, and u, have 
been computed. In contrast, the Cohen-Sutherland algorithm can repeatedly cal- 
culate intersections along a line path, even though the line may be completely 
outside the clip window. And, each intersection calculation requires both a divi- 
sion and a multiplication. Both the Cohen-Sutherland and the Liang-Barsky al- 
gorithms can be extended to three-dimensional clipping (Chapter 12). 



Nicholl-Lee-Nic-holl Line Clipping %ion 6-7 - 
Line Clipping 

By creating more regions around the clip window, the Nicholl-Lee-Nicholl (or 
NLN) algorithm avoids multiple clipping of an individual line segment. In the 
Cohen-Sutherland method, for example, multiple intersections may be calcu- 
lated along the path of a single line before an intersection on the clipping rectan- 
gle is located or the line is completely repcted. These extra intersection calcula- 
tions are eliminated in the NLN algorithm by carrying out more region testing 
before intersection positions are calculated. Compared to both the Cohen-Suther- 
land and the Liang-Barsky algorithms, the Nicholl-Lee-Nicholl algorithm per- 
forms fewer comparisons and divisions. The trade-off is that the NLN algorithm 
can only be applied to two-dimensional dipping, whereas both the Liang-Barsky 
and the Cohen-Sutherland methods are easily extended to three-dimensional 
scenes. 

For a line with endpoints PI and Pa we first determine the position of point 
P, for the nine possible regions relative to the clipping rectangle. Only the three 
regions shown in Fig. 6-10 need be considered. If PI lies in any one of the other 
six regions, we can move it to one of the three regions in Fig. 6-10 using a sym- 
metry transformation. For example, the region directly above the clip window 
can be transformed to the region left of the clip window using a reflection about 
the line y = - x ,  or we could use a 90" counte~lockwise rotation. 

Next, we determine the position of P2 relative to P,. To do this, we create 
some new regions in the plane, depending on the location of P,. Boundaries of 
the new regions are half-infinite line segments that start at the position of P, and 
pass through the window corners. If PI is inside the clip window and P2 is out- 
side, we set up the four regions shown in Fig. 6-11. The i n t e e o n  with the ap- 
propriate window boundary is then carried out, depending on which one of the 
four regions (L, T, R, orB) contains Pz. Of course, if both PI and P2 are inside the 
clipping rectangle, we simply save the entirr line. 

If PI is in the region to the left of the window, we set up the four regions, L, 
LT, LR, and LB, shown in Fig. 6-12. These four regions determine a unique bound- 
ary for the line segment. For instance, if P2 is in region L, we clip the line at the 
left boundary and save the line segment fmm this intersection point to P2. But if 
P2 is in region LT, we save the line segment fmm the left window boundary to the 
top boundary. If Pz is not in any of the four regions, L, LT, LR, or LB, the entire 
line is clipped. 

P, in Edge Region 

(bl 

P. In Corner Region 

Ic! 

Figure 6-10 
Three possible positions for a line endpoint P, in the NLN line-djpping algorithm. 
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The four clipping regions '. The four clipping regions used in 
used in the N L N  algorithm the NLN algorithm when P, is 
when PI is inside the clip directly left of the  clip window. 
window and P, is outside. 

For the third case, when PI is to the left and above the clip window, we use 
the clipping regions in Fig. 6-13. In this case, we have the two possibilites shown, 
depending on the position of P, relative to the top left corner of the window. If P, 
is in one of the regions T, L, TR, 78, LR, or LB, this determines a unique clip- 
window edge for the intersection calculations. Otherwise, the entire line is re- 
jected. 

To determine the region in which PI is located, we compare the s l o p  of the 
line to the slopes of the boundaries of the clip regions. For example, if PI is left of 
the clipping rectangle (Fig. 6-12), then P, is in region LT if 

-- 
slope < slope P,P, slope PIP,, 

And we clip the entire line if 

The coordinate diiference and product calculations used in the slope tests 
are saved and also used in the intersection calculations. From the parametric 
equations 

an x-intersection posltion on the left window boundary is x = r,, with 11 = 

(xL  - x , ) / ( x ?  - xI), SO that the y-intersection position is 
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Figurr' 6-13 
The two possible sets of cl~pp~ng regions used in theNLN algor~tlm when P, 1s aboveand 
.o the left of the clip wndow. 

And an intersection position on the top boundary has y = yf and u = 

(y, - y,)!(.k - y,), with 

In some applications, it is often necessary to clip lines against arbitrarily shaped 
polygons. Algorithms based on parametric line equations, such as the 
Liang-Barsky method and the earlier Cyrus-Beck approach, can be extended eas- 
ily convex polygon windows. We do this by modifying the algorithm to in- 
clude the parametric equations for the boundaries oi the clip region. Preliminary 
screening of line segments can be accomplished bv processing lines against the 
coordinate extents of the clipping polygon. For concave polygon-clipping re- 
gions, we can still apply these parametric clipping procedures if we first split the 
concave polygon into a set of convex poiygons. 

Circles or other curved-boundary clipping regions are also possible, but less 
commonly used. Clipping algorithms far these areas are slower because intersec- 
tion calculations involve nonlinear curve equations. At the first step, lines can be 
clipped against the bounding rectangle (coordinate extents! of the curved clip 
ping region. Lines that can be identified as completely outside the bounding rec- 
tangle are discarded. To identify inside lines, we can calculate the distance of line 
endpoints from the circle center. If the square of this distance for both endpoints 
of a line 1s less than or equal to the radius squared, we can save the entire line. 
The remaining lines arc then processed through the intersection calculations, 
which must solve simultaneous circle-line equations 

Splitting Concave Polygons 

We can identify a concave polygon by calculating the cross products of succes- 
sive edge vectors in order around the polygon perimeter. If the z component of 
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Figure 6-14 
Identifying a concave polygon by calculating cross 
products of successive pairsof edge vectors. 

some cross products is positive while others have a negative z component, we 
have a concave polygon. Otherwise, the polygon is convex. This is assuming that 
no series of three successive vertices are collinear, in which case the cross product 
of the two edge vectors for these vertices is zero. If all vertices are collinear, we 
have a degenerate polygon (a straight line). Figure 6-14 illustrates the edge- 
vector cross-product method for identifying concave polygons. 

A wctor metltod for splitting a concave polygon In the xy plane is to calculate 
the edge-vector cross products in a counterclockwise order and to note the sign 
of the z component of the cross products. If any z component turns out to be neg- 
ative (as in Fig. 6-141, the polygon is concave and we can split ~t along the line of 
the first edge vector in the crossproduct pair. The following example illustrates 
this method for splitting a concave polygon. 

- - - - -  

Example 6-2: Vector Method for Splitting Concave Polygons 

Figure 6-15 shows a concave polygon with six edges. Edge vector; for this poly- 
gon can be expressed as 

El = (1,0, O), El = (1,1,0) 

E l - 1 0 ,  E4=(0,2,0) 

Es = (-3,0,O), E,, = (0, -2,O) 

where the z component is 0, since all edges are in the xy plane. The cross product 
E , x E i  for two successive edge vectors is a vector perpendicular to the xy plane 

E, with z component equal to E,E,,  - E,,E,.,,. 

E, x E2 = (0,0, I), Ez X Es = (0,0, -2) 

E3 x E4 = (0,O. 2), E, X E5 = (0,0,6) 

E5 x E, = (0,0,6). E, x E, = (O,O, 2) 

Figure 6-15 Since the cross product Ez X E3 has a negative 2 component, we split the polygon 
Splitting a concave polygon along the line of vector E:. The line equation for this edge has a slope of 1 and a y 
using the vector method. intercept of -1. We then determine the intersection of this line and the other 
236 
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Polygon Cl~pping 

Figure 6-16 
Splitting a concave polygon using 
the ~ntational method. After 
rota-ing V3 onto the x axis, we find 
that V, is below the x axls. So we 
sp!fi&e polygon along the line 
of v,v,. 

polygon edges to split the polygon into two pieces. No other edge cross products 
are negative, so  the two new polygons are both convex. 

We can also split a concave polygon using a rotalional method. Proceeding 
counterclockwise around the polygon edges, we translate each polygon vertex VI 
in turn tn the coordinate origin. We then rotate in ;I clockwise direction so that 
the next vertex V,,, is on the x axis. If the next vertex, Vkqz ,  is below the x axis, the 
polygon is concave. We then split the polygon into two new polygons along the x 
axis and repeat the concave test for each of the two new polygons. Otherwise, we 
continue to rotate vertices on the x axis and to test for negative y vertex values. 
Figure 6-16 illustrates the rotational method for splitting a concave polygon. 

6-8 
POLYGON CLIPPING 

To clip polygons, we need to modify the line-clipping procedures discussed in 
the previous section. A polygon boundary processed with a line clipper may be 
displayed as a series of unconnected line segments (Fig. 6-17), depending on the 
orientation of the polygon to the cIipping window. What we reaIly want to dis- 
play is a bounded area after clipping, as in Fig. 6-18. For polygon clipping, we re- 
quire an algorithm that wiIl generate one or more closed areas that are then scan 
converted for the appropriate area fill. The output of a polygon clipper should be 
a sequence of vertices that defines the clipped polygcm boundaries. q\ I I ",, 

I 
! -. 
I 
I I Figure 6-17 
L -  _ _ - - _ ._ - -I Display of a polygon processed by a 

Before Clipping Aher C l i ~ p ~ n g  line-dipping algorithm 
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Sutherland-Hodgenial1 f'olvgon Clipping 

We can correctly clip a polygon by processing the polygon bound jry as  a whole 
against each window edge. This could be accomplished by processing all poly- 
gon vertices against each clip rectangle boundary in turn. Beginning with the ini- 
tial set of polygon vertices, we could first clip the polygon against the left rectan- 
gle boundary to produce a new sequence of vertices. The new set of vertices 
could then k successively passed to a right boundary clipper, a bottom bound- 
ary clipper, and a top boundary clipper, as in Fig. 6-19. At each step, a new se- 
quence of output vertices is generated and passed to the next window boundary 
clipper. 

There are four possible cases when processing vertices in sequence around 
the perimeter of a polygon. As each pair of adjacent polvgon vertices is passed to 
a window boundary clipper, we make the following tests: (1) If the first vertex is 
outside the window boundary and the second vertex is inside, both the intersec- 
tion point of the polygon edge with the window boundary and the second vertex 
are added to the output vertex list. ( 2 )  If both input vertices are inside the win- 
dow boundary, only the second vertex is added to the output vertex list. (3) li the 
first vertex is inside the ~ , i n J o w  boundary and the second vertex is outside, only 
the edge intersection with the window boundary is added to the output vertex 
list. (4) If both input vertices are outside the window boundary, nothing is added 
to the output list. These four cases are illustrated in Fig. 6-20 for successive pairs 
of polygon vertices. Onct. all vertices have been processed for one clip window 
boundary, the output 11st of vertices is clipped against the next window bound- 
ary. 

O r ~ g ~ n a l  
Polygon 

Clip 
Leh 

C l ~ p  Clip 
Right Bonorn 

Clip 
TOP 

- --- -- - - - - - - - -- -- 
Figure. 6-19 
Clipp~ng a polygon against successive window boundaries. 
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Window 

I I 

I 

vz Figwe 6-22 

A polygon overlapping a 
restangular clip window. 

' -- Top 
Elipper - Out 

Figure 6-23 
Processing the vertices of the polygon in Fig. 6-22 through a boundary-clipping pipeline. 
After al l  vertices are processed h u g h  the pipeline, the vertex list for the clipped polygon 
is IF, V D  v3 V3I. 

case Left: i f  (p.x < wMCn.x) re tu rn  (FALSE); break; 
case Right: i f  (p .x  > -.x) re tu rn  (FALSE); break; 
case Bottom: i f  (p.y < wMin.y) re tu rn  (FALSE); break; 
case Top: i f  (p.y > w n M . y )  re tu rn  (FALSE): break; 
1 
re turn (TRUE) ; 

1 

i n t  cross  (wcPt2 p l ,  wcPt2 p2, 8dge b, dcPt M i n ,  dcPt wMax) 
( 

i f  ( ins ide  ( p l ,  b,  -in, == inside (p2, b, d n ,  Wax) 
re turn (FALSE) ; 

e l s e  re turn (TRUE); 
1 

wcPt2 in te r sec t  (wcPt2 p l ,  wcPt2 p2, Edge b, dcPt *in, dcPt wMax) 
f 

wcPt2 i P t ;  
float m; 

i f  (p1.x != p2.x) m = (p1.y - p2.y) / (p1.x - p2.x); 
switch (b) ( 
case Left : 

iP t .x  - dl in .x ;  
iP t .y  = p2.y + (wi4in.x - p2.x) m; 
break ; 

case Right: 
i P t . x  = wHax.x; 



i P t . y  = p2.y + (wb4ax.x - p2.x) ' m ;  
break; 

case Bottom: 
iP t .y  = wt4in.y; 
i f  (p1.x  ! =  p2.x) iPt .x  = p2.x + (Wt4in.y - p2.y) / m; 
e l s e  i P t . x  = p2.x: 
break; 

case Top: 
iP t .y  = wMsx.y; 
i f  (p1.x ! =  p2.x) iP t .x  = p2.x + (wMax.y - p2.y) / m; 
e l s e  i P t . x  = p2.x; 
break; 

1 
re turn  ( i P t )  ; 

1 

void c l ippo in t  (wcPt2 p, Edge b, dcPt d i r , ,  dcPt wNax, 
wcPt2 W t ,  i n t  c n t ,  wcPt2 f i r s t [ ] ,  wcPt2 ' s )  

( 
wcPt2 i P t :  

/ *  If  no previous point e x i s t s  fo r  t h i s  edge, save t h i s  po in t .  * /  
i f  ( ! f i r s t tb l )  

l i r s t [b ]  = hp; 
e l s e  

/' Previous point  e x i s t s .  If ' p '  and previous po in t  cross  edge, 
find in t e r sec t ion .  C l ip  against  next boundary, i f  any. I f  
no more edges, add in t e r sec t ion  t o  output l i s t .  * /  

i f  ( c r o s s  (p, s l b l ,  b, d i n ,  wMax)) ( 
i P t  = i n t e r sec t  (p,  a rb ] .  b, wMin. !Max); 
i f  (b < Top) 

c l ippo in t  ( i P t ,  b t l ,  wMin, Max,  W t ,  cn t ,  f irst , ,  s )  ; 
e l s e  ( 

pOut[*cntl = . iPt;  ( * c n t ) + + ;  
1 

1 

s [b l  = P ;  I' Save ' p '  a s  most recent  point  f o r  t h i s  edge ' /  

/ *  For a l l ,  i f  point  is ' i n s ide '  proceed t o  next c l i p  edge, i f  any * /  
i f  ( i n s i d e  (p,  b, wMin, d a x ) )  

i f  ( b  < Top) 
c l ippo in t  (p ,  b + l ,  d i n ,  f i x ,  pout,  c n t ,  f irst ,  s ) ;  

e l s e  ( 
pout ['cntl = p; I*cnt)++;  

1 
1 

void c l o s e c l i p  (dcPt wMin, dcPt wMax, wcPt2 ' pout,  
i n t  cnt ,  wcPt2 f i r s t [ ] ,  wcPt2 S )  

( 
wcPt2 i ;  
Edge b; 

f o r  ( b  = Left:  b  <= Top; b++)  ( 
i f  ( c ross  ( s [ b l ,  *frrst[bI,  b, d i n .  Max) ) ( 

i = i n t e r s e c t  ( s [ b ] ,  * f i r s t [b l ,  b, M i n ,  wMax!; 
i f  ( b  < Top) 

c l ippo in t  ( i ,  b+ l ,  wMin, Max,  pout,  cnt .  f irst .  s); 
e l s e  ( 

pOutI'cnt1 = i; (*cn t )++ ;  
f 

1 



i n t  cl ipPolygon (dcPt wMin, dcPt wKax, Lnt n ,  wcPtZ ' pIn,  wc?t2 ' pout) 

/ *  ' f i rs t '  holds pointer  t o  f irst  point proce5sed agalnst  a c l i p  
edge. ' s  holds most recent ~ o i n t  proce+sed against  an edge ' /  

wcPt2 ' first1N-EmEl = ( 0 ,  0. 0 ,  0 ) SIN-E:DGEl: 
i n t  i ,  cnt = 0 ;  

for  (i.0; i < n ;  i + + )  
c l ippoint  ( p I > [ i J .  L e f t ,  wMin, wMax, pout hcnt ,  f i rs t ,  s l ;  

c:oseClip IwMin, wMax, p3ut. Lcnt., f i rs t ,  s !  . 
return Lcnt); 

) 

Convex polygons are correctly clipped by the Sutherland-Hodgeman algo- 
rithm, but concave polygons may be displayed with extraneous lines, as demon- 
strated in Fig. 6-24. This occurs when the clipped polygon should have two or 
more separate sections. But since there is only one output vertex list, the last ver- 
tex in the list is always joined to the first vertex. There are several things we 
could d o  to correctly display concave polygons. For one, we could split the con- 
cave polygon into two or more convex polygons and process each convex poly- 
gon separately. Another possibility is to modify the Sutherland-Hodgeman ap- 
proach to check the final vertex list for inultiple vertex points along any clip 
window boundary and mrrectly join pairs of vertices. Finally, we could use a 
more general polygon clipper, such as either the Weiler-Atherton algorithm or 
the Weiler algorithm described in the next section. 

Wc~ler-Athcrton Polygc:n Clipping 

Here, the vertex-processing procedures for window boundaries are modified so 
that concave polygons are displayed correctly. This clipping procedure was de- 
veloped as a method for identifying visible surfaces, and so it can be applied 
with arbitrary polygon-clipping regions. 

The basic idea in this algorithm is that instead of always proceeding around 
the polygon edges as vertices are processed, we sometimes want to follow the 
window boundaries. Wh~ch path we follow depends on the polygon-processing 
direction (clockwise or counterclockwise) and whether tile pair of polygon ver- 
tices currently being processed represents an outside-to-inside pair or an inside- 

Window 
I - - - - - - - - - - - - I  
I  I 
I  I 

I  
I  
I 
I  
I  

- - - -- 

Frgurc 6-24 
C11ppmg the concave polygon III (al 

I  
I wlth the Sutherland-Hodgeman 
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Polygon Clipping 

Figure 6-25 
Clipping a concave polygon (a) with the Weiler-Atherton 
algorithm generates the two separate polygon areas 
in (3). 

to-outside pair. For clockwise processing of polygon vertices, we use the follow- 
ing rules: 

For an outside-to-inside pair of vertices, follow the polygon boundary. 
For an inside-to-outside pair of vertices,. follow the window boundary in 
a clockwise direction. 

In Fig. 6-25, the processing direction in the Weiler-Atherton algorithm and the re- 
sulting clipped polygon is shown for a rectangular clipping window. 

An improvement on the Weiler-Atherton algorithm is the Weiler algorithm, 
which applies constructive solid geometry ideas to clip an arbitrary polygon 
against any polygondipping region. Figure 6-26 illustrates the general idea in 
this approach. For the two polygons in this figure, the correctly dipped polygon 
is calculated as the intersection of the clipping polygon and the polygon object. 

Other Polygon-Cli pping Algorithms 

Various parametric line-clipping methods have also been adapted to polygon 
clipping. And they are particularly well suited for clipping against convex poly- 
gon-clipping windows. The Liang-Barsky Line Clipper, for example, can be ex- 
tended to polygon clipping with a general approach similar to that of the Suther- 
land-Hodgeman method. Parametric line representations are used to process 
polygon edges in order around the polygon perimeter using region-testing pmce- 
dures simillr to those used in line clipping. 

F~grrre 6-26 
Cllpping a polygon by determining 
the intersection of two polygon 

area areas 
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Fipw 6-28 
Text clipping using .J 
bounding rectangle about the 
entire string. 

Areas with curved boundaries can be clipped with methods similar to those dis- 
cussed in the previous .sections. Curve-clipping procedures will involve nonlin- 
ear equations, however, and this requires more processing than for objects with 
linear boundaries. 

The bounding rectangle for a circle or other curved object can be used first 
to test for overlap with a rectangular clip window. If the bounding rectangle for 
the object is completely inside the window, we save the object. I f  the rectangle is 
determined to be completely outs~de the window, we discard the object. In either 
case, there is no further computation necessary. But if the bounding rectangle test 
fails, we can l w k  for other computation-saving approaches. For a circle, we can 
use the coordinate extents of individual quadrants and then octants for prelimi- 
nary testing before calculating curve-window intersections. For an ellipse, we can 
test the coordinate extents of individual quadrants. Figure 6-27 illustrates circle 
clipping against a rectangular window. 

Similar procedures can be applied when clipping a curved object against a 
general polygon clip region. On the first pass, we can clip the bounding rectangle 
of the object against the bounding rectangle of the clip region. I f  the two regions 
overlap, we will need to solve the simultaneous line-curve equations to obtain 
the clipping intersection points. 

TEXT CLIPPING 

There are several techniques that can be used to provide text clipping in a graph- 
ics package. Thc clipping technique used will depend on the methods used to 
generate characters and the requirements of a particular application. 

The simplest method for processing character strings relative to a window 
boundary is to use the all-or-none string-clipping strategy shown in Fig. 6-28. If  all 
of the string is inside a clip window, we keep it. Otherwise, the string is dis- 
carded. This procedure is implemented by considering a bounding rectangle 
around the text pattern. The boundary positions of the rectangle are then com- 
pared to the window boundaries, and the string is rejected if there is any overlap. 
This method produces the fastest text clipping. 

An alternative to rejecting an entire character string that overlaps a window 
boundary is to use the all-or-none chnracter-clipping strategy. Here we discard only 
those characters that are not completely inside thc window (Fig. 6-29). In this 
case, the boundary limits of individual characters are compared to the window. 
Any character that either overlaps or is outside a window boundary is clipped. 

A final method for handling text clipping is to clip the components of indi- 
vidual characters. We now treat characters in much the same way that we treated 
lines. If an individual character overlaps a clip window boundary, we clip off the 
parts of the character that are outside the window (Fig. 6-30). Outline character 
fonts formed with line segments can be processed in this way using a line- 
clipping algorithm. Characters defined with bit maps would be clipped by com- 
paring the relative position of the individual pixels in the character grid patterns 
to the clipping boundaries. 



6-1 1 
EXTERIOR CLIPPING Summary 

So far, we have considered only procedures for clipping a picture to the interior 
of a r e e n  by eliminating everything outside the clipping region. What is saved 
by these procedures is inside the region. In some cases, we want to do the reverse, 
that is, we want to clip a picture to the exterior of a specified region. The picture 
parts to be saved are those that are outsrde the region. This is referred to as exte- 
rior clipving. 

A typical example of the application of exterior clipping is in multiple- 
window systems. To correctly display the screen windows, we often need to 
apply both internal and external clipping. Figure 6-31 illustrates a multiple- 
window display. Objects within a window are clipped to the interior of that win- 
dow. When other higher-priority windows overlap these objects, the objects are 
also clipped to the exterior of the overlapping windows. 

Exterior cfipping is used also in other applications that require overlapping 
pictures. Examples here include the design of page layouts in advertising or pub- 
lishing applications or for adding labels or design patterns to a picture. The tech- 
nique can also be used for combining graphs, maps, or schematics. For these ap- 
plications, we can use exterior clipping to provide a space for an insert into a 
larger picture. 

Procedures for clipping objects to the interior of concave p o h o n  windows 
can also make use of external clipping. Figure 6-32 shows a line P,P, that is t& 
clipped to the interior of a concave window with vertices V,V,V,V,V,. tine PIP2 
can be clipped in two passes: (1) First, P,P, is clipped to the interior of the convex 
polygon V,V,V,V,o yield the clipped segment P;P, (Fig. 6-32(b)). (2) Then an 
external clip of PiP', is performA against the convex polygon V,V,V, to yield 
the final clipped line segment P;'P2. 

RING 3 

STRING 4 

I 

Before Clipping 

After Clipping 

I igrrre 6-29 
Text clipping using a 
bounding &tangle about 
individual characters. 

SUMMARY 1 ' 
In this chapter, we have seen how we can map a two-dimensional world- 
coordinate scene to a display device. The viewing-transformation pipeline in- 

Before Clipping 

I I 
After Clipping 

Figure 6-31 
A multiple-window screen display 6-30 
showing examples of both interior ~ext  clipping performed on 
and exterior clipping. (Courts!/ of the components of individual 
Sun Micmystems). characten. 
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Exterior Clip 
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F i p w  6-32 
C h p p n g  line Fr, to the interior of a concave polygon M.IIII \vrtices VlV,V3V,V, (a), using 
ccrn\.rx pnlvgons V,V,V,V, (b) and V,V,V, (c), to products the  clipped lirrc PYP:. 

cludes constructing the \\.orld-coord~natc scene using modeling transformations 
transferring wortci-coordinates to \ziewing coordinates, ]napping the vieiving- 
coordinate descriptions r , f  objects to normalized de\.ice aordinates, and finally 
mapping to device coordinates. Normalized coord~nates 'Ire specified in the 
range from 0 to 1, and tliev are used to make viewing pxkages independent ot 
particular output device5 

Viewing coordinates are specified by giving the \txvlcl-coordinate pos~t~on  
of the viewing origin and the view up vector that delmes the direction ot the 
viewing y axis. These parameters are used to construct t:le viewing transforma- 
tion niatrix that maps world-coordinate object descriptions to viewing coordi- 
nates. 

A window is then 21-t up  in viewing coordinates, and a vie;vport is specilicd 
in normalized device co~vdinates. Typically, the window and \.iewport are rcc- 
tangles in standard posit~on (rectangle boundaries are parallel to the coordinatc 
axes). The mapping from \.iewing coordinates to normallzed device coordinates 
is then carried out so that relative positions in the window are maintained in the 
viewport. 

Viewing functions In graphics programming package are used to create 
one or more sets of v ~ e ~ i n g  parameters. One function is typically provided tu 
calculate the elements of the niatrix for transforming world coordinates to view- 
ing coordinates. Anothcr function is used to set up the window-to-viewport 
transformation matrix, and a third function can be used to specify combinations 
of viewing transformations and window mapping in a viewing table. We can 



Illcn s c l ~ i t  ditfvrcnt \-icwing combin,~tion> L,): y~~"a i t \  111g p.irticular view indices 
listed in the \.ic,wing table. ~umni,wv 

Wlicn objects arc displayed on the o~l tput  li,-v~cc', all parts of a scene out- 
side the \\-indow (and the ;iewport) ,Ire clipped oil unless \\.c set clip parameters 
to turn ofi clipping. I11 many packages, clipping I >  aone  in normalized device co- 
ordinates so  t h ~ t  all transforniations can be concatenated into a single transfor- 
niatiun operation before applying the clipping algc)r~thms. The clipping region IS 

commonly referred to as the clipping window, or iii the clipping rectangle when 
the window and viewport are standard rectangles 3evcral algorithnls have bwn  
developed for clipping objects against the clip-winciow boundaries. 

Line-clipping algorithms include the Cohen-Sutherland method, the 
Liang-Barsky method, and the Nicholl-Let-Nichc~ll method. The Cohen-Suther- 
land method is widely u s d ,  since it was one of t l ic  first line-clipping algorithms 
to b r  developed Region codes are used to idtmliiv tlic position of line endpoints 
relativc to the rectangular, c l~pping window bouncl,~ric.s. Lines that cannot be ini- 
mediately identified as conipletely insdc  the winciuw or completely outside arc 
then clipped against window boundaries. Liang and Barsky use a parametric line 
representation, similar to that of the earlier Cyril--Beck algorithm, to set u p  a 
more cfficicnt II~P-clipping p roced~~re  that red~lre.; intersrction calculations. The 
Nicholl-LecNicholl algorithm uses more region testing in the sy plane to reduce 
~nterseclion calculations even further. Paranictric 11 :ic clipping is easily extended . .  . 

to convex clipping windows and to three-dimens~o~~,il  clipping windows. 
Line clipping can also be carried out for concave, polygon clipping win- 

dows and for clippirig windows with curved h~undar ies .  With concave poly- 
gons, we can use either the vector niethod or the r11:ational method to split a con- 
cave polygon into a number of convex polygons. \I1ith curved clipping windows, 
we calculate line intersections using the curve equ,itions. 

Polygon-clipp~ng algorithms include the Sulhcrland-Hodgeman method. 
the Liang-Barsky method, and the Wcilcr-Athcrtc,ri nwthod. In the Suther- 
land-Hodgeman clipper, vertices 0 1  a convex polygon a r t  processed in order 
against the four rectangular \ v~ndow boundaries t,, product. a n  output vertex list 
for thcb clipped polygon. Liang and Barsky use para~;irtric line equations to repre- 
sent the con\?ex polygon edges, and they use simihr testing to that performed :n 
line clipping t o  produce an outpuc \,ertex list for the clipped polygon. Both the 
Weiler-Atherland niethod and the We~ler method c,orrectly clip both convex ar.d . - 
concave polygons, and these polygon clippers also allow the clipping window to 
be a general polygon. The Weiler-Atherland algorithm processes polygon ver- 
tices in order to produce one or more lists of output polygon vertices. The Weilrr 
method performs dipping by finding the intersectwn region of the two polygons. 

Objects with curved boundaries are procesjai against rectangular clipping 
w ~ n d o w s  by calculating intersections using the curve equations. These clipping 
procedures are slower than I ~ n e  clippers or polyp(m clippers, because the curve 
equations are nonlmear. 

The fastest text-clipping method is to complctelv clip '1 string if  any part of 
the string 1s outside any  window boundary. Another niethod for text clipping is 
to use the all-or-none approach with the individual characters in a string. A third 
method is to apply either point, line, polygon, or u r v e  clipping to the individual 
characters in a string, depending on whether characters are defined as point 
grids or as outline fonts. 

In somc applicat~ons, such as creating picture insets and managing multi- 
ple-screen windows, exterior clipping is performed. In this case, all parts of 
scene that arc inside a window are clipped and the exterior parts are saved. 
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Cohen-Sutherland lineclippi ng algorithm are given in Duvanenko (1 990). 

Polygon-clipping methods are presented in Sutherland and Hodgeman (1974) and in Liang 
and Barsky (1983). General techniques for clipping arbitrarily shaped polygons against 
each other are given in Weiler and Atherton (1977) and in Weiler (19801. 

Two-dimensional viewing operations in PHlGS are discussed in Howard et al. (1991), Gask- 
Ins (1 992), Hopgood and Duce (1991 ), and Blake (1 993). For information on GKS viewing 
operations, see Hopgood et al. (1983) and Enderle et al. (1984). 

EXERCISES 

6-1. Write a procedure to to implement the evaluateViewOrientationMatrix func- 
tion that calculates the elements of the matrix for transforming world coordinates to 
viewing coordinates, given the viewing coordinate origln Po and the view up vector V. 

6-2. Derive the window-to-viewpon transformation equations 6-3 by f~rst scaling the win- 
dow to the slze of the viewpon and then translating the scaled window to the view- 
port position. 

6-3. Write a procedure to ~mplement the evaluateViewMappinqMatrix function that 
calculates the elements of a marrix for performing the window-to-viewport transforma- 
tion. 

6 4 .  Write a procedure to implement the setViewRepresencation function to concate- 
nate v i ewMat r i x  and viewMappingMatrix and to store the result, referenced by 
a spe(iiied view index, in a viewing table. 

6-5. Write a set of procedures to implement the viewing pipeline without clipp~ng and 
without the workstat1011 transformation. Your program should allow a scene to be con- 
structed with modeling-coordinate transformations, a specified viewing system, and a 
specified window-vewport pair. As an option, a viewing table can be implemented to 
store different sets of viewing transformalion parameters. 

6-6. Derive the matrix representation for a workstation transformation. 

6-7. Write a set of procedures to implement the viewing pipeline without clipping, but in- 
cluding the workstation transformation. Your program should allow a scene to be con- 
structed with modeling-coordinate transformations, a specified viewing system, a 
specified window-viewport pair, and workstation transformation parameters. For a 
given world-coordinate scene, the composite viewing transformation matrix should 
transform the scene to an output device for display. 

6-8. Implement the Cohen-Sutherland line-clipplng algorithm. 

6-9. Carefullydiscuss the rarionale behind the various tests and methods for calculating the 
intersection parameters u, and u, in the Liang-Barsky line-cllpping algorithm. 

6-10. Compare the number of arithmetic operations performed in the Cohen-Sutherland 
and the Liang-Barsky I~ie-clipping algorithms for several different line orientations rel- 
ative to a clipping window. 

6-1 1. Write a procedure to ~niplement the Liang-Barsky line-clipping algorithm. 

6-12. Devise symmetry transformations for mapping the inlersec:tion calculations for the 
three regions in Fig. 6-1 0 to the other six regons of the xy p l~ne.  

6-1 3.  Set up a detailed algorithm for the Nicholl-Lee-Nicholl approach to line clipping for 
any input pair of line endpo~nts. 

6-14. Compare the number ol arithmetic operations performea in NLN algor~thm to both the 
Cohen-Sutherland and the Liang-Barsky line-clipping algorithms for several different 
line orientations relatlve to a clipping window. 



6-1 5. Write a routine to identify concave p$ygons by calculating cross products of pairs of 
edge vectors. Exercises 

6-1 6. Write a routine to split a concave polygon using the vector method. 

6-1 7 .  Write a routine to split a concave polygon using the rotational method 

6-1 8 Adapt the Liang-Barsky line-clipping algorithm to polygon clipping. 

6-19. Set up a detaled algorithm for Weiler-Atherton polygon clipping assuming that the 
clipping w~ndow is a rectangle in standard position. 

6-20. Devise an algorithm for Weiler-Atherton polygon clipping, where the clipping win 
dow can be any specified polygon. 

6-21 Write a routine to c l ~ p  an ell~pse against a rectangular window. 

6-22. Assuming that all characters in a text strlng have the same width, develop a text-clip- 
ping algor~thm that cl~ps a string according to the "all-or-none character-clipping" 
strategy. 

6-23. Develop a text-clipping algorithm that clips ind~vidual characters assuming that the 
characters aredefined in a pixel grid of a specified w e .  

6-24. Wr~te a routine to implement exterior clipping on any part of a defined picture using 
any specified window. 

6-25 Wr~te a routine to perform both interior and exterior clipping, given a particular win- 
dow-system display. Input to the routine is a set of window positions on the screen, 
the objects to be displayed in each w~ndow, and the window priorities. The individual 
objects are to be clipped to fit into their respective windows, then clipped to remove 
parts with overlapping windows of higher display pr~ority. 





w hen we model and display a three-dimensional scene, there are many 
more considerations we must take into account besides just including 

coordinate values for the third dimension. Object boundaries can be constructed 
with various combinations of plane and curved surfaces, and we soniet~mes need 
to specify information about object interiors. Graphics packages often provide 
routines for displaying internal components or cross-sectional views of solid ob- 
jects. Also, some geometric transformations are more involved in three-dimen- 
sional space than in two dimensions. For example, we can rotate an object about 
an axis with any spatial orientation in three-dimensional space. Two-dimensional 
rotations, on the other hand, are always around an axis that is perpendicular to 
the xy plane. View~ng transformations in three dimensions are much more corn- 
plicated because we have many more parameters to select when specifying how 
a three-dimensional scene is to be mapped to a display device. The scene descrip- 
tion must be processed through viewing-coordinate transformations and projec- 
tion routlnes that transform three-dinrensional viewing coordinates onto two-di- 
nlensional device coordinates. Visible parts of a scene, for a selected \,iew, n ~ s t  
he identified; and surface-rendering algorithms must he applied if a realist~c ren- 
dering oi the scene is required. 

J m 

THRFF-DIMENSIONAL DISPLAY METHODS 

To obtain A display of a three-dimensional scene Lhat has been modeled in world 
coordinates. we must first set up a coordinate reference for the "camera". This co- 
ordinate reference defines the position and orientation for the plane ot the carn- 
era film (Fig. %I) ,  which is the plane we !\!ant to u w  to display a view of the ob- 
jects in the scenc. Object descriptions are then translcrred to the camera reference 
coordinates and projected onto the sclectcd displav pldnr We can then displajf 



Chaptw9 the objects in wireframe (outline) form, as in Fig. 9-2, or we can apply lighting 
Three-Dimensional Concepts and surfamnendering techniques to shade the visible surfaces. 

Parallel Projection 

One method for generating a view of a solid object is to project points on the o b  
ject surface along parallel lines onto the display plane. By selecting different 
viewing positions, we can project visible points on the obpct onto the display 
plane to obtain different two-dimensional views of the object, as in Fig. 9-3. In a 
prallel projection, parallel lines in the world-coordinate scene projed into parallel 
lines on the two-dimensional display plane. This technique is used in engineer- 
ing and architectural drawings to represent an object with a set of views that 
maintain relative proportions of the object. The appearance of the solid object can 
then be reconstructured from the mapr views. 

Figure 9-2 
Wireframe display of three obpcts, 
with back lines removed, from a 
commercial database of object 
shapes. Each object in the database 
is defined as a grid of coordinate 
points, which can then be viewed in 
wireframe form or in a surface- 
rendered form. (Coudesy of Viewpoint 
Lhtahbs.) 

Figurc 9-3 
Three parallel-projection views of an object, showing relative 
proportions from different viewing positions. 



Perspective Projection Section 9-1 
Three-Dimens~onal Display 

Another method for generating a view of a three-dimensionaiscene is to project Methods 
points to the display plane along converging paths. This causes objects farther 
from the viewing position to be displayed smaller than objects of the same size 
that are nearer to the viewing position. In a perspective projection, parallel lines in 
a scene that are not parallel to the display plane are projected into converging 
lines. Scenes displayed using perspective projections appear more realistic, since 
this is the way that our eyes and a camera lens form images. In the perspective- 
projection view shown in Fig. 94, parallel lines appear to converge to a distant 
point in the background, and distant objects appear smaller than objects closer to 
the viewing position. 

Depth Cueing 

With few exceptions, depth information is important so that we can easily iden- 
tify, for a particular viewing direction, which is the front and which is the back of 
displayed objects. Figure 9-5 illustrates the ambiguity that can result when a 
wireframe object is displayed without depth information. There are several ways 
in which we can include depth information in the two-dimensional representa- 
tion of solid objects. 

A simple method for indicating depth with wireframe displays is to vary 
the intensity of objects according to their distance from the viewing position. Fig- 
ure 9-6 shows a wireframe object displayed with depth cueing. The lines closest to 

Fiprrr 9-4 
A perspective-projection view of an airport scene. (Courtesy of Evans 6 Sutherlund.) 
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Figure 9-5 
Thc wireframe 
representation of the pyramid 
in (a) contains no depth 
information to indicate 
whether the viewing 
direction is (b) downward 
from a position above the 
apex or (c) upward from a 
position below the base. 

the viewing position are displayed with the highest intensities, and lines farther 
away are displayed with decreasing intensities. Depth cueing is applied by 
choosing maximum and minimum intensity (or color) values and a range of dis- 
tances over which the intensities are to vary. 

Another application of depth cueing is modeling the effect of the atmos- 
phere on the perceived intensity of objects. More distant objects appear dimmer 
to us than nearer objects due to light scattering by dust particles, haze, and 
smoke. Some atmospheric effects can change the perceived color of an object, and 
we can model these effects with depth cueing. 

Visible Line and Surface Identification 

We can also clarify depth  lat ti on ships in a wireframe display by identifying visi- 
ble lines in some way. The simplest method is to highlight the visible lines or to 
display them in a different color. Another technique, commonly used for engi- 
neering drawings, is to display the nonvisible lines as dashed lines. Another ap- 
proach is to simply remove the nonvisible lines, as in Figs. 9-5(b) and 9-5(c). But 
removing the hidden lines also removes information about the shape of the back 
surfaces of an object. These visible-line methods also identify the visible surfaces 
of objects. 

When objects are to be displayed with color or shaded surfaces, we apply 
surface-rendering procedures to the visible surfaces so that the hidden surfaces 
are obscured. Some visiblesurface algorithms establish visibility pixel by pixel 
across the viewing plane; other algorithms determine visibility for object surfaces 
as a whole. 

Surface Rendering 

Added realism is attained in displays by setting the surface intensity of objects 
according to the lighting conditions in the scene and according to assigned sur- 
face characteristics. Lighhng speclhcations include the intensity and positions of 
light sources and the general background illumination required for a scene. Sur- 
face properties of obpds include degree of transparency and how rough or 
smooth the surfaces are to be. Procedures can then be applied to generate the cor- 
rect illumination and shadow regions for the scene. In Fig. 9-7, surface-rendering 
methods are combined with perspective and visible-surface identification to gen- 
erate a degree of realism in a displayed scene. 

Exploded and Cutaway Views 

- - - -  

Figure 9-6 
A wireframe object displayed 
with depth cueing, so that the 
intensity of lines decreases 
from the front to the back of 
the object. 
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Many graphics packages allow objects to be defined as hierarchical structures, so 
that lntemal details can be stored. Exploded and cutaway views of such objects 
can then be used to show the internal structure and relationship of the object 
parts. Figure 9-8 shows several kinds of exploded displays for a mechanical de- 
sign. An alternative to exploding an obpd into its component parts is the cut- 
away view (Fig. 9-91, which removes part of the visible surfaces to show internal 
structure. 

Three-Dimensional and Stereoscopic Views 

Another method for adding a sense of realism to a computer-generated scene is 
to display objects using either three-dimensional or stereoscopic views. As we 
have seen in Chapter 2, three-dimensional views can be obtained by reflecting a 



h I -2.- Figure 9-7 
A realistic room display achieved 
with stochastic ray-tracing 
methods that apply a perspective 

'I projection, surfacetexhm 
I mapping, and illumination models. 

(Courtesy of lohn Snyder, led Lngycl, 
Deandm ffilm, Pnd A1 &In, Cd~foli~bmm 
Instihrte of Technology. Copyright 8 1992 
Caltech.) 

r i , ~ ~ ~ ~ ~ ,  9-8 
A fully rendered and assembled turbine displiy (a) can also be viewed 
as (b) an exploded wireframe display, (c) a surfacerendered exploded 
display, or (d) a surface-rendered, color-coded exploded display. 
(Courtesy of Autodesk, 1nc.l 

raster image from a vibrating flexible mirror. The vibrations of the m i m r  are syn- 
chronized with the display of the scene on the CRT. As the m i m r  vibrates, the 
focal length varies so that each point in the scene is projected to a position corre- 
sponding to its depth. 

Stereoscopic devices present two views of a scene: one for the left eye and 
the other for the right eye. The two views are generated by selecting viewing po- 
sitions that correspond to the two eye positions of a single viewer. These two 
views then can be displayed on  alternate refresh cycles of a raster monitor, and 
viewed through glasses that alternately darken first one.lens then the other in 
synchronization with the monitor refresh cycles. 

Section 9-1 

Three-Dimensional Display 
Methods 



Figure 9-9 
Color-coded cutaway view of a lawn mower engine showing the 
structure and relationship of internal components. (Gurtesy of 
Autodesk, Inc.) 

9-2 
THREE-DIMENSIONAL GRAPHICS PACKAGES 

Design of threedimensional packages requires some considerations that are not 
necessary with two-dimensional packages. A significant difference between the 
two packages is that a three-dimensional package must include methods for 
mapping scene descriptions onto a flat viewing surface. We need to consider im- 
plementation procedures for selecting different views and for using different pro- 
jection techniques. We also need to consider how surfaces of solid obpds are to 
be modeled, how visible surfaces can be identified, how transformations of ob- 
jects are performed in space, and how to describe the additional spatial proper- 
ties introduced by three dimensions. Later chapters explore each of these consid- 
erations in detail. 

Other considerations for three-dimensional packages are straightforward 
extensions from two-dimensional methods. World-coordinate descriptions are 
extended to three dimensions, and users are provided with output and input rou- 
tines accessed with s@cations such as 

polyline3 (n, wcpoints) 
f illarea3 (n, wcpoints) 
text3 (wcpoint, string) 
getLocator3 (wcpoint) 
translate3(translateVector, rnatrixTranslate) 

where points and vectors are specified with three components, and transforma- 
tion matrices have four rows and four columns. 

Two-dimensional attribute functions that are independent of geometric con- 
siderations can be applied in both two-dimensional and three-dimensional appli- 
cations. No new attribute functions need be defined for colors, line styles, marker 



- - - -  

Figure 9-10 
Pipeline for transforming a view of a world-coordinate scene to device coordinates. 

attributes, or text fonts. Attribute procedures for orienting character strings, how- 
ever, need to be extended to accommodate arbitrary spatial orientations. Text-at- 
tribute routines associated with the up vector require expansion to include z-co- 
ordinate data so that strings can be given any spatial orientation. Area-filling 
routines, such as those for positioning the pattern reference point and for map- 
ping patterns onto a fill area, need to be expanded to accommodate various ori- 
entations of the fill-area plane and the pattern plane. Also, most of the two-di- 
mensional structure operations discussed in earlier chapters can be carried over 
to a three-dimensional package. 

Figure 9-10 shows the general stages in a three-dimensional transformation 
pipeline for displaying a world-coordinate scene. After object definitions have 
been converted to viewing coordinates and projected to the display plane, scan- 
conversion algorithms are applied to store the raster image. 





G raphics scenes can contain many different kinds of objects: W s ,  flowers, 
clouds, rocks, water, bricks, wood paneling, rubber, paper, marble, steel, 

glass, plastic, and cloth, just to mention a few. So it is probably not too surprising 
that there is no one method that we can use to describe objects that will include 
all characteristics of these different materials. And to produce realistic displays of 
scenes, we need to use representations that accurately model object characteris- 
tics. 

Polygon and quadric surfaces provide precise descriptions for simple Eu- 
clidean objects such as polyhedrons and ellipsoids; spline surfaces end construc- 
tion techniques are useful for designing air&aft wings, gears, and other engineer- 
ing structures with curved surfaces; procedural methods, such as fractal 
constructions and particle systems, allow us to give accurate representations for 
clouds, clumps of grass, and other natural objects; physically based modeling 
methods using systems of interacting forces can be used to describe the nonrigid 
behavior of a piece of cloth or a glob of jello; octree encodings are used to repre- 
sent internal features of objects, such as those obtained from medical CT images; 
and isosurface displays, volume renderings, and other visualization techniques 
are applied to three-dimensional discrete data sets to obtain visual representa- 
tions of the data. 

Representation schemes for solid objects are often divided into two broad 
categories, although not all representations fall neatly into one or the other of 
these two categories. Boundary representations (B-reps) describe a three-dimen- 
sional object as  a set of surfaces that separate the object interior from the environ- 
ment. Typical examples of boundary representations are polygon facets and 
spline patches. Space-partitioning representations are used to describe interior 
properties, by partitioning the spatial region containing an object into a set of 
small, nonoverlapping, contiguous solids (usually cubes). A common space-par- 
titioning description for a three-dimensional object is an odree representation. In 
this chapter, we consider the features of the various representation schemes and 
how they are used in applications. 

10-1 
POLYGON SURFACES 

The most commonly used boundary =presentation for a three-dimensional 
graphics object is a set of surface polygons that enclose the object interior. Many 
graphics systems store all object descriptions as sets of surface polygons. This 
simplifies and speeds up the surface rendering and display of objects, since all 
surfaces are described with linear equations. For this reason, polygon descrip- 



tions are often referred to as "standard graphics objects." In some cases, a polyg- 
onal representation is the only one available, but many packages allow objects to 
be described with other schemes, such as spline surfaces, that are then converted 
to polygonal represents tions for prwessing. 

A polygon representation for a polyhedron precisely defines the surface fea- 
tures of the object. But for other objects, surfaces are tesst~lated (or tiled) to produce 
the polygon-mesh approximation. In Fig. 10-1, the surface of a cylinder is repre- 
sented as a polygon mesh. Such representations are common in design and solid- 

Figure 10-1 modeling applications, since the wireframe outline can be displayed quickly to 
Wireframe representation of a give a general indication of the surface structure. Realistic renderings are pro- 
cylinder with back (hidden) duced by interpolating shading patterns across the polygon surfaces to eliminate 
hnes removed. or reduce the presence of polygon edge boundaries. And the polygon-mesh ap- 

proximation to a curved surface can be improved by dividing the surface into 
smaller polygon facets. 

Polygon Tables 

We specify a polygon suriace with a set of vertex coordinates and associated at- 
tribute parameters. As information for each polygon is input, the data are placed 
into tables that are to be used in the subsequent'processing, display, and manipu- 
lation of the objects in a scene. Polygon data tables can be organized into two 
groups: geometric tables and attribute tables. Geometric data tables contain ver- 
tex coordinates and parameters to identify the spatial orientation of the polygon 
surfaces. Attribute intormation for an object includes parameters specifying the 
degree of transparency of the object and its surface reflectivity and texture char- 
acteristics. 

A convenient organization for storing geometric data is to create three lists: 
a vertex table, an edge table, and a polygon table. Coordinate values for each ver- 
tex in the object are stored in the vertex table. The edge table contains pointers 
back into the vertex table to identify the vertices for each polygon edge. And the 
polygon table contains pointers back into the edge table to identify the edges for 
each polygon. This scheme is illustrated in Fig. 10-2 far two adjacent polygons on 
an object surface. In addition, individual objects and their component polygon 
faces can be assigned object and facet identifiers for eas) reference. 

Listing the geometric data in three tables, as in Flg. 10-2, provides a conve- 
nient reference to the individual components (vertices, edges, and polygons) of 
each object. Also, the object can be displayed efficiently by using data from the 
edge table to draw the component lines. An alternative '~rrangement is to use just 
two tables: a vertex table and a polygon lable. But this scheme is less convenient, 
and some edges could get drawn twice. Another possibility is to use only a poly- 
gon table, but this duplicates coordinate information, since explicit coordinate 
values are listed for each vertex in each polygon. Also edge Information would 
have to be reconstructed from the vertex listings in the polygon table. 

We can add extra information to the data tables of Fig. 10-2 for faster infor- 
mation extraction. For instance. we could expand the edge table to include for- 
ward pointers into the polygon table so that common edges between polygons 
could be identified mow rapidly (Fig. 10-3). This is particularly useful for the ren- 
dering procedures that must vary surface shading snloothly across the edges 
from one polygon to the next. Similarly, the vertex table could be expanded so 
that vertices are cross-referenced to corresponding edge.; 

Additional geomctr~c information that is usually stored In the data tables 
includes the slope for each edge and the coordinate extents for each polygon. As 
vertices are input, we can calculate edge slopes, and w r  can scan the coordinate 



Polygon Surfaces 

S , :  E l .  El.E, 
S ,  : E,. E4. E,. E, 

Figrrrr 10-2 
Geometric data table representation for two adjacent polygon 
surfaces, formed with six edges and five vertices. 

values to identify the minimum and maximum x, y, and z values for individual 
polygons. Edge slopes and bounding-box information for the polygons are 
needed in subsequent processing, for example, surface rendering. Coordinate ex- 
tents are also used in some visible-surface determination algorithms. 

Since the geometric data tables may contain extensive listings of vertices 
and edges for complex objects, it is important that the data be checked for consis- 
tency and completeness. When vertex, edge, and polygon definitions are speci- 
fied, it is possible, parhcularly in interactive applications, that certain input er- 
rors could be made that would distort the display of the object. The more 
information included in the data tables, the easier it is to check for errors. There- 
fore, error checking is easier when three data tables (vertex, edge, and polygon) 
are used, since this scheme provides the most information. Some of the tests that 
could be performed by a graphics package are (1) that every vertex is listed as an 
endpoint for at least two edges, (2) that every edge is part of at least one polygon, 
(3) that every polygon is closed, (4) that each polygon has at least one shared 
edge, and (5) that if the edge table contains pointers to polygons, every edge ref- 
erenced by a polygon pointer has a reciprocal pointer back to the polygon. 

Plane Equations 

To produce a display of a three-dimensional object, we must process the input 
data representation for the object through several procedures. These processing 
steps include transformation of the modeling and world-coordinate descriptions 
to viewing coordinates, then to device coordinates; identification of visible sur- 
faces; and the application of surface-rendering procedures. For some of these 
processes, we need information about the spatial nrientation of the individual 

FIXMC 10-3 
Edge table for the surfaces of 
Fig. 10-2 expanded to include 
pointers to the polygon table. 



Ct.apfrr 10 surface components or t h ~  object. This information Is ihtained from the vertex- 
ilirre i)memlonal Ohlerl coordinate valucs and Ine equations that describe the pcllygon planes. 

Krl~rc'~enlal~or~\ The equation for 'I plane surface can be expressed In the form 

where (r, y, z )  i h  any p ) ~ n t  on the plane, and the coettiiients A, B, C, and D are 
constants descr~bing tht, spatla1 properties of the plane. We can obtain the values 
oi A ,  B, C, and 1> by sc~lving a set of three plane equatmns using the coordinatc 
values for lhree noncollinear points in the plane. For this purpose, w e  can select 
threc successive polygon vertices, ( x , ,  y,, z,), (x?, y2, z? ) ,  ,rnJ (:,, y,, z,), and solve 
thc killowing set of simultaneous linear plane equation5 for the ratios A I D ,  B/D, 
and ClD: 

The solution ior this set ot equations can be obtained in determinant form, using 
Cramer's rule, a s  

Expanding thc determinants, we can write the calculations for the plane coeffi- 
c~ents in the torm 

As vertex values and other information are entered into the polygon data struc- 
ture, values tor A, 8, C'. and D are computed for each polygon and stored with 
the other polygon data. 

Orientation of a plane surface in spacc. can bc described with the normal 
vector to the plane, as shown in Fig. 10-4. This surface normal vector has Carte- 
sian components (A ,  8, C), where parameters A, 8, and C are the plane coeffi- 
c~enta calculated in Eqs. 10-4. 

Since we are usuaily dealing witlr polygon surfaces that enclose an object 
interlor, we need to dishnguish bftween the two sides oi the surface. The side of 
the planc that faces thc object mterior is called the "inside" face, and the visible 
or outward side is the "outside" face. I f  polygon verticeh are specified in a coun- 
terclockwise direction \\.hen viewing the outer side of thv plane in a right-handed 
coordinate system, the direction of the normal vector will be from inside to out- 
side. This isdcnonstratrd for one plane of a unit cube in Fig. 10-5. 



To determine the components of the normal vector for the shacled surface 
shown in Fig. 10-5, we select three of the four vertices along the boundary of the 
polygon. These points are selected in a counterclockwise direction as we view 
from outside the cube toward the origin. Coordinates for these vertices, in the 
order selected, can be used in Eqs. 10-4 to obtain the plane coefficients: A = I, 
B = 0, C = 0, D = -1. Thus, the normal vector for this plane is in the direction of 
the positive x axis. 

The elements ofthe plane normal can also be obtained using a vector cross- 
p d u d  calculation. We again select three vertex positions, V1, V, and V3, taken 
in counterclockwise order when viewing the surface from outside to inside in a 
right-handed Cartesian system. Forming two vectors, one h m  V1 to V2 and the 
other from V, to V, we calculate N as the vector cross product: 

This generates values for the plane parameters A, B,  and C .  We can then obtain 
the value for parameter D by substituting these values and the coordinates for 
one of the polygon vertices in plane equation 10-1 and solving for D. The plane 
equation can be expmsed in vector form using the normal N and the position P 
of any point in the plane as 

Plane equations are used also to identify the position of spatial points rela- 
tive to the plane surfaces of an object. For any point (x, y, z) not on a plane with 
parameters A, B, C, D, we have 

We can identify the point as either inside or outside the plane surface according 
to the sign (negative or positive) of Ax + By + Cz + D: 

if Ax + By + Cz + D < 0, the point (x, y, z) is inside the surface 

if Ax + By + Cz + D > 0, the point (x, y, z) is outside the surface 

These &quality tests are valid in a right-handed Cartesian system, provided the 
plane parameters A, B, C, and D were calculated using vertices selected in a 
counterclockwise order when viewing the surface in an outside-to-inside direc- 
tion. For example, in Fig. 1&5, any point outside the shaded plane satisfies the in- 
equality x - I > 0, while any point inside the plane has an xcoordinate value 
less than 1. 

Polygon Meshes 

Some graphics packages (for example, PHlCS) provide several polygon functions 
for modeling o b F .  A single plane surface can be specified with a hnction such 
as f illArea. But when object surfaces are to be tiled, it is more convenient to 
specify the surface facets with a mesh function. One type of polygon mesh is the 
triangle strip. This function produces n - 2 connected triangles, .as shown in Fig. 
10-6, given the coordinates for n vertices. Another similar function is the quadri- 
laferal mesh, which generates a mesh of (n - I) by (m - 1) quadrilaterals, given 

. 

F i g u r e  10-5 
The shaded polygon surface 
of the unit cube has plane 
equation x - 1 = 0 and 
normal vector N = (1,0,0). 

- 
I ~ p r e  10-6 
A triangle strip formed with 
11 triangles connecting 13 
vertices. 



the coordinates for an n by m array of vertices. Figure 10-7 shows 20 vertices 
forming a mesh of 12 quadrilaterals. 

When polygons are specified with more than three vertices, it is possible 
that the vertices may not all Lie in one plane. This can be due to numerical errors 
or errors in selecting coordinate positions for the vertices. One way to handle this 
situation is simply to divide the polygons into triangles. Another approach that is 

- . _  sometimes taken is to approximate the plane parameters A, B, and C. We can do 
Figure 10-7 this with averaging methods or we can propa the polygon onto the coordinate 
A quadrilateral mesh planes. Using the projection method, we take A proportional to the area of the 
containing 12quadrilaterals polygon pro$ction on the yz plane, B proportionafto the projection area on the xz 
construded from a 5 by 4 plane, and C proportional to the propaion area on the xy plane. 
input vertex array. Highquality graphics systems typically model objects with polygon 

meshes and set up a database of geometric and attribute information to facilitate 
processing of the polygon facets. Fast hardware-implemented polygon renderers 
are incorporated into such systems with the capability for displaying hundreds 
of thousands to one million br more shaded polygonbper second (u&ally trian- 
gles), including the application of surface texture and special lighting effects. 

10-2 
CURVED LINES A N D  SURFACES 

Displays of threedimensional curved lines and surfaces can be generated from 
an input set of mathematical functions defining the objects or hom a set of user- 
specified data points. When functions are specified, a package can project the 
defining equations for a curve to the display plane and plot pixel positions along 
the path of the projected function. For surfaces, a functional description is often 
tesselated to produce a polygon-mesh approximation to the surface. Usually, this 
is done with triangular polygon patches to ensure that all vertices of any polygon 
are in one plane. Polygons specified with four or more vertices may not have all 
vertices in a single plane. Examples of display surfaces generated from hnctional 
descriptions include the quadrics and the superquadrics. 

When a set of discrete coordinate points is used to specify an object shape, a 
functional description is obtained that best fits the designated points according to 
the constraints of the application. Spline representations are examples of this 
class of curves and surfaces. These methods are commonly used to design new 
object shapes, to digitize drawings, and to describe animation paths. Curve-fit- 
ting methods are also used to display graphs of data values by fitting specified 
q r v e  functions to the discrete data set, using regression techniques such as the 
least-squares method. 

Curve and surface equations can be expressed in either a parametric or a 
nonparamehic form. Appendix A gives a summary and comparison of paramet- 
ric and nonparametric equations. For computer graphics applications, parametric 
representations are generally more convenient. 

10-3 
QUADRIC SUKFAC'ES 

A frequently used class of objects are the quadric surfaces, which are described 
with second-degree equations (quadratics). They include spheres, ellipsoids, tori, 



paraboloids, and hyperboloids. Quadric surfaces, particularly spheres and ellip- 10-3 

soids, are common elements of graphics scenes, and they are often available in Quadric Surfaces 

graphics packages as primitives horn which more complex objects can be con- 
structed. 

axis t 1 rA P - (x ,  v, Z) 

Sphere 

In Cartesian coordinates, a spherical surface with radius r centered on the coordi- ,#+ y axis 

nate origin is defined as the set of points (x, y, z) that satisfy the equation x axis 

- 
Parametric coordinate 

We can also describe the spherical surface in parametric form, using latitude and poiition (r, 0,6) on the 
longitude angles (Fig. 10-8): surface of a sphere with 

radius r. 
X = T C O S ~ C O S O ,  - ~ / 2 s 4 s ~ / 2  

y = rcost#~sinO, - n 5  0 5  TI ( 1  6-8) z axis f 

The parametric representation in Eqs. 10-8 provides a symmetric range for 
the angular parameters 0 and 4. Alternatively, we could write the parametric 

colatitude (Fig. 10-9). Then, 4 is defined over the range 0 5 4 5 .rr, and 0 is often 
equations using standard spherical coordinates, where angle 4 is specified as the ,,is 

taken in the range 0 5 0 27r. We could also set up the representation using pa- 
rameters u and I, defined over the range fmm 0 to 1 by substituting 4 = nu and spherical coordinate 
0 = 2nv. parameters (r, 8, 6)) using 

colatitude for angle 6 

Ellipsoid 

An ellipsoidal surface can be described as an  extension of a spherical surface, 
where the radii in three mutually perpendicular directions can have different val- 
ues (Fig. 10-10). The Cartesian representation for points over the surface of an el- 
lipsoid centered on the origin is 

(10-9) , 

And a parametric representation for the ellipsoid in terms of the latitude angle 4 Figure 10-10 

and the longitude angle 0 in Fig. 10-8 is An ellipsoid with radii r,, r,, 
and r: centered on the 

x=r , cvs~c0s0 ,  -7 r /25457r /2  coordinate origin. 

Torus 

A torus is a doughnut-shaped object, as  shown in Fig. 10-11. It can be generated 
by rotating a circle or other conic about a specified axis. The Cartesian represen- 



x axis 4 

Figure 10-11 
A torus with a circular cmss section 
centered on the coordinate origin. 

tation for points over the surface of a torus can be written in the form 

where r is any given offset value. Parametric representations for a torus are simi- 
lar to those for an ellipse, except that angle d extends over 360". Using latitude 
and longitude angles 4 and 8, we can describe the toms surface as  the set of 
points that satisfy 

z = r, sin C#J 

This class of objects is a generalization of the quadric representations. Super- 
quadrics are formed by incorporating additional parameters into the quadric 
equations to provide increased flexibility for adjusting object shapes. The number 
of additional parameters used is equal to the dimension of the object: one para- 
meter for curves and two parameters for surfaces. 

Supclrell ipse 

We obtain a Cartesian representation for a superellipse from the corresponding 
equation for an ellipse by allowisg the exponent on the x and y terms to be vari- 



able. One way to do this is to write the Cartesian supemllipse equation ir, the M i o n  10-4 

form juperquadrics 

where parameter s can be assigned any real value. When s = 1, we get an ordi- 
nary ellipse. 

Corresponding parametric equations for the superellipse of Eq. 10-13 can be 
expressed as 

Figure 10-12 illustrates supercircle shapes that can be generated using various 
values for parameters. 

Superellipsoid 

A Cartesian representation for a superellipsoid is obtained from the equation for 
an ellipsoid by incorporating two exponent parameters: 

For s, = s2 = 1, we have an ordinary ellipsoid. 
We can then write the corresponding parametric representation for the 

superellipsoid of Eq. 10-15 as 

Figure 10-13 illustrates supersphere shapes that can be generated using various 
values for parameters s, and s2. These and other superquadric shapes can be com- 
bined to create more complex structures, such as furniture, threaded bolts, and 
other hardware. 

Figrrrc 10-12 
Superellipses plotted with different values for parameter 5 and with 
r , = r .  



Three-Dimensional Object 
Reprerentations 

Figure 10-14 
Molecular bonding. As two 
molecules move away from 
each other, the surface shapes 
stretch, snap, and finally 
contract into spheres. 

Figrrre 70-15 
Blobby muscle shapes in a 
human arm. 

Figure 10-13 
Superellipsoids plotted with different values for parameters 
s, and s, and with r, = r, = r,. 

1 n-5 - -  - 
BLOBBY OBJECTS 

Some obpcts d o  not maintain a fixed shape, but change their surface characteris- 
tics in certain motions or when in proximity to other obpcts. Examples in this 
class of objects include molecular structures, water droplets and other liquid ef- 
fects, melting objects, and muscle shapes in the human body. These objects can be 
described as exhibiting "blobbiness" and are often simply referred to as blobby 
objects, since their shapes show a certain degree of fluidity. 

A molecular shape, for example, can be described as spherical in isolation, 
but this shape changes when the molecule approaches another molecule. This 
distortion of the shape of the electron density cloud is due to the "bonding" that 
occurs between the two molecules. Figure 10-14 illustrates the stretching, s n a p  
ping, and contracting effects on m o l d a r  shapes when two molecules move 
apart. These characteristics cannot be adequately described simply with spherical 
or elliptical shapes. Similarly, Fig. 10-15 shows muscle shapes in a human a m ,  
which exhibit similar characteristics. In this case, we want to model surface 
shapes so that the total volume remains constant. 

Several models have been developed for representing blobby objects as dis- 
tribution functions over a region of space. One way to do this is to model objects 
as combinations of Gaussian density functions, or "bumps" (Fig. 1&16). A sur- 
face function is then defined as 

where r i  = vxi + 3, + zt, parameter 7 is some specified threshold, and parame- 
ters a and b are used to adjust the amount of blobbiness of the individual object.. 
Negative values for parameter b can be used to produce dents instead of bumps. 
Figure 10-17 illustrates the surface structure of a composite object modeled with 
four Gaussian density functions. At the threshold level, numerical root-finding 



techniques are used to locate the coordinate intersection values. The cross sec- 
tions of the individual objects are then modeled as circles or ellipses. If two cross 
sections zie near to each other, they are m q e d  to form one bIobby shape, as in 
Figure 10-14, whose structure depends on the separation of the two objects. 

Other methods for generating blobby objects use density functions that fall 
off to 0 in a finite interval, rather than exponentially. The "metaball" model de- 
scribes composite o b j j  as combinations of quadratic density functions of the 
form 

fir) = - 1  - r d ,  if d / 3  < r s d 1; 
And the "soft object" model uses the function 

Some design and painting packages now provide blobby function modeling 
for handling applications that cannot be adequately modeled with polygon or 
spline functions alone. Figure 10-18 shows a ujer interface for a blobby object 
modeler using metaballs. 

10-6 
SPLINE REPRESENTATIONS 

In drafting terminology, a spline is a flexible strip used to produce a smooth 
curve through a designated set of points. Several small weights are distributed 
along the length of the strip to hold it in position on the drafting table as the 
curve is drawn. The term spline curve originally referred to a curve drawn in this 
manner. We can mathematically describe such a curve with a piecewise cubic 

t'ig~rrr 10- 18 
A screen layout, used in the Blob 
Modeler and the Blob Animator 
packages, for modeling o b j s  with 
metaballs. (Carrhy of Thornson Digital 
I n q r  ) 

section 1M 
Spline Representations 

Figure 10-16 
A three-dimensional 
Gaussian bump centered at 
position 0, with height band 
standard deviation a. 

Figure 10-17 
A composite blobby objxt 
formed with four Gaussian 
bumps. 
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F i p r c  10-19 
A set of six control point> 
interpolated with piecesn.~se 
contmuous polvnornial 
sections. 

.- . -- 

F ~ p r r ~  10-20 
A set of six control points 
approximated w ~ t h  piecewise 
continuous polynom~al 
sectlons 

polynomial function whose first and second derivatives are continuous across 
the various curve sect~ons. In computer graphics, the term spline curve now 
refers to any composite :urve formed with polynomial sect~ons satisfying speci- 
fied continuity conditions at the boundary of the pieces. A spline surface can be 
described with two sets of orthogonal spline curves. There are several different 
kinds of spline specifications that are used in graphics applications. Each individ- 
ual specification simply refers to a particular type of polynomial with certain 
specihed boundary conditions. 

Splines are used ,n graphm applications to design curve a.:d surface 
shapes, to digitize drawings for computer storage, a ~ d  to specify animation 
paths for the objects o r  the camera in a scene. Typical CAD applications for 
sphnes include the dcs.1~1 of automobile bodies, aircraft and spacecraft surfaces, 
and s h ~ p  hulls. 

We specify a spline curLC by giv~ng a set of coordinate positions, called control 
points, which indicates the general shape of the curve Thest, control points are 
then fitted with pircewi.e cont i~~uous pdrarnetric poly nomial functions in one of 
two ways. When polync:mlal sectlons are fitted so that the curve passes through 
each control point, as in Fig. 10-19, the resulting curve is said to interpolate the 
set of control points. On the other hand, when the polynomials are fitted to the 
general control-point path without necessarily passing through any control point, 
the resulting curve is said to approximate the set of control points (Fig. 14-20), 

interpolation curves are commonly used to digitize drawings or to specify 
animation paths. Appwximation curves are primarily used as design tools to 
structure object surfaces F~gure 10-21 shows an appreximation spline surface 
credted for a design appl~iation. Straight lines connect the control-point positions 
above the surface. 

A spline curve 1s cleiined, modified, and manipulated with operations on 
the control points. By ~nteractwely selecting spatial positions for the control 
points, a designer can set up an initial curve. After the polynomial fit is displayed 
for a given set of control points, the designer can then reposition some or all of 
the control points to restructure the shape of the curve. In addition, the curve can 
be translated, rotated, or scaled with transformations applied to the control 
points. CAD packages can also insert extra control points to aid a designer in ad- 
justing the curve shapes. 

The convex polygon boundary that encloses a set of control points is called 
the convex hull. One w a y  to envision the shape of a convex hull is to imagine a 
rubber band stretched around the positions of the control points so that each con- 
trol point is either on the perimeter of the hull or inside it (Fig. 10-22). Convex 
hulls provide a measure for the deviation of a curve or surface from the region 
bounding the control points. Some splines are bounded by the convex hull, thus 
ensuring that the polyncmials smoothly follow the control points without erratic 
oscillations. Alsn. the polygon region inside the convex hull is useful in some al- 
gorithms as a clipping ri-glen. 

A polyline connecting the scqucnce of cnntrol points for an approximation 
spline is usually displaved to remind a designer of the control-point ordering. 
This set of connected line segments is often referred to as the control graph of the 
curve. Other names for the series of straight-line sections connecting the control 
points in the order specified are control polygon and characteristic polygon. Fig- 
ure 10-23 s h o w  the s h q x  of the control graph for the control-point sequences in 
Fig. 10-22 
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fiprrr 10-21 
An approximation spline surface for a CAD application 
in automotive design. Surface contours are plotted with 
polynomial curve sections, and the surface control points are 
connected with straight-line segments. (Courtesy of Ewns  & 
Sutherlnnd.) 

Parametric Continuity Conditions 

To ensure a smooth transition from one section of a piecewise parametric curve 
to the next, we can impose various continuity conditions a t  the connection 
points. If each section of a spline is described with a set of parametric coordinate 
functions of the form 

. -. - - - - -. -. - - - - - 
F ~ x u r e  10-22 
Convex-hull shapes (dashed lines) for two sets of control 
points 
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F W U W  70-24 

Piecewise construction of a 
curve by joining two curve 
segments using different 
orders of continuity: (a) zero- 
order continuity only, 
(b) first-order continuity, 
and (c) second-order 
continuity. 

Figrrr? 10-23 
Control-graph shapes (dashed lines) for two different sets of 
control points. 

we set parametric continuity by matching the parametric derivatives of adjoin- 
ing curve sections at their common boundary. 

Zero-order parametric continuity, described as C1 continuity, means simply 
that the curves meet. That is, the values of x, y, and z evaluated at u, for the first 
curve section are equal, respectively, to the values of x, y, and z evaluated at u ,  
for the next curve sect~on. First-order parametric continuity, d e r r e d  to as C1 
continuity, means that the first parametric derivatives (tangent lines) of the coor- 
dinate functions in Eq. 10-20 for two successive curve sections are equal at their 
joining point. Second-order parametric continuity, or C2 continuity, means that 
both the first and second parametric derivatives of the two curve secttons are the 
same at the intersection, Higher-order parametric continuity conditions are de- 
fined similarly. Figure 10-24 shows examplesof C", C1, and C2 continuity. 

With second-order continuity the rates of change of the tangent vectors for 
connecting sections are equal at their intersection. Thus, the tangent line transi- 
tions smoothlv from one section of the curve to the next Wig. 10-24(c)). But with 
first-order continuity, the rates of change of the tangent vectors for the two sec- 
tions can be quite different (Fig. 10-24(b)), so that the genc:ral shapes of the two 
adjacent sections can change abruptly, First-order continuitv is often sufficient for 
digitizing drawings and some design applications, while second-order continuity 
is useful for setting up animation paths for camera mot~on and for many preci- 
sion CAD requirements A camera traveling along the curve path In Fig. l0-24(b) 
with equal steps in parameter u would experience an abrupt change in accelera- 
tion at the boundary of the two sections, producing a discontinuity in the motion 
sequence. But i f  the camera were traveling along the path in Fig. 10-24(c), the 
frame sequence for the motion would smoothlv transition across the boundary. 

Geometric Continuity Condi!ions 

An alternate method for jolning two successive curve sectwns is to specify condi- 
tions for geometric continuity. In this case, we only require parametric deriva- 
tives of the two sections to be proportional to each other at their comnwn bound- 
ary instead of equal to each other. 

Zero-order geometric continuity, described as Go cont~nuity, is the same as 
zero-order parametric continuity. That is, the two curves sections must have the 



same coordinate position at the boundary point. First-order geometric continu- kction 10-6 

ity, or G' continuity, means that the parametric first derivatives are proportional 511l1ne Representations 

at the intersection of two successive sections. If we denote the parametric posi- 
tion on the curve as P h ) ,  the direction of the tangent vector P'(u) ,  but not neces- 
sarilv its magnitude, will be the same for two successive curve sections at their ., 
joining point under GI continuity. Second-order geometric continuity, or G2 con- 
tinuitv. means that both the first and second ~arametr ic  derivatives of the two 

2. 

curve sections are proportional at their boundary. Under GL continuity, curva- 
tures of two curve sections will match at the joining position. 

A curve generated with geometric continuity conditions is similar to one 
generated with parametric continuity, but with slight differences in curve shape. 
Figure 10-25 provides a comparison of geometric and parametric continuity. With 
geometric continuity, the curve is pulled toward the section with the greater tan- 
gent vector. 

Spline Specificalions 

There are three equivalent methods for specifying a particular spline representa- 
tion: (1) We can state the set of boundary conditions that are imposed on the 
spline; or (2) we can state the matrix that characterizes the spline; or (3) we can 
state the set of blending functions (or basis functions) that determine how spec- 
ified geometric constraints on the curve are combined to calculate positions along 
the curve path. 

To illustrate these three equivalent specifications, suppose we have the fol- 
lowing parametric cubic polynomial representation for the x coordinate along the 
path of a spline section: 

Boundary conditions for this curve might be set, for example, on the endpoint co- 
ordinates x (0 )  and x(l)  and on the parametric first derivatives at the endpoints 
x'(0) and ~ ' ( 1 ) .  These four boundary conditions are sufficient to determine the 
values of the four coefficients a,, b,, c,, and d,. 

From the boundary conditions, we can obtain the matrix that characterizes 
this spline curve by first rewriting Eq. 10-21 as the matrix product 

- - - -. - . 

Figrrrc. 10-25 
Three control points fitted with two curve sections jo~ned with 
(a) parametric continuity and (b) geometric continuity, where the 
tangent vector of curve Cj at p in t  p, has a greater magnitude than the 
tangent vector of curve CI at p,. 
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where U is the row matrix of powers of parameter u, and C is the coefficient col- 
umn matrix. Using Eq. 10-22, we can write the boundary conditions in matrix 
form and solve for the coefficient matrix C as 

where M,,, is a four-element column matrix containing the geometric constraint 
values (boundary condihons) on the spline; and Yph is the 4-by-4 matrix that 
transforms the geomebic constraint values to the polynomial coefficients and 
provides a characterization for the spline curve. Matrix Mgmm contains control- 
point coordinate values and other geometric constrzints that have been specified. 
Thus, we can substitute the mahix representation for C into Eq. 10-22 to obtain 

The matrix, Msphl characterizing a spline representation, sometimes called the 
basis matrix, is parhcularly useful for transforming from one spline representation 
to another. 

Finally, we can expand Eq. 10-24 to obtain a poly~iomial representation for 
coordinate x in terms oi the geometric constraint parameters 

where gt are the constraint parameters, such as the control-point coordinates and 
slope of the curve at the control points, and BFk(u) are the polynomial blending 
functions. In the following sections, we discuss some commonly used splines and 
their matrix and blending-function specifications. 

10-7 
ClJBlC SPLlhE INTI 4POLAT ION hlETHOD5 

This class of splines is most often used to set up paths for object motions or to 
provide a representation for an existing object or drawing, but interpolation 
splines are also used sometimes to design object shapes. Cubic polynomials offer 
a reasonable compromlje between flexibility and speed of computation. Com- 
pared to higher-order polynomials, cubic splines require less calculations and 
memory and they are more stable. Compared to lower-order polynomials, cubic 
splmes are more flexible for modeling arbitrary curve shapes. 

Given a set of control points, cubic interpolation splines are obtained by fit- 
ting the input points t.%.ith a piecewise cubic polynomial curve that passes 
through every control point. Suppose we have n + 1 control points specified with 
coordinates 



A cubic interpolation fit of these points is illustrated in Fig. 10-26. We can de- 
scribe the parametric cubic polynomial that is to be fitted between each pair of section 10-7 

control points with the following set of equations: Cubic Spline Interpolation 
Methods 

X ( U )  = a,u3 + b,u2 + C,U + d ,  

y ( u ) = a y u 3 + b y u 2 + c y u + d y r  ( 0 1 ~ 5 1 )  ( 10-26) 

Z ( U )  = a,u3 + b.u2 + C,U + d, 

For each of these three equations, we  need to determine the values of the four co- 
efficients a, b, c, and d  in the polynomial representation for each of the n curve 
sections between the n + 1 control points. We do this by setting enough bound- 
ary conditions at the "joints" between curve sections so  that we can obtain nu- 
merical values for all the coefficients. In the following sections, we discuss com- 
mon methods for setting the boundary conditions for cubic interpolation splines. 

Natural Cubic Splines 

One of the first spline curves to be developed for graphics applications is the nat- 
ural cubic spline. This interpolation curve is a mathematical representation of 
the original drafting spline. We formulate a natural cubic spline by requiring that 
two adjacent curve sections have the same first and second parametric deriva- 
tives at their common boundary. Thus, natural cubic splines have C2 continuity. 

If we have n + 1 control points to fit, as in Fig. 10-26, then we have n curve 
sections with a total of 4n polynomial coefficients to be determined. At each of 
the n - 1 interior control points, we have four boundary conditions: The two 
curve sections on either side of a control point must have the same first and sec- 
ond parametric derivatives at that control point, and each curve must pass 
through that control point. This gives us 4 n  - 4 equations to be satisfied by the 
4n polynomial coefficients. We get an additional equation from the first control 
point p ,  the position of the beginning of the curve, and another condition from 
control point p,, which must be the last point on the curve. We still need two 
more conditions to be able to determine values for all coefficients. One method 
for obtaining the two additional conditions is to set the second derivatives at po 
and p, to 0. Another approach is to add two extra "dummy" control points, one 
at each end of the original control-point sequence. That is, we add a control point 
p-I and a control point p,,,, Then all of the original control points are interior 
points, and we  have the necessary 4 n  boundary conditions. 

Although natural cubic splines are a mathematical model for the drafting 
spline, they have a major disadvantage. If the position of any one control point is 
altered, the entire curve is affected. Thus, natural cublc splines allow for no "local 
control", so that we cannot restructure part of the curve without specifying an 
entirely new set of control points. 

Figure 70-26 
A piecewise continuous cubic-spline interpolation of n + 1 control 

.points. 
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~ ~ ~ , ~ ~ ~ ~ ~ ~ ~ ~ i ~ ~ ~  4 Hemite  spline ( n a n d  after the French mathematiclan Charles Hermite) is an 
interpolating piecewist cubic polynomial with a specitied tangent at each control 
point. Unlike the natural cubic splines, Hermite splints can be adjusted locally 
because each curve section is only dependent on its endpoint constraints. 

If P(L) represents a parametric cubic point function for the curve section be- 
tween control points pi and pk, ), as  shown in Fig. 10-2". then the boundary con- 
ditions that define this Hermite cunrr  section are 

with Dpk and Dpk+, spcitying the values for the parametric derivatives (slope of 
the curve) a t  control polnts pk and p k + ~ ,  respectively. 

We can write thr \.ector equivalent of Eqs. 10-26 for this Hermite-curve sec- 
tion a s  

where the x component of P is r(u) = a$ + b,u2 + - d,, and similarly for the 
y and z components. The matrix equ~valent ot Eq. 10-28 1s 

and the derivative of thin point function can be expressed as 

Substituting endpoint v;~lues 0 and 1 for parameter u Into the previous two equa- 
tions, we can express the Hermite boundary conditions 10-27 i n  the matrix form: 

Hermite cuive section helween 
control pmnts ph and p,.  : 



Solving this equation for the polynomial coefficients, we have Seclion 10-7 
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where M,, the Hermite matrix, is the inverse of the boundary constraint matrix. 
Equation 10-29 can thus be written in terms of the boundary conditions as 

Finally, we can determine expressions for the Hermite blending funct'ions 
by carrying out the matrix multiplications in Eq. 10-33 and collecting coefficients 
for the boundary constraints to obtain the polynomial form: 

The polynomials Hh(u) for k = 0, 1, 2, 3 are referred to as blending functions be- 
cause they blend the boundary constraint values (endpoint coordinates and 
slopes) to obtain each coordinate position along the curve. Figure 10-28 shows 
the shape of the four Hermite blending functions. 

Hermite polynomials can be useful for some digitizing applications where 
it may not be too difficult to specify or approximate the curve slopes. But for 
most problems in computer graphics, it is more useful to generate spline curves 
without requiring input values for curve slopes or other geometric information, 
in addition to control-point coordinates. Cardinal splines and Kochanek-Bartels 
splines, discussed in the following two sections, are variations on the Hermite 
splines that d o  not require input values for the curve derivatives at the control 
points. Procedures for these splines compute parametric derivatives from the co- 
ordinate positions of the control points. 

As with Hermite splines, cardinal splines are interpolating piecewise cubics with 
specified endpoint tangents at the boundary of each curve section. The difference 
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Figure 10-28 
Thc Hermite blending functions. 

-- -- . - .- - - - . .- - 
I i,prrv 10-29 
Parametric paint function 
P(u) for a cardinal-spline 
sectior. between control 
points p, and PA., . 

is that we  do not have to give the values for the endpoint tangents. For a cardinal 
spline, the value for the slope at a control point is calndated from the coordinates 
of the two adjacent control points. 

A cardinal spline section is completely specified with four consecutive con- 
trol points. The middle two control points are the section endpoints, 'and the 
other two points are used in the calculation of the endpoint slopes. If we take 
P(u) as the representation for the parametric cubic point function for the curve 
section between control points pt and ot+,, as in Fig. 10-29, then the four control 
points from pi-, to pi+, are used to set the boundary conditions for the cardinal- 
spline section as 

Thus, the slopes at contnd points pk and p,,, are taken to be proportional, respec- 
tively, to the chords p;_,p,,, and pl Fig. 10-30). Parameter t is called the 
tension parameter since it controls how loosely or tightly the cardinal spline fits 



the input control points. Figure 10-31 illustrates the shape of a cardinal curve for 
very small and very large values of tension t .  When t  = 0, this class of curves is 
referred to as ~atmdl- om splines, or Overhauser splines. 

Using methods similar to those for Hennite splines, we can convert the 
pb_: * P ~ . z  

boundary conditions 10-35 into the matrix form -- 

k - i p r c  10-30 
Tangent vectors at the 
endpoints of a cardinal-spline 

'10-30' section am proportional to 
the chords formed with 
neighboring control points 
(dashed lines). 

where the cardinal matrix is 

Mc = 

with s = ( 1  - t ) / 2 .  
Expanding matrix equation 10-36 into polynomial form, we have 

where the polynomials CARk(u) for k = 0, 1, 2, 3 are the cardinal blending func- 
tions. Figure 10-32 gives a plot of the basis functions for cardinal splines with 
t = 0. 

Kochanek-Bartels Splines 

These interpolating cubic polynomials are extensions of the cardinal splines. Two 
additional parameters are introduced into the constraint equations defining 
Kochanek-Bartels splines to provide for further flexibility in adjusting the shape 
of curve sections. 

Given four consecutive control points, labeled pr-,, pk, pk+,, and Pk+2, we 
define the boundary conditions for a Kochanek-Bartels curve section between pk 
and pk+ I as 

P(0) = p, 

P(1) = Pk+l 

P'(O), = + ( I  - t ) [ ( l  + b)(l - c)(pk - pk-I) 

where t  is the tension parameter, b is the bias parameter, and c is the continuity 
parameter. In the Kochanek-Bartels formulation, parametric derivatives may not 
be continuous across section boundaries. 



Figure 10-31 
Effect of the tension parameter on 

t  < o t > o  the shape of a cardinal spline 
(Lwwr Curve) (Tighter Curve1 section. 

Tension parameter t has the same interpretation as in the cardinal-spline 
formulation; that is, it controls the looseness or tightness of the curve sections. 
Bias (b)  is used to adjust the amount that the curve bends at each end of a section, 
so that curve sections can be skewed toward one end or the other (Fig. 10-33). Pa- 
rameter c controls the continuity of the tangent vector across the boundaries of 
sections. If c is assigned a nonzero value, there is a discontinuity in the slope of 
the curve across section boundaries. 

Kochanek-Bartel splines were designed to model animation paths. In par- 
ticular, abrupt changes in motion of a object can be simulated with nonzero val- 
ues for parameter c. 

Figure 10-32 
The cardinal blending functions for t = 0 and s = 0.5 
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Figure 10-33 
Effect of the bias parameter on the shape of a 
Kochanek-Bartels spline section. 

10-8 
BEZIER C U R V E S  AND SURFACES 

This spline approximation method was developed by the French engineer Pierre 
Mzier for use in the design of Renault automobile bodies. BCzier splines have a 
number of properties that make them highly useful and convenient for curve and 
surface design. They are also easy to implement. For these reasons, Wzier splines 
are widely available in various CAD systems, in general graphics pckages  (such 
as  GL on Silicon Graphics systems), and in assorted drawing and painting pack- 
ages (such as Aldus Superpaint and Cricket Draw). 

In general, a Bezier curve section can be fitted to any number of control points. 
The number of control points to be approximated and their relative position de- 
termine the degree of the BCzier polynomial. As with the interpolation splines, a 
Wzier curve can be specified with boundary conditions, with a characterizing 
matrix, or with blending functions. For general Bezier curves, the blending-func- 
tion specification is the most convenient. 

Suppose we are given n + 1 control-point positions: pk = (xk, yk, zk), with k 
varying from 0 to n. These coordinate points can be blended to produce the fol- 
lowing position vector P(u), which describes the path of an approximating BCzier 
polynomial function between p, and p,. 

The Bezier blending functions BEZk,, , (u) are the B e m s t e i n  polynomials: 

where the C(n,  k) are the binomial coefficients: 

Equivalently, we can define Bezier blending functions with the recursive calcula- 
tion 
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Representations 
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X ( U )  = 1 x A  BEZi.,.(u) 
k-0  

As a rule, a Wzier curve is a polynomial of degree cne less than the number 
of control points used: Three points generate a parabola, four points a cubic 
curve, and so forth. Figure 10-34 demonstrates the appearance of some Bezier 
curves for various selections of control points in the ry plane ( z  = 0). With certain 
control-point placements, however, we obtain degenerate Bezier polynom~als. 
For example, a Bezier curve generated with three collinear control points is a 
straight-line segment. And a set of control points that are all at the same coordi- 
nate position produces a B6zier "curve" that is a single point. 

Bezier curves are commonly found in painting and drawing packages, as 
well as CAD systems, since they are easy to implement and they are reasonably 
powerful in curve design. Efficient methods for determining coordinate positions 
along a Bezier curve can be set up using recursive calculations. For example, suc- 
cessive binomial coefficients can be calculated as 

- - 

F~gure 10-34 
Examples of two-dimens~onal Bher curves generated from three, four, 
and five control points. Dashed lines connect the control-polnt 
pos~tions 
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for n 2: k. The following example program illustrates a method for generating 
Mzier curves. 

void ~omputecoefficients (int n, int ' c )  

int k, i; 

for (k=O; k<=n: k++) ( 
/ *  Compute n! / (k! (n-k) ! )  'I 
c[kl = 1; 
for (i=n; ~>=k+l; i--1 
cIkl " =  i; 

f ~ r  (i=n-k: i>=2; i--) 
c[kl I= i; 

1 
1 

/ void computepoint 
(float u, wcPt3 * pt, int ncontrols, wcPt2 controls, int cl i 

1 . inc k, n = nzontrols - 1; 
! float blend; 

: / '  Add in influence of each control point ./ 
for (k=O: kcncontrols; k++) { 

I blend = clkl ' pow•’ (u,k) ' pow•’ (1-u,n-k); 
I pt->x + =  controlslk) . x  blend: 

pt->y += controls[kl . y  ' blend; 
pt->z += controls[k].z blend; ! 1 

void bezier (wcPt3 controls, int ncontrols, int m, wcPt3 ' curve) 
{ 
I' Allocate space for the coefficients * /  
int ' c = (int ') malloc (ncontrols sizeof (int)); 
int i; 

computeCoefficients (ncontrols-I, c); 
for (i=O; iem; i++) 
computepoint (i / (float) m, Lcurvelil, ntontrols, controls, c); 

i free (c): 

I )  

Properties of B k i e r  Curves 

A very useful property of a Wzier curve is that it always passes through the first 
and last control points. That is, the boundary conditions at the two ends of the 
curve are 
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Thrvr-Dimensional O h w t  can he calculated trom co~~trol-point coordinates as 

Representdtions 

P'(0) = -np, + np, 

P'(I) = - np,., + np,, 

Thus, the slope at the beg~nning of the curve is along the line joining the first two 
control points, and the slope at the end of the curve is along the line joining the 
last two endpoints. Similarly, the parametric second der~vatives of a B6zier curve 
at the endpoints are calculated as 

Another important property of any Wzier c u n e  is that ~t lies within the 
convex hull (convex polygon boundary) of the control points. This follows from 

P3 the properties of Bkzier blending functions: They are all positive and their sum is 
' always 1 ,  

,' I 
I I 

\ so that any curve position is simply the weighted sum of the control-point p s i -  
P? * I tions. The contrex-hull property lor a Bezier curve ensures that the polynomial 

/ mioothly follows the cuntn)l points without erratic oscillations. 
/ 

* - - -  . * . . - - -  4 
P. PO = PG P. Dtwgn Tec t1niqut.s U~II?.  RG;.ler Curves 

Clcised Bezier curves are generated hv spec~fying the first and last control points 
at the same position, as in the example shown in Fig. 10-35. Also, specifying mul- 
tiple control points at a single coordinate position gives nI,>re weight to that posi- 
tion. In Fig. 10-36, a single coorclin,\te position is input as two control points, and 
the resulting curve is pullt:d nearer to this position. 

We can fit A Rezirr curve to any number of control points, but this requires 
the calculation of polynonlial functions of higher deg1.x. When complicated 
curves are to be generated, they can be formed by piecing several Bezier sections 
of lower degree tugether I'iecing together smaller sertiuns also gives us better 
control over the shape oi the curve in small regions. Since Bezier curves pass 
through endpoints, i t  1s easy to match cunfe sections (zero-order continuity). 
A h ,  BC~ier curws ha\c the important property that the tangent to the curve at 
an endpoint IS along the line joining that endpoint to the ,adjacent control point. 
Therefore, to obtam first-order continuity between curve sections, we can pick 
control points p',, and p' (> t  a new section to be along the same straight line as 
control points p,, and p ,  of the previous section (Fig. 10-37). When the two 
curve sections have thc .;.lnIe number of control points, \\.r obtain C1 continuity 
by choosing the f m t  control point of the new section as the last control point of 
the previous section and Iw positioning the second cuntrol point of the new sec- 
tion at position 
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Figure 10-37 
Piecewise approximation curve formed with two Mzier sections. Z e n  
order and first-order continuity are attained between curve sections by 
setting pb = p, and by making points p,, p2 and pi collinear. 

Thus, the three conhol points are collinear and equally spaced. 
We obtain C continuity between two Bezier sections by calculating the po- 

sition of the third control point of a new section in terms of the positions of the 
last three control points of the previous section as 

Requiring second-order continuity of Mzier curve sections can be unnecessarily 
restrictive. This is especially true with cubic curves, which have only four control 
points per section. In this case, second-order continuity fixes the position of the 
first three control points and leaves us only one point'that we can use to adjust 
the shape of the curve segment. 

Cubic Berier Curves 

Many graphics packages provide only cubic spline functions. This gives reason- 
able design flexibility while avoiding the increased calculations needed with 
higher-order polynomials. Cubic Bbzier curves are generated with four control 
points. The four blending functions for cubic Kzier curves, obtained by substi- 
tuting 11 = 3 into Eq. 10-41 are 

Plots of the four cubic Mzier blending functions are given in Fig. 10-38. The 
form of the blending functions determine how the control points influence the 
shape of the curve for values of parameter u over the range from 0 to 1. At u = 0, 
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The four Bezier blending funct~ons for cubic curves (n 3) 

theonly nonzero blending function is BEZ,,, which has the vatue 1 .  At u = 1, the 
only nonzero function is BEZ3,,, .with a value of 1 at that point. Thus, the cubic 
Bezier curve will always pass through control points p,, .lnd p,. The other furw 
tions, BEZ,,, and BEZ?,, ~nfluence the shape of the curve, a t  intermediate values 
of parameter u, so that the resulting curve tends toward ~wints  p, and p,. Blend- 
ing function BEZl,3 is maximum at 11 = 1 /3, and REZ,,! IS maximum at I(  = 2/3. 

We note in Fig. 10-38 that each of the four blend~ng functions is nonzero 
over the entire range of parameter u .  Thus, Bezier curvei do not allow for locnl 
conrrol of the curve shape. If we decide to reposition ,in!, one of the control 
points, the entire curve will be affected. 

At the end positionc of the cubic Bez~er curve, the parnnictric first dcri\fa- 
tives (slopes) are 

And the parametric second derivatives are 

We can use these expresstons for the parametric derlvati\.cs to ccmsbuct piere- 
wise curves with C' or C7 c.ontinuitv between sections. 



By expanding the polynomial expressions for the blending functions, we 10-8 

can write the cubic Bezier point function in the matr~x form Bez~er Curves and Surfaces 

where the Bkzier matrix is 

We could also introduce additional parameters to allow adjustment of curve 
"tension" and "bias", as we did with the interpolating splines. But the more use- 
ful B-splines, as well as p-splines, provide this capability. 

Bez i t r  Surtaces 

Two sets of orthogonal Bkzier curves can be used to design an object surface by 
specifying by an input mesh of control points. The parametric vector function for 
the Bkzier surface is formed as the Cartesian product of Bezier blending func- 
tions: 

with p,,, specifying the location of the (m + 1 )  by (n + I )  control points. 
Figure 10-39 illustrates two Mzier surface plots. The control points are con- 

nected by dashed lines, and the solid lines show curves of constant u and con- 
stant v. Each curve of constant u is plotted by varying v over the interval from 0 
to 1, with u fixed at one of the values in this unit interval. Curves of constant v 
are plotted similarly 

Figure 10-39 
Bezier surfaces constructed tor (a) in = 3,11 = 3, and (b) m = 4, n = 4. Dashed lines connect 
the control points. 
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Figure 10-40 
A composite Wier surface constructed with two Kzier sections, 
joined at the indicated boundary line. The dashed lines connect 
specified control points. First-order continuity is established by 
making the ratio of length L ,  to length L, constant for each collinear 
line of control points across the boundary between the surface 
sections. 

Bezier surfaces have the same properties as Bezier curves, and they provide 
a convenient method for interactive design applications. For each surface patch, 
we can select a mesh of control points in the xy "ground" plane, then we choose 
elevations above the ground plane for the z-coordinate values of the control 
points. Patches can then be pieced together using the boundary constraints. 

Figure 10-40 illustrates a surface formed with two Bkzier sections. As with 
curves, a smooth transition from one section to the other is assured by establish- 
ing both zero-order and first-order continuity at the boundary line. Zero-order 
continuity is obtained by matching control points at the boundary. First-order 
continuity is obtained bv choosing control points along a straight line across the 
boundary and by maintaining a constant ratio of collinear line segments for each 
set of specified control points across section boundaries. 

10-9 
B-SPLINE CURVES AUD SURFACES 

These are the most widely used class of approximating splines. B-splines have 
two advantages over B6zier splines: (1) the degree of a B-spline polynomial can 
be set independently of the number of control points (with certain limitations), 
and (2) B-splines allow local control over the shape of a spline curve or surface 
The trade-off is that &splines are more complex than Wzier splines. 
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We can write a general expression for the calculation of coordinate positions 
along a B-spline curve in a blending-function formulation as 

where the pk are an input set of n + 1 control points. There are several differences 
between this B-spline formulation and that for Bezier splines. The range of para- 
meter u now depends on how we choose the Bspline parameters. And the B- 
spline blending functions Bbd are polynomials of degree d - 1, where parameter 
d can be chosen to be any integer value in the range from 2 up  to the number of 
control points, n + 1. (Actually, we can also set the value of d at 1, but then our 
"curve" is just a point plot of the control points.) Local control for Bsplines is 
achieved by defining the blending functions over subintervals of the total range 
of u. 

Blending functions for B-spline curves are defined by the Cox-deBoor re- 
cursion formulas: 

where each blendjng function is defined over d subintervals of the total range of 
u.  The selected set of subinterval endpoints u, is referred to as a knot vector. We 
can choose any values for the subinterval endpomts satisfying the relation 
u I  4 u,+,. Values for u,,, and u,,, then depend on  the number of control points 
we select, the value we choose for parameter d, and how we set u p  the subinter- 
vals (knot vector). Since it is possible to choose the elements of the knot vector so 
that the denominators in the previous calculations can have a value of 0, this for- 
mulation assumes that any terms evaluated as  0/0 are to be assigned the value 0. 

Figure 10-41 demonstrates the local-control characteristics of Bsplines. In 
addition to local control, B-splines allow us to vary the number of control points 
used to des~gn a curve w~thout changing the degree of the polynomial. Also, any 
number of control points can be added or modified to manipulate curve shapes. 
Similarly, we can increase the number of values in the knot vector to aid in curve 
design. When we do this, however, we also need to add control points since the 
size of the knot vector depends on parameter n. 

B-spline curves have the following properties. 

The polynomial curve has degree d - 1 and C"? continuity over the range 
of u.  
For n + 1 rmtrol points, the curve is described with ti + 1 blending func- 
tions. 
Each blending function Bk,, is defined over d subintervals of the total range 
of u, starting at knot value ul. 
The range of parameter u 1s divided into n + d subintervals by the n + d + 
1 values specified in the knot vector. 
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Figure 10-41 
Local modilkation of a B-spline curve. Changing one of the control points in (a) produces 
curve (b), which is modified only in the neighborhood of the altered control point. 

With knot values labeled as [u,, u,, . . . , it,,,,], the resulting B-spline curve is 
defined only in the interval from knot value u,, . , up to knot value u,,-,. 
Each section of the spline curve (between two successive knot values) is in- 
fluenced by d control points. 
Any one control point can affect the shape of at most d curve sections. 

In addition, a B-spline curve lies within the convex hull of at most d + 1 control 
points, so that B-splines are tightly bound to the input positions. For any value of 
u in the interval from knot value u,-,  to u,,,, the sum over all basis functions is 1: 

(10-56) 
k = O  

Given the control-point positions and the value ot parameter d, we then 
need to specify the knot values to obtain the blending functions using the recur- 
rence relations 10-55. There are three general ctassitications for knot vectors: uni- 
form, open uniform, and nonuniform. B-splines are commonly described accord- 
ing to the selected knot-vector class. 

Uniform, Periodic B-Splines 

When the spacing between knot values is constant, the r~sulting curve is called a 
uniform B-spline. For example, we can set up a uniform knot vector as 

Often knot values are normalized to the range between 0 and 1, as in 

It is convenient in many applications to set u p  uniform knot values with a sepa- 
ration of 1 and a starting value of 0. The following knot vector is an example of 
this specification scheme. 



Figure 10-42 
Periodic B-spline blending functions for 11 = d = 3 and a uniform, integer knot vector. 

Uniform B-splines have periodic blending functions. That is, for given val- 
ues of n and d, all blending functions have the same shape. Each successive 
blending function is simply a shifted version of the previous function: 

where Au is the interval between adjacent knot values. Figure 10-42 shows the 
quadratic, uniform B-spline blending functions generated in the following exam- 
ple for a curve with four control points. 

Example 10-1 Uniform, Quadratic B-Splines 

To illustrate the calculation of Rspline blending functions for a uniform, integer 
knot vector, w e  select parameter values d = 17 = 3. The k3ot vector must then 
contain n + d + 1 = 7 knot values: 

and the range of parameter u is from 0 to 6, with n + d = 6 subintervals. 
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f o r O < u < l  

B,,,(u) = f u12 - u) + i ( u  - 1)(3 - u),  for 1 5 u < 2 I 
We obtain the next periodic blending function using relat~onship 10-57, substitut- 
ing u - 1 for u in BOA, and shifting the starting positions up  by 1: 

Similarly, the remaining two periodic functions are obtained by successively 
shifting B13 to the right: 

A plot of the four periodic, quadratic blending functions is given in Fig. 10-42, 
which demonstrates the local feature of 8-splines. The first control point is multi- 
plied by blending function B,&). Therefore, changing the position of the first 
control point onlv affects the shape of the curve up  to I' = 3. Similarly, the last 
control point influences the shape of the spline curve in thc interval where B3,, is 
defined. 

Figure 10-42 also illustrates the limits of the B-spline curve for this example. All 
blending functions are present in the interval from r i d .  , -= 2 to u,,, , = 4. Below 2 
and ahove 4, not all blending functions are prescnt. This i s  the range of the poly- 



Figure 10-43 
Quadratic, periodic Bspline fitted 
to four control points in the xy 
plane. 

nornial curve, and the interval in which Eq. 10-56 is valid. Thus, the sum of all 
blending functions is 1 within this interval. Outside this interval, we cannot sum 
all blending functions, since they are not all defined below 2 and above 4. 

Since the range of the resulting polynomial curve is fmm 2 to 4, we can deter- 
mine the starting and ending positions of the curve by evaluating the blending 
functions at these points to obtain 

Thus, the curve start. at the midposition between the first two control points and 
ends at the midposition between the last two control points. 

We can also determine the parametric derivatives at the starting and ending posi- 
tions of the curve. Taking the derivatives of the blending functions and substitut- 
ing the endpoint values for parameter u, we find that 

The parametric slope of the curve at the start position is parallel to the line join- 
ing the first two control points,and the parametric slope at the end of the curve is 
parallel to the h e  joining the last two control points. 

An example plot of the quadratic periodic B-spline c u b e  is given in Figure 10-43 
lor four control points selected in the xy plane. 

In the preceding example, we noted that the quadratic curve starts between 
the first two control points and ends at a position between the last two control 
points. This result is valid for a quadratic, periodic B-spline fitted to any number 
of distinct control points. In general, for higher-order polynomials, the start and 
end positions are each weighted averages of d - 1 control points. We can pull a 
spline curve closer to any control-point position by specifying that position mul- 
tiple times. 

General expressions for the boundary conditions for periodic B-splines can 
be obtained by reparameterizing the blending functions so that parameter u is 
mapped onto the unit interval from 0 to 1. Beginning and ending conditions are 
then obtained at  u = 0 and u = 1. 

Cubic, Period~c- K-Splines 

Since cubic, periodic 8-splines are commonly used in graphics packages, we con- 
sider the fornlulation for this class of splines. Periodic splines are particularly 
useful for generating certain closed curves. For example, the closed curve in Fig. 
10-44 can be generated in sections by cyclically specifying four of the six control 
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A closed, period~c, piecewise, cubic 

\ / B.-spline constructed with cyclic 
L- - -  ------- -4 specification of the six control 
P5 Pa points. 

points shown at each step. If any three consecutive control points are identical, 
the curve passes through that coordinate position. 

For cubics, d = 4 and each blending function spans four subintervals of the 
total range of u. If we are to fit the cubic to four control points, then we could use 
the integer knot vector 

and recurrence relations 10-55 to obtain the periodic blending functions, as we 
did in the last section for quadratic periodic B-splines. 

In this section, we consider an alternate formulation for periodic cubic B- 
splines. We start with the boundary conditions and obtain the blending functions 
normalized to the interval 0 I u 5 1. Using this formulation, we can also easily 
obtain the characteristic matrix. The boundary conditions for periodic cubic B- 
splines with four consecutive control points, labeled po, p,, p,, and ps, are 

These boundary conditions are similar to those for cardinal splines: Curve sec- 
tions are defined with four contro1 points, and parametric derivatives (slopes) at 
the beginning and end of each curve section are parallel to the chords joining ad- 
jacent control points. The 8-spline curve section starts at a position near p, and 
ends at a position near p2. 

A matrix formulation for a cubic periodic B-splines with four control points 
can then be written as 

where the B-spline matrlx for periodic cubic polynomials is 
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This matrix can be obtained by solving for the coefficients in a general cubic 
polynomial expression using the specified four boundary conditions. 

We can also modify the B-spline equations to include a tension parameter t 
(as in cardinal splines). The periodic, cubic B-spline with tension matrix then has 
the form 

which reduces to M B  when t = 1. 
We obtain the periodic, cubic B-spline blending functions over the parame- 

ter range from 0 to 1 by expanding the matrix representation into polynomial 
form. For example, for the tension value t = 1, we have 

Open Uniform B-Splines 

This class of B-splines is a cross between uniform B-splines and nonuniform B- 
splines. Sometimes it is treated as a special type of uniform 8-spline, and some- 
times it is considered to be in the nonuniform B-spline classification. For the 
open uniform B-splines, or simply open B-splines, the knot spacing is uniform 
except at the ends where knot values are repeated d times. 

Following are two examples of open uniform, integer knot vectors, each 
with a starting value of 0: 

We can normalize these knot vectors to the unit interval from 0 to 1: 

10,0,0.33,0.67,1, 1,); for o' = 2 and 11 = 3 

l0,0,0,0,0.5,1,1,1,1t, f o r d = 4 a n d n = 4  
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For any values of paranreters d and n, we can generate an open uniform knot 
vector with integer valucs using the calculations 

f o r O S j < d  

1, f o r d s j S r i  ( I O - ( I  ;) 

n d + 2 ,  f o r j > n  

for values of] ranging from 0 to n + d .  With this assignment, the first d knots are 
assigned the value 0, and the last d knots have the value n - d + 2. 

Open uniform B-splines have characteristics that are very similar to Bezier 
splines. In fact, when d = tr + 1 (degree of the polynomial 1s n )  open B-splines re- 
duce to Bezier splines, and all knot valucs are either O or 1. For example, with a 
cubic, open B-spline ( d  = 4) and four control points, the knot vector is 

The polynomial curve ior an open B-spline passes through the iirst and last con- 
trol points. Also, the slope of the parametric curves at the first control point is 
parallel to the line connecting the first two control points. And the parametric 
slope at the last control point is parallel to the line connecting the last two control 
points. So geometric constraints for matching curve sections are the same as for 
Kzier curves. 

As with Bbzier cuncs, specifying multiple control points at the same coor- 
dinate position pulls ans B-spline curve cioser to that position. Since open B- 
splines start at the first control point and end at the last specified control point, 
closed curves are generated by specifyng the first and last control points at the 
same position. 

Example 10-2 Open Uniform, Quadratic B-Splines 

From conditions 10-63 with 11 = 3 and ir = 1 (five control points), we obtain the 
following eight values for the knot vector: 

The total rangeof u is divided into seven subintervals, and each of the five blend- 
ing functions BkJ is defined over three subintervals, starting at knot position 11,. 

Thus, is defined from u, = 0 to 11, = 1, R , ,  is defined from u, = 0 to u4 = 2, 
and Big is defined from 14, = 2 to u7 = 3. Explicit polynomial expressions zre ob- 
tained for the blending functions from recurrence relations 10-55 as 



Figure 10-45 shows the shape of the these five blending functions. The local fea- 
tures of B-splines are again demonstrated. Blending function Bo,, is nonzero only 
in the subinterval from 0 to I, so the first control point influences the curve only 
in this interval. Similarly, function BdZ3 is zero outside the interval from 2 to 3, and 
the position of the last control point does not affect the shape 3 f  the begrnning 
and middle parts of the curve. 

Matrix formulations for open B-splines are not as conveniently generated as 
they are for periodic, uniform B-splines. This is due to the multiplicity of knot 
values at the beginning and end of the knot vector. 

For this class of splines, we can specify any values and intervals for the knot vec- 
tor. With nonuniform B-splines, we can choose multiple internal knot values and 
unequal spacing between the knot values. Some examples are 

Nonuniform B-splines provide increased flexibility in controlling a curve 
shape. With unequally spaced intervals in the knot vector, we obtain different 
shapes for the blending functions in different intervals, which can be used to ad- 
just spline shapes. By increasing knot multiplicity, we produce subtle variations 
in curve shape and even introduce discontinuities. Multiple knot values also r e  
duce the continuity by 1 for each repeat of a particular value. 

We obtain the blending functions for a nonuniform B-spline using methods 
similar to those discussed for uniform and open B-splines. Given a set of n + I 
control points, we set the degree of the polynomial and select the knot values. 
Then, using the recurrence relations, we could either obtain the set of blending 
functions or evaluate curve positions directly for the display of the curve. Graph- 
ics packages often restrict the knot intervals to be either 0 or 1 to reduce compu- 
tations. A set of characteristic matrices then can be stored and used to compute 
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8-Splme Curves and Surfaces 
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Figzrrr 10-45 
Opn,  uniform 6-spline blending functions for n = 4 and d = 3 

values along the spline curve without evaluatmg the recurrence relations for each 
curve point to be plotted. 

6-.Spline Surfaces 

Formulation of a B-spline surface is similar to that for B6zier splines. We can ob- 
tain a vector point function over a B-spline surface using the Cartesian product of 
B-spline blending functions in the form 



-- 
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Figure 10-46 
A prototype helicopter, designed and modeled by 
Daniel Langlois of SOFTUIAGE, Inc., Montreal, 
using 180,000 Bspline surface patches. The scene 
was then rendered using ray tracing, bump 
mapping, and reflection mapping. (Coudesy  silicon 
Graphics, Inc.) 

Beta-Splines 

whew the vector values for P ~ , , ~ ,  specify positions of the (n, + I )  by (n2 + 1) con- 
trol points. 

B-spline surfaces exhibit the same properties as those of their component B- 
spline curves. A surface can be constructed from selected values for parameters 
d, and d ,  (which determine the polynomial degrees to be used) and from the 
specified knot vector. Figure 10-46 shows an object modeled with 8-spline sur- 
faces. 

10-10 
BETA-SPLINES 

A generalization of Bsplines are the beta-splines, also referred to as psplines, 
that are formulated by imposing geometric continuity conditions on the first and 
second ,parametic derivatives. The continuity parameters for beta-splines are 
called /3 parameters. 

Beta-Spline Continuity Conditions 

For a specified knot vector, we can designate the spline sections to the left and 
right of a particular knot ui with the position vectors P,-,(u) and PJu) (Fig. 10-47). 
Zero-order continuity (positional continuity), Go, at u, is obtained by requiring 

~osition vectors along curve 
First-order continuity (unit tangent continuity), G1, is obtained by requiring sections to the left right 

tangent vectors to be proportional: of knot u,. 
345 



Chapter 10 DIP;- ~(u:) = P;(u,), P I  > 0 (10-hb)  

Three-Dimensronal Objcc! 
Representaliom Here, parametric first derivatives are proportional, and the unit tangent vectors 

are continuous across the knot. 
Second-order continuity ( c u m t u r e  vector continuity), G2, is imposed with the 

condition 

where 6 can be assigned any real number, and pl > 0. The curvature vector pro- 
vides a measure of the amount of bending of the curve at position u,. When Pi = 
1 and & = 0, beta-splines reduce to B-splines. 

Parameter is called the bins parameter since it controls the skewness of the 
curde. For PI > 1, the curve tends to flatten to the right in the direction of the unlt 
tangent vector at the knots. For 0 < p, < 1, the curve tends to flatten to the left. 
The effect of 0, on the shape of the spline curve is shown in Fig. 10-48. 

Parameter is called the tension parameter since it controls how tightly or 
loosely the spline fits the control graph. As /3, increases, the curve approaches the 
shape of the control graph, as shown in Fig. 10-49. 

Cubic, Period~c Beta-Spline Matrix Representation 

Applying the beta-spline boundary conditions to a cubic polynomial with a uni- 
form knot vector, we obtain the tollowing matrix representation for a periodic 
beta-spline: 

- 
F i p r t  10-48 
Effect of parameter /3, on the shape of a beta-spline curve. 

. - -- 

Figrrrr 10-49 
Effect of parameter & on the shape of a beta-spline curve. 
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